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ON THE TOPOLOGICAL CENTERS OF MODULE

ACTIONS

KAZEM HAGHNEJAD AZAR

Abstract. In this paper, we study the Arens regularity proper-
ties of module actions. We investigate some properties of topologi-
cal centers of module actions Zℓ

B∗∗(A∗∗) and Zℓ
A∗∗(B∗∗) with some

conclusions in group algebras.

1. Introduction

As it is well-known the [1], the second dual A∗∗ of a Banach algebra
A endowed with Arens multiplications is a Banach algebra. The con-
structions of the two Arens multiplications in A∗∗ lead us to definition
of topological centers for A∗∗ with respect to both Arens multiplica-
tions. The topological centers of Banach algebras, module actions and
their applications were introduced and discussed in [2, 6, 8, 9, 10]. We
introduce some notations and definitions that we used throughout this
paper.

Let A be a Banach algebra and A∗, A∗∗, respectively, are the first and
the second dual of A. For a ∈ A and a′ ∈ A∗, we denote by a′a and aa′

respectively, the functionals in A∗ defined by ⟨a′a, b⟩ = ⟨a′, ab⟩ = a′(ab)
and ⟨aa′, b⟩ = ⟨a′, ba⟩ = a′(ba) for all b ∈ A. The Banach algebra A is
embedded in its second dual via the identification ⟨a, a′⟩ = ⟨a′, a⟩ for
every a ∈ A and a′ ∈ A∗.

Let X,Y, Z be normed spaces and m : X × Y → Z be a bounded
bilinear mapping. Arens in [1] offers two natural extensions m∗∗∗ and
mt∗∗∗t of m from X∗∗ × Y ∗∗ into Z∗∗ as following

(i) m∗ : Z∗ ×X → Y ∗, given by

⟨m∗(z′, x), y⟩ = ⟨z′,m(x, y)⟩,
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where x ∈ X, y ∈ Y , z′ ∈ Z∗,
(ii) m∗∗ : Y ∗∗ × Z∗ → X∗, given by

⟨m∗∗(y′′, z′), x⟩ = ⟨y′′,m∗(z′, x)⟩,

where x ∈ X, y′′ ∈ Y ∗∗, z′ ∈ Z∗,
(iii) m∗∗∗ : X∗∗ × Y ∗∗ → Z∗∗, given by

⟨m∗∗∗(x′′, y′′), z′⟩ = ⟨x′′,m∗∗(y′′, z′)⟩,

where x′′ ∈ X∗∗, y′′ ∈ Y ∗∗, z′ ∈ Z∗.

The mapping m∗∗∗ is the unique extension of m such that

x′′ → m∗∗∗(x′′, y′′),

from X∗∗ into Z∗∗ is weak∗− to−weak∗ continuous for every y′′ ∈ Y ∗∗,
but the mapping y′′ → m∗∗∗(x′′, y′′) is not in general weak∗− to−weak∗

continuous from Y ∗∗ into Z∗∗ which means that always Z1(m) = X.
Hence the first topological center of m may be defined as following

Z1(m) = {x′′ ∈ X∗∗ : y′′ → m∗∗∗(x′′, y′′)

is weak∗ − to− weak∗ continuous}.

Let now mt : Y ×X → Z be the transpose of m defined by mt(y, x) =
m(x, y) for every x ∈ X and y ∈ Y . Then, mt is a continuous bi-
linear map from Y × X to Z, and so it may be extended as above to
mt∗∗∗ : Y ∗∗ × X∗∗ → Z∗∗. The mapping mt∗∗∗t : X∗∗ × Y ∗∗ → Z∗∗ in
general is not equal to m∗∗∗, see [1], if m∗∗∗ = mt∗∗∗t, then, m is called
Arens regular. The mapping y′′ → mt∗∗∗t(x′′, y′′) is weak∗ − to−weak∗

continuous for every x′′ ∈ X∗∗, but the mapping x′′ → mt∗∗∗t(x′′, y′′)
from X∗∗ into Z∗∗ is not in general weak∗ − to− weak∗ continuous for
every y′′ ∈ Y ∗∗ so, we define the second topological center ofm as follows

Z2(m) = {y′′ ∈ Y ∗∗ : x′′ → mt∗∗∗t(x′′, y′′)

is weak∗ − to− weak∗ continuous}.

