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On New Extensions of Hermite-Hadamard Inequalities for
Generalized Fractional Integrals

Hiiseyin Budak'*, Ebru Pehlivan® and Pimar Kosem?

ABSTRACT. In this paper, we establish some Trapezoid and Mid-
point type inequalities for generalized fractional integrals by uti-
lizing the functions whose second derivatives are bounded . We
also give some new inequalities for k-Riemann-Liouville fractional
integrals as special cases of our main results. We also obtain some
Hermite-Hadamard type inequalities by using the condition f'(a +

b—x) > f'(x) for all z € [a, “t] instead of convexity.

1. INTRODUCTION

The Hermite-Hadamard inequality, which is the first fundamental re-
sult for convex mappings with a natural geometrical interpretation and
many applications, has drawn attention much interest in elementary
mathematics. A number of mathematicians have devoted their efforts
to generalise, refine, counterpart and extend it for different classes of
functions such as using convex mappings.

The inequalities discovered by C. Hermite and J. Hadamard for con-
vex functions are considerable significant in the literature (see, e.g.,[23,
p.137], [9]). These inequalities state that if f : I — R is a convex
function on the interval I of real numbers and a,b € I with a < b, then

(1.1) f<a;b> < bia/abf(x)dxg f(a);f(b)

Both inequalities hold in the reversed direction if f is concave.
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In [7] and [I2], Dragomir et al. proved the following results connected
with the Hermite-Hadamard inequality:

Theorem 1.1. Let f : [a,b] — R be a twice differentiable mapping such
that there exists real constants m and M so that m < f” < M . Then,
the following inequalities hold:

—a)? b a —a)?

24
and

—a)? a b
19wl Sf();rf(b)_bia/f(x)deM

(b—a)®
24

In [27], Minculate and Mitroi proved another refinement of inequal-
ities (ICW). Sarikaya [29] proved some refinement fractional Hermite-
Hadamard and Fejer type inequalities using the results of Minculate
and Mitroi.

In the following we will give some necessary definitions and mathe-
matical preliminaries of fractional calculus theory which are used further
in this paper.

Definition 1.2. Let f € Ly[a, b]. The Riemann-Liouville integrals J2, f(x)
and J{* f(x) are defined as

I f@ = [ =0 i, o>

and

b
o f(x) = F(la) / (t— 2 f(B)dt, z<b.

Here, I'(a) is the Gamma function and J, f(z) = J)_f(z) = f(z).

Definition 1.3 ([21]). Let f € L'[a,b]. Then k-fractional integrals of
order a,, k > 0 with a > 0 are defined by

(e% ]- v a_q
Jor i f(2) = W/a (x—t) 1 f(t)dt, x> a,
and
1 b oy
Jboi,kf(w) = kI‘k(a)/x (t — $) k f(t) dt, b>z,
where ' (+) stands for the k-gamma function. For k = 1, the k—fractional
integrals yield Riemann-Liouville integrals. For a« = k& = 1, the k-

fractional integrals yield classical integrals.

For more details about fractional integrals, see [I'4, [9].
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Theorem 1.4 ([27]). Let f : [a,b] — R be a positive function with a < b
and f € Ly [a,b]. If f is a convex function on [a,b], then the following
inequalities for fractional integrals hold:

(1.4)

a I (o a
1(557) < T ey O+ Ty s(0] < FOT T

Moreover, Dragomir gives the following another version of Hermite-
Hadamard inequality for Riemann-Lioville fractional integrals:

Theorem 1.5 ([0]). Let f : [a,b] — R be a positive function with a < b
and f € Ly [a,b]. If f is a convex function on [a,b], then the following
inequalities for fractional integrals hold:

(1.5)

(50 2 () (23 20320

Over the years, several papers devoted to fractional Hermite-Hadamard
inequalities. One can refer to the references ([I-8, 3-8, TR-20, 24-37))
for some of them.

Budak et al. prove the following inequalities in [G].

Theorem 1.6 ([5]). Let f : [a,b] — R be a positive twice differentiable
function with a < b and f € Ly [a,b]. If f" is bounded, i.e. m < f"(t) <
M, t € la,b], m,M € R, then we have the inequalities

m (b — a)?
9 et Do)
2710 (a+1) [, o a+b
< T SO gy 1] -1 (%57)
M (b—a)®
“d(a+1)(a+2)
and

m(b—a)? a(a+3)

8(a+1)(a+2)
fla)+fb) 227 T(a+1) [, a

S R (e U C DT C DR
m(b—a)? a(a+3)
8(a+1)(a+2) ’

(1.7)

for a > 0.

