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DYNAMIC EQUIVALENCE RELATIONS ON THE
FUZZY MEASURE ALGEBRAS

ROYA GHASEMKHANT' AND UOSEF MOHAMMADI?*

ABSTRACT. The main goal of the present paper is to extend classi-
cal results from the measure theory and dynamical systems to the
fuzzy subset setting. In this paper, the notion of dynamic equiva-
lence relation is introduced and then it is proved that this relation
is an equivalence relation. Also, a new metric on the collection of
all equivalence classes is introduced and it is proved that this metric
is complete.

1. INTRODUCTION

The theory of fuzzy sets [d] has given rise to new research branches in
topology and dynamical systems [3-5, []. In this study we assume that
the fuzzy sets are members of IX, where I is [0,1], and X is a non-empty
set. For any g,h € F and = € X we define,

(gUh)(z) = inf {g(x) + h(z), 1},
(9N h)(x) = sup {g(x) + h(z) — 1,0},
gh(z) =1—g(=).

A family F' C [0, 1]X of fuzzy subsets of a set X is said to be a o -algebra,
if the following axioms are satisfied:

(i) 1x € F,
(ii) If g,h € F then g.h € F and (g h) € F where

(g N h)(z) = sup {g(z) + h(z) — 1,0},
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(iii) If {gi}i>1 C F then (J;2, g; € I where

D g; = inf { igi, 1}.
i=1 i=1

A function m : F' — [0, +00) is called a fuzzy set measure, if:

(i) m(0x) =0,
(i) m(U;2; 9i) = > ;2, m(gi), when ever g; € F and ) .2, g; < 1.
The triple (X, F,m) is called a fuzzy probability measure space.
A fuzzy set measure is said to be preserved by a transformation T :
X — X, if the following implication holds

geF = gol €F, m(goT) = m(g).

Suppose that T : X — X is a continuous map on a metric space X. We
also assume that F C [0,1]% is the family of all Borel measurable maps
f:X —[0,1].

The set of all fuzzy set measures m : F' — [0, +00), satisfying m(1x) =
1, is denoted by M*(X). The set of all fuzzy set measures in M*(X),
preserved by T, is defined as follows

M*(X,T) = {m € M*(X);m(goT) = m(g), for allg € F}.

In the remaining of the paper, T': X — X is continuous and Or(x) =
{Tk(:c); k=0,1,--- } is called the orbit of x.

Definition 1.1. Let (X, F,T) be as above and m € M*(X,T). For
x € X and g € F, we define

k—1
1 .
m?(g) = limsup Z Z goT"(z).

k—oo i—0

This definition is an extension of fuzzy measures [, 8]. In fact, it
presents a normal approach to measure as a fuzzy set, not as a function
on fuzzy sets. In this paper, we will denote ml(g) with m,(g) when
there is no confusion.

The quantity m,(g) is the average values of f over the orbit of x under
the dynamic of T. We call (X, F,T) a fuzzy dynamical system. Note
that, if in Definition I, we consider the crisp set g = x4 we will have

k-1
. 1 ;

mg(x4) = limsup - >~ xa0T"(z)
k—o00 i—0

1 .
= limsup Ecard{o <i<k—-1,T"(z) € A}.

k—o0
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So, for any crisp set g = x4, mz(g) is the average time in which =z € X
spends in A under the dynamic T'.

2. LOCAL APPROACH TO FUZZY MEASURE ALGEBRAS
Definition 2.1. Suppose that (X, F,T) be a fuzzy dynamical system
and o € X. Then, a relation “= mod m,,” on F is defined as follows

g="h( mod my,) iff My, (g) = My, (h) = ma(g N h),
where g, h € F.

If 29 € X and g = h( mod my,,), it is said that g and h are dynamical
equivalent under 1" at xg or my,-equivalent.

Theorem 2.2. Let (X, F,T) be a fuzzy dynamical system and xo € X.
Then, the relation mg,- equivalence on F' is an equivalence relation.

Proof. 1t follows from the definition that the relation = ( mod my,), is
reflexive and symmetric.