It is clear that m is Arens regular if and only if Z1(m) = X∗∗ or Z2(m) =
Y ∗∗. Arens regularity of m is equivalent to the following

lim
i
lim
j
⟨z′,m(xi, yj)⟩ = lim

j
lim
i
⟨z′,m(xi, yj)⟩,

whenever both limits exist for all bounded sequences (xi)i ⊆ X, (yi)i ⊆
Y and z′ ∈ Z∗, see [1, 10].
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2. Topological centers of module actions

In this section, the notations WSC is used for weakly sequentially
complete Banach space A, i.e., A is said to be weakly sequentially com-
plete, if every weakly Cauchy sequence in A has a weak limit in A.

Suppose that A is a Banach algebra and B is a Banach A−bimodule.
Let

πℓ : A×B → B and πr : B ×A → B,

be the right and the left module actions of A on B. Then B∗∗ is a
Banach A∗∗ − bimodule with the following module actions where A∗∗ is
equipped with the left Arens product

π∗∗∗
ℓ : A∗∗ ×B∗∗ → B∗∗ and π∗∗∗

r : B∗∗ ×A∗∗ → B∗∗.

Similarly, B∗∗ is a Banach A∗∗ − bimodule with the following module
actions where A∗∗ is equipped with the right Arens product

πt∗∗∗t
ℓ : A∗∗ ×B∗∗ → B∗∗ and πt∗∗∗t

r : B∗∗ ×A∗∗ → B∗∗.

According to [6], B∗∗ is a Banach A∗∗ − bimodule, where A∗∗ is
equipped with the first Arens product. We define B∗B as a subspace of
A∗, that is, for all b′ ∈ B∗ and b ∈ B, we define

⟨b′b, a⟩ = ⟨b′, ba⟩.

We similarly define B∗∗B∗ as a subspace of A∗∗ and we take A(0) = A
and B(0) = B.
When there is not any confusion, we set πℓ(a, b) = ab, πr(b, a) = ba and
we use the notions Zℓ

B∗∗(A∗∗) and Zℓ
A∗∗(B∗∗) for topological centers of

module actions as follows:

Zℓ
B∗∗(A∗∗) = {a′′ ∈ A∗∗ : the map b′′ → a′′b′′ : B∗∗ → B∗∗

is weak∗ − to− weak∗ continuous}.

Zℓ
A∗∗(B∗∗) = {b′′ ∈ B∗∗ : the map a′′ → b′′a′′ : A∗∗ → B∗∗

is weak∗ − to− weak∗ continuous}.

In the following, we give the generalized definition for weakly com-
pletely continuous that has been introduced in [12], and study its rela-
tionships with topological centers of module actions.

Definition 2.1. Let B be a left Banach A−module. Then B∗ is said to
be left weakly completely continuous = (L̃wcc), if for each b′ ∈ B∗, the
mapping a → π∗

ℓ (b
′, a) from A into B∗, be a weakly Cauchy sequence

into weakly convergence, i.e., if {an} is a weakly Cauchy in A, then,
{π∗

ℓ (b
′, a)} converges to some points of B∗, see [13]. The definition of
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right weakly completely continuous (= R̃wcc) is similar. b′ ∈ B∗ is

weakly completely continuous (= w̃cc) when b′ is L̃wcc and R̃wcc.

Theorem 2.2. Let B be a left Banach A−module. Then by one of the

following conditions, B∗ is L̃wcc.