Theorem 1.7 ([5]). Let f : [a,b] — R be a positive twice differentiable
function with a < b and f € Ly [a,b] If f" is bounded i.e. m < f"(t) <
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M, t € [a,b], m, M € R, then we have the inequalities
(1.8)
ma(b — a)?
8(a+2)

SW [Ja+f (a;b> +Jpf (“;bﬂ _f<“;b)

Ma(b— a)?
8la+2) ’

IN

IR T AT W )

4(a+2) "’
for a > 0.

Let’s define a function ¢ : [0,00) — [0,00) satisfying the following

condition:
1
t
/ mdt < 0.
0 t

Definition 1.8. [28] The following left-sided and right—sided generalized
fractional integral operators are defined, respectively, as follows:

(1.10) oo f(z) = /mwj“(t)dt, x> a,
b —x
(1.11) bI@f(m):/ “)f_m)f(wdt, z<b.

Recently, some Hermite-Hadamard inequalities for generalized frac-
tional inregrals have been established under the condition of convexity,
as follows:

Theorem 1.9 ([28]). Let f : [a,b] — R be a convex function on [a,b]
with a < b, then the following inequalities for fractional integral opera-
tors hold

(1.12)  f (a;b> < 2A1<1) [a+ Lo f(b) +b— Lo f(a)] <

fla) + f(b)
2 Y
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where the mapping A : [0,1] — R is defined by

A(z) = /0 ' Mdt.

Theorem 1.10 ([6]). Let f : [a,b] — R be a function with a < b
and f € Ly |a,b]. If f is a convex function on [a,b], then we have the
following inequalities for generalized fractional integral operators:

(1.13)
(57 = gm s o0 apy- Ts] < FOLTE

where the mapping ¥ : [0,1] — R is defined by

U(z) = /0I @dt.

t

Theorem 1.11. Let f : [a,b] — R be a function with a < b and f €
Li[a,b]. If f is a convex function on [a,b], then we have the following

inequalities for generalized fractional integral operators:
(1.14)

() < g o (%52 1o (227)] < L0220

where the mapping ¥ is defined as above.

In this paper we obtain the inequalities (I'T3) and (II2) by using the
condition f'(a+b—x) > f/(z) for all z € [a, L] instead of convexity.

2. EXTENSION HERMITE-HADAMARD TYPE INEQUALITIES

Firstly, we give the following inequalities which give the above and
below bounds for the left and right hand sides of inequalities (IT3) and

Theorem 2.1. Let f : [a,b] — R be a positive, twice differentiable
function with a < b and f € Ly [a,b]. If f" is bounded, i.e. m < f"(t) <
M, t € la,b], m,M € R, then we have the inequalities

< ra 2o(z—a
(2.1) 52‘111)/@ < erb_x) (p(gc—a))d
= wlu (251 ) F (a30)Tof (@)] = 1 <a;b)
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and

%(1) /(lQ(b —x)p(r —a)dr

<P - gxplm (25210 ef0) 4 (2g2) 1o o)

2

(2.2)

a+b
M 2
< = _ _
< 5901 /a (b—x)p(x — a)dz,
where V is defined as in Theorem TI1.

Proof. By using the change of variables we have

(2.3)

1 o (63
29(1) [I(M)Jrf(b) + I(aer)f(a):|

2 2
a+b

_ 1 boo(b—a) £ e —a)
_m /Mz'b b—x f(ﬂz)d:c+/a v —a f(x)da:]
= 2\111(1) /a2 90;%_— a) f(a +bh— x)dac + i SO;HI_—QG,) f(m)dx
B 2\Ifl<1> / /(@) + fla+b—2)] wf__a“)dx,
By the equality (23), we get
(2.4)
— | o a+b
20 (1) [I 2go) o S O) F Tagey <“>] - < ; )
N 2\1/11)/(12 [f(x) + f(a+b— )] ‘Pgﬂ_—aa)dm _y <a_2H,>
= 2\;(1) /a2 [f($) + fla+b—x)—2f (a;‘b>] Spix__a@dx.

and
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we have
(2.5)
at+b—z “7“
F@) + fla+b—a)—2f (a;b> /l f’(t)dt—/x F()dt
—/Qf(a—i—b—u)du— T ) at
:/2 [fla+b—1t)— f ()] dt
We also have
a+b—t
(2.6) Flatb—t) — f' () = /t ' (u)du.

By using the equality (28) and the assumption m < f”(u) < M, u €
[a, b] , we obtain,

a+b—t a+b—t a+b—t
m/ du §/ " (u)du < M/ du,
t t t
ie.
a+b—2t).

(2.7) m(a+b—2t) < flla+b—1t)— f(t) < M(
Integrating inequality (274) with respect to ¢ on [x, “T“’], we get

a+b

m(a;“b—a:fg/x{z [flla+b—t)— (1) dth(a;b—x>2.