For transitivity, let ¢ = h( mod my,) and h = k( mod my,), g, h, k €
F and zg € X. Then

Mo (9) = Mg (h) = Mo (g N 1),
My (1) = 1 (K) = gy (B (1 ).
Since ((g Nh)U(hN k)) < h, we get my, <(g Nh)U(hn k)) < Mg, (h).
Thus
M (9) + Mag () = Mag (9 N ) + Mg (RN k)
:mxo(gﬂhﬂk)—l—mm((gﬁh)u(hﬂk))
< e (9 N E) + Mgy (h),

and so

Mo (9) < May(g N k).
Hence

mxo(g) = mwo(g N k)
Since

Mg (h) + Mg (k) = Mg, (g) =+ mmo(h)
< My (g N k) 4 Mgy (R),

we get

May (k) < may (9 0 k).
Thus g = h( mod my,). O
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Theorem 2.3. Let (X, F,T) be a fuzzy dynamical system and xo € X.
If for g,h € F, g = h( mod my,), then my,(g Uk) = my,(hUk) and
Mo (9N k) =my,(hNEk) for allk € F .

Proof. Let xp € X and g = h( mod m,,) and k € F. We have
My (gU ) < mg,(gURUE)

= Mgy (g U h) + may (k) — ma, ((gU R) N E).
Since (gUh) Nk = (gNk)U(hNk), it follows that

May ((9 U R) NE) > mgy(h N k).
Hence,

Mg (9 U K) < 1 (B) + 1y (k) — g (B (1K)
= Mg, (hUE).
Similarly, mg,(h U k) < mg,(g U k). Consequently,
Mgy (R UEK) = mg,(gUKk).

For the second part, it is sufficient to note that mg,(hUk) = my,(gUk)

if and only if mg, (h N k) = my, (g N E). O
Theorem 2.4. Let (X, F,T) be a fuzzy dynamical system and xo € X.
Then

(i) If g,h,k,l € F, g = h( mod my,), k = I( mod my,), then
gNk=hNI( mod mg,) and gUk =hUI( mod my,),
(ii) If gj,hj € F,j € N,gj = hj( mod my,) for all j € N, then

U gj = U h;i( mod myg,).

Proof. (i) It follows by repeated application of Theorem 3.
(ii) For j € N, we have
Mgy (gj> = Mgy (hj)
= My, (gj U hj).

Hence
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Also,
00 k
ma, (| 95) = Jim mao (1 95)
j=1 J=1
k
= Jim men (Ul o)
7j=1
= My, (G(%Uh ))
j=1
(U oo Un).
i=1 =1
Thus

U gj = U hi( mod myy).

O

Definition 2.5. Let (X, F,T') be a fuzzy dynamical system and zy € X.
We denote by F the collection of all equivalence classes induced by
the relation mg,- equivalence on F. Also, we denote by f the class
determined by f € F.

In view of Theorem P4 (i), we may define gUh = (U h) and gNh =
(9N h). Using Theorem 23 (ii), for any sequence {h;} in F', we define

Uhi=(
j=1

Since ¢ = h( mod my,) implies 1 — g = 1 — h( mod my,), we may
define (§)* = (1 — g)*. Thus under this operations induced from F, F
forms a fuzzy o-algebra.

(@

hy).

j=1

Theorem 2.6. Suppose {g;} and {h;} are sequences in F such that
gj = h;j( mod my,) for all j € N. Let g; 1 g and h; T h. Then g = h(
mod my,).

Proof. Since g; 1 g, hj 1T h and g; = hj( mod my,) for all j € N, we
get
My (9) = SUp Mg, (9)
J

= sup my, (h;)
J

= Mgy (h)7
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Also g; N hj T gNh , and therefore
Mz (g M h) = Sup My, (95 N hy)
J

= SUp Ma,(95)
J

= Mgy, (g)
Hence we obtain that g = h( mod my,). O

Definition 2.7. If g; 1 g, then we say that g; 1 g and define
mwo(g) = mwo(g)'

We identify g with g, i.e., any member of the equivalence class g, and
we write my,(g) for mg,(g).

Theorem 2.8. Let xg € X and (F,my,) be as above. The function
Pao + F' X F' = I described by pyo(g,h) = my,(gUh) — ma,(g N h) for
g,h € F, defines a metric on F.

Proof. 1t follows from the definition that

Pao(9,h) = pao(hyg),  Pao(g,9) = 0.
Suppose that pg,(g,h) = 0. Then

Mo (9) < My (g U M)
= Mgy, (g N h)

S My (9)7
implies mg,(g) = Mz, (g N h). Interchanging ¢g and h, we get

Mg, (h) = Mg (g N h).