(i) A is WSC;
(ii) B∗ is WSC;
(iii) Zℓ

B∗∗(A∗∗) = A∗∗.

Proof. (i) Let (an)n ⊆ A be a weakly Cauchy sequence. Since A is

WSC, there exists a ∈ A such that an
w→ a. Now, let b′ ∈ B∗

and b′′ ∈ B∗∗. Then

⟨b′′, π∗
ℓ (b

′, an)⟩ = ⟨π∗∗
ℓ (b′′, b′), an⟩

→ ⟨π∗∗
ℓ (b′′, b′), a⟩ = ⟨b′′, π∗

ℓ (b
′, a)⟩.

Thus π∗
ℓ (b

′, an)
w→ π∗

ℓ (b
′, a).

(ii) Proof is the same of the one of (i).
(iii) Let (an)n ⊆ A be a weakly Cauchy sequence. Since the sequence

(an)n ⊆ A is weakly bounded in A, it has a subsequence such

as (ank
)k ⊆ A which ank

w∗
→ a′′ for some a′′ ∈ A∗∗. Then, for

each b′ ∈ B∗ and b′′ ∈ B∗∗, we have

⟨b′′, π∗
ℓ (b

′, ank
)⟩ = ⟨π∗∗∗

ℓ (ank
, b′′), b′⟩

→ ⟨π∗∗∗
ℓ (a′′, b′′), b′⟩ = ⟨a′′, π∗∗

ℓ (b′′, b′)⟩
= ⟨π∗∗∗∗∗

ℓ (b′′, b′), a′′⟩
= ⟨b′′, π∗∗∗∗

ℓ (b′, a′′)⟩.

It is enough to we show that π∗∗∗∗
ℓ (b′, a′′) ∈ B∗. Suppose that

(b′′α)α ⊆ B∗∗ such that b′′α
w∗
→ b′′. Since ZB∗∗(A∗∗) = A∗∗, we

have

⟨π∗∗∗∗
ℓ (b′, a′′), b′′α⟩ = ⟨b′, π∗∗∗

ℓ (a′′, b′′α)⟩
= ⟨π∗∗∗

ℓ (a′′, b′′α), b
′⟩

→ ⟨π∗∗∗
ℓ (a′′, b′′), b′⟩ = ⟨π∗∗∗∗

ℓ (b′, a′′), b′′⟩.

It follows that π∗∗∗∗
ℓ (b′, a′′) ∈ (B∗∗, weak∗)∗ = B∗.

□

Example 2.3. (i) Suppose that G is a compact group and
1 ≤ p ≤ ∞. Take Lp(G) and M(G) as L1(G)− bimodule. Since

L1(G) is WSC, by using 2.2, Lp(G) and M(G)∗ are L̃wcc. We
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know that c∗0 = ℓ1 and c0 is a ℓ1 − bimodule. Since ℓ1 is WSC,

by using 2.2, ℓ1 is L̃wcc.

(ii) Let B be a reflexive Banach space. Then, by using Theorem
2.6.23 from [4], B⊗̂B∗, N(B) (the space of nuclear operator on
B), K(B) (the space of compact operators on B), and W (B)
(the space of weakly compact operators on B) are Arens regular,

and so by preceding theorem, they are L̃wcc.

Definition 2.4. Let A be a Banach space. An element a′′ of A∗∗ is said
to be Baire − 1 if there exists a sequence (an)n in A that converges to
a′′ in the weak∗ topology of A∗∗. The collection of Baire − 1 elements
of A∗∗ is denoted by B1(A).

Theorem 2.5. Let B be a left Banach A−module. Then,

B1(A) ⊆ Zℓ
B∗∗(A∗∗) if and only if B∗ is L̃wcc.

Proof. Suppose that B∗ is L̃wcc and a′′ ∈ B1(A). Then, there is a

sequence (an)n ⊆ A such that an
w∗
→ a′′. It follows that (an)n is a weakly

Cauchy sequence in A. Then, there is a y′ ∈ B∗ such that π∗
ℓ (b

′, an)
w→ y′.