Consequently, g = h.
Finally, for g, h, k € F' we have

Mo (g U h)+my, (hUE) + my, (g N k)
= Mgy (gURUK) +mxo<(guh) N (huk)) + gy (g N k)

:mxo(gUhUk‘)—i—mxo<hU ((gUh)ﬂk)) + My, (g N k)

meo(guk)—i-mm(hﬂ ((gUh)ﬂk)) + mg,(gNhNEk)

= mZO(g N h) + mzo(h N k) + mwo(g U k)a
and so

Mo (GUR) =30 (9NR) 1010 (RUE) =1 (ROK) 2= g (gUE) =1z (900,
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ie.,

Pzxo (97 h) + Pz (h’7 k) > Pz (g, k)
O

Theorem 2.9. Suppose g,h,gj, hi(j,k € N) be elements of F. The
metric pgy, tn Theorem 28 satisfies, the following

(i) Pao(9:h) = Puo(g™, hb),

i) peo(g1Uhi, g2 U hz) < P (91, 92) + P (1, h2),

(iii) puo(g1 Nh1, 92 Nh2) < pag(g1,92) + Do (R, h2),

(iv) Pao (91, 91U g2) < pao(91,92),

v) fco(Ug 1gJ7U§+11 95) < Pao(9k: gkt1), for all k € N.

Proof. (i) For, g,h € F, we have
Pao (97 W) = may (g URS) —ma (g N AT)
= maq (9N 1)F) = ey (g U 1))
= (1= may(g N h) = (1= mag(gUR))
= May(gUh) — may(g N h)
= Pao (9, h)-

(ii) For g1,92,h1,ha € F, we have

Pao (91U 1, 92U ha) = mag ((91 Uhi) U (g2U hz))
— My, ((91 Uhi) N (g2 U h2)>
< Mg ((gl Uge) U (h1 U hz))
= Mgy ((91 N 92 U(hy N hg )
= My (91U g2) + Mg, (h1 U h2)
— My, <(gl U 92) N (hl U hg))
— Mgy (g1 N g2) — My (h1 N h2)
+ Mg, ((91 Ng2) N (hy N hg))
< Mgy (g1 U g2) + My (h1 U ha)

— Mgy, (gl N 92) - mﬂﬁo(hl U h2)
= Pao (91, 92) + Pao (1, hao).
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(iii) For g1, g2, h1,he € F, we have
Pao(g1 N hi, g2 N ha) = my, ((91 Nh1)U(g2N hz))
— Mgy ((91 Nhi)N(g2N hz))
< iz, (91U g2) 1 (U B2))

— My, ((91 N g2) N (h1 N ha) )
= My (91 U g2) + Mgy (h1 U ha)
— Mgy | (91 U g2) U (hy U hg))
— May (91 N g2) — My (h1 N h2)
+ My, ((91 Ng2) U (h1N hz))
< Pao(91,92) + Pao(ha, h2).
(iv) For g,h € F, we have

pﬂ?o(gagUh) = mxo(gUh) _mxo(g)
< mxo(gUh) _mxo(gmh)

= Pao (9 h)-

J )—pxo((f* o (U)o
<pxo(L_J L_J )+pxo(9k,gkng+1>
)

(gk7 gk+1
O
Theorem 2.10. Let py, be the metric on F as defined in Theorem 8.

Then the maps g — g+, (g,h) — gUh,(g,h) — gNh are uniformly
continuous.

Proof. 1t follows from Theorem P9 (i)—(iii). O

Theorem 2.11. For every xg € X, the metric space (F,py,) is com-
plete.

Proof. Suppose that {g,} is a Couchy sequence of elements in F. We
can choose a subsequence {g,} such that py,(gn,gn+1) < 27" for all
n € N. It is sufficient to prove that {g,} converges to g in F.
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For n € N, let h, = JZ?g;. Then {h,} is a monotonic increasing
sequence and

lim A, = U Ji,

pP—00
i=n
so,

M, L_Jgz = hm mxo(hp)

i=n

Also, by Theorem 29 (iv) and (v), we have

pxo (gnv h‘p) S pﬂvo (gn7 hl) + pxo (h‘17 h2) —+ oo+ pxo(hpfla hp)
< Pag (gm gn+1) + Pzo (gn+1a 9n+2) + o+ Dayg (gner,l, gn+p)

1
< 27 + 2n+1 +
1
= anl'
Hence
o
Pzq (gna U ) mxo U g] — Mgy gn)

i=n

= plggo (mxo(hp) — Mgy (gn)>

< 27n+1 .

Since the sequence {U(;in gj} is monotonic decreasing, then

lim g, = lim U 9j

n—00 n—0o0
=N
= ﬂ U 95)
= F
O
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