On the other hand, for every b′′ ∈ B∗∗, we have the following equality,

⟨b′′, y′⟩ = lim
n
⟨b′′, π∗

ℓ (b
′, an)⟩

= lim
n
⟨π∗∗

ℓ (b′′, b′), an⟩

= lim
n
⟨an, π∗∗

ℓ (b′′, b′)⟩

= ⟨a′′, π∗∗
ℓ (b′′, b′)⟩

= ⟨π∗∗∗∗∗
ℓ (b′′, b′), a′′⟩

= ⟨b′′, π∗∗∗∗
ℓ (b′, a′′)⟩.

It follows that π∗∗∗∗
ℓ (b′, a′′) ∈ B∗. Suppose that (b′′α)α ⊆ B∗∗ where

b′′α
w∗
→ b′′. Then for each b′ ∈ B∗, we have

⟨π∗∗∗
ℓ (a′′, b′′α), b

′⟩ = ⟨π∗∗∗∗
ℓ (b′, a′′), b′′α⟩

= ⟨b′′α, π∗∗∗∗
ℓ (b′, a′′)⟩

→ ⟨b′′, π∗∗∗∗
ℓ (b′, a′′)⟩ = ⟨π∗∗∗

ℓ (a′′, b′′), b′⟩.

Consequently a′′ ∈ ZB∗∗(A∗∗).
Conversely, Let B1(A) ⊆ ZB∗∗(A∗∗) and suppose that (an)n ⊆ A is

a weakly Cauchy sequence in A. Then, it has a subsequence such as

(ank
)k ⊆ A such that ank

w∗
→ a′′ for some a′′ ∈ A∗∗. It follows that



72 K. HAGHNEJAD AZA

a′′ ∈ B1(A), and so a′′ ∈ ZB∗∗(A∗∗). Similar to Theorem 2.2, we have
π∗∗∗∗
ℓ (b′, a′′) ∈ B∗ for each b′ ∈ B∗. Then, for every b′′ ∈ B∗∗, we have

lim
n
⟨b′′, π∗

ℓ (b
′, an)⟩ = lim

n
⟨π∗∗

ℓ (b′′, b′), an⟩

= lim
k
⟨π∗∗

ℓ (b′′, b′), ank
⟩

= lim
k
⟨π∗∗∗

ℓ (ank
, b′′), b′⟩

= ⟨π∗∗∗
ℓ (a′′, b′′), b′⟩

= ⟨π∗∗∗∗∗
ℓ (b′′, b′), a′′⟩

= ⟨b′′, π∗∗∗∗
ℓ (b′, a′′)⟩.

It follows that π∗
ℓ (b

′, an)
w→ π∗∗∗∗

ℓ (b′, b′′) in B∗. Thus, B∗ is L̃wcc.
□

Definition 2.6. Let B be a Banach A − bimodule and a′′ ∈ A∗∗. We
define the locally topological center of the left and the right module ac-
tions of a′′ on B∗∗, respectively, as follows

Zt
a′′(B

∗∗) = Zt
a′′(π

t
ℓ) = {b′′ ∈ B∗∗ : πt∗∗∗t

ℓ (a′′, b′′) = π∗∗∗
ℓ (a′′, b′′)},

Za′′(B
∗∗) = Za′′(π

t
r) = {b′′ ∈ B∗∗ : πt∗∗∗t

r (b′′, a′′) = π∗∗∗
r (b′′, a′′)}.

It is clear that ∩
a′′∈A∗∗

Zt
a′′(B

∗∗) = Zt
A∗∗(B∗∗) = Z1(π

t
ℓ),

∩
a′′∈A∗∗

Za′′(B
∗∗) = ZA∗∗(B∗∗) = Z1(πr).

An element e′′ of A∗∗ is said to be a mixed unit if e′′ is a right unit for
the first Arens multiplication and a left unit for the second Arens mul-
tiplication. That is, e′′ is a mixed unit if and only if, for each a′′ ∈ A∗∗,
a′′e′′ = e′′oa′′ = a′′ where o is a notion for the second Arens multipli-
cation. By [3], page 146, an element e′′ of A∗∗ is a mixed unit if and
only if it is a weak∗ cluster point of some BAI (eα)α∈I in A, for another
detail see [9].

Theorem 2.7. Let B be a left Banach A−module. Then, we have the
following assertions:

(i) Suppose that B has a sequential BAI (en)n ⊆ A and Ze′′(B
∗∗)A ⊆

B where e′′ is a mixed unit for A∗∗ and en
w∗
→ e′′. If B is WSC,

then Ze′′(B
∗∗) = B;
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(ii) If B∗ is WSC, then, B1(A) ⊆ ZB∗∗(A∗∗);
(iii) Assume that B has a sequential LBAI (en)n ⊆ A and B∗ is

WSC. If A is a left ideal in A∗∗, then, ZB∗∗(A∗∗) = A∗∗;
(iv) Assume that B∗ is WSC and A is a right ideal in A∗∗. If for

each mixed unit e′′ ∈ A∗∗, Zℓ
e′′(A

∗∗) = A∗∗, then,

Zℓ
B∗∗(A∗∗) = A∗∗.

Proof. (i) Since B ⊆ Ze′′(B
∗∗) for every b ∈ B, π∗∗∗

r (b, e′′) = w∗ −
limn πr(b, en) = b. Let b′′ ∈ Ze′′(B

∗∗) and (bα)α ⊆ B with

bα
w∗
→ b′′. Then, for every b′ ∈ B∗, we have

lim
n
⟨π∗∗∗

r (b′′, en), b
′⟩ = ⟨π∗∗∗

r (b′′, e′′), b′⟩

= lim
α
⟨π∗∗∗

r (bα, e
′′), b′⟩

= lim
α
⟨b′, bα⟩ = ⟨b′′, b′⟩.

It follows that w∗− limπ∗∗∗
r (b′′, en) = b′′. Since π∗∗∗

r (b′′, en) ∈
B and B is WSC, b′′ ∈ B.

(ii) Assume that B∗ is WSC. Then, by Theorem 2.2, B∗ is L̃wcc,
and so by using Theorem 2.5, we have B1(A) ⊆ ZB∗∗(A∗∗).

(iii) Assume that B∗ is WSC. Then, by using part (2), we have
B1(A) ⊆ ZB∗∗(A∗∗). Let a′′ ∈ A∗∗ and suppose that e′′ ∈ A∗∗ is

a left unit for A∗∗ such that en
w∗
→ e′′. Then, for every a′′ ∈ A∗∗,

we have ena
′′ w∗
→ e′′oa′′ = a′′. Since AA∗∗ ⊆ A, a′′ ∈ B1(A).

Consequently we have a′′ ∈ ZB∗∗(A∗∗).
(iv) Proof is the same as above.

□

Example 2.8. (i) Let G be a compact group. We know that
L1(G) has a sequential BAI and it is WSC Banach algebra.
Assume that e′′ is a mixed unit for L1(G)∗∗. Since

Ze′′(L
1(G)∗∗)L1(G) ⊆ L1(G)∗∗L1(G)

⊆ L1(G),

by using the preceding theorem, we have

Ze′′(L
1(G)∗∗) = L1(G).

(ii) Let G be a locally compact group. In the preceding theorem, if
we take B = c0(G) and A = ℓ1(G), then, it is clear that B is a
Banach A− bimodule. Since ℓ1(G) = c0(G)∗ is a WSC,

B1(ℓ
1(G)) ⊆ Zℓ

(ℓ1(G))∗(ℓ
∞(G)∗).
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