By equality (Z3), we have

(2.8)

b 2 b b 2
m(a; —x) < f(x)+fla+b—x)— f<a+ ><M<a_2‘_ —x> )
Multiplying inequality (2R) by % and integrating the resultant

4]

inequality with respect to x on [a, 5|, we establish

a+b

A (Hb )
52\;(1/ { +fa+b—x)—2f<a;_b>]Soim__aa)dx
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That is, we get

m /a;rb a—l—b_w 2g0(:c—a)dx
29¥(1 2 T—a

Ni(l) [I?a;mf () + Iage) S W] -1 (a;b)

ath 2
< M /2 a—i—b_x go(a:—a)dw’
2v(1) J, 2 r—a

which gives inequality (PT).
On the other hand, by equality (EZ3), we have

<

(2.9)
fla+fo) 1 [, X
2 T 20(1) [I(“g“’)+f(b)+f(a;b) f(a)}
- o ; 1) n 2\111(1) /a2 [f(z)+ fla+b—2)] o _—aa) dr
1 ot

By using the equalities

= /j f'(t)dt

b

)~ fla+b—x) = / o

+b—zx

and

then we get

(2.10)

F(@)+ () — f(x) — fla+b—2x) = /+b dt—/f

/fa+b—udu—/f

_/ [f'(a+b—1t)dt — f'(t)] dt.

a

By integrating inequality (224) with respect to ¢ on [a, x|, we get

m/x(a+b—2t)dt§/x [f'la+b—1t)— f'(t)] dth/x(a+b—2t)dt.
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That is,
(2.11)

m(z—a)(b—x) < fla)+ f(b) = f(z) - fla+b—2) < M(z—a)(b—2)

Multiplying the inequality (EZ1) by % and integrating the re-

sultant inequality with respect to z on [a, “T“’], we establish

a+b

m % oz — )
2\11(1)/(1 (b—x)(x—a)ﬁdx
< s [ V@40~ f@) - fatb— o) 2D
< 2\;\{1) ?(b—:z) (x —a) SOE:__;L)d:E.
This completes the proof. O

Remark 2.2. If we choose ¢(t) = ¢ in Theorem P71, then inequality (E71)
reduces to inequality (I”2) and inequality (222) reduces to the inequality

b
m(b — a)? a M(b — a)?
(2.12) <b12 L );f(b)—bia/f(t)dtﬁ(blz X,

which is given by Budak et al. in [5].

Corollary 2.3. If we choose o(t) = % in Theorem 2, then inequal-

ities (Z3) and (Z23) reduce inequalities (CA) and (1), respectively.

Corollary 2.4. If we choose o(t) = #k(a) in Theorem 2, then we have
the following inequality for k-Riemann-Liouville fractional integrals
m(b—a)?
4(g+1) (2 +2)
2% (a4 k) a+b
< —— |Ja b) + J7, -
Sl M C SIS C O R I
M (b—a)?
< — o )
4(5+1) (3 +2)
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m(b—a)*a(a+3)
8+ (R +2)

Now we give the following refinement of inequality (I13).

Theorem 2.5. Let f : [a,b] — R be a positive, twice differentiable
function with a < b and f € Ly a,b]. If f'(a+b—x) > f'(x) for all
T € [a, aT‘H’] , then we have the inequalities

(2.13)

a+b 1 a b
1757 = gwm Ly o0 oy 1ost@] < FOTTE

where W is defined as in Theorem ITID.

Proof. Since f'(a+b—x) > f/(z) for all z € [a, ‘%b] , by the equalities
(22) and (23), we have

2@1(1) (o) Lo (0) (agpy Tpf(a)] = 1 ( > b)

= 2\;@)/(12 f(x) + fla+b—2x)—2f (a—;b)] SDSC__CLCL)dac
1 {%—b — aTer ! ! —
:2‘11(1)/a /[f(a+b—t)—f(t)}dt ‘Pf_j)dx
>0, _
which gives first inequality in (213).
Similarly, by equalities (29) and (210), we get
b 1
f(a) —2i_ f( ) _ 2\11(1) [(%M)+I¢f(b) —|—(a?+b)7 I¢f(a>:|
— oo [ U@+ £0) - 1) - fat b ) 2
1 %—b f / / —
- 2@(1)/a {/ [f'(a+b—t)dt — f'(t)] dt sof_aa)dx
> 0. '
This completes the proof. O

Now, we establish the following inequalities which give the above and
below bounds for the left and right hand sides of inequality (II4).
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Theorem 2.6. Let f : [a,b] — R be a positive, twice differentiable
function with a < b and f € Ly [a,b]. If f” is bounded, i.e. m < f"(t) <
M, t € [a,b], m, M € R, then we have the inequalities

b

(2.14) Q\Ivln(l)/a(? <a;—b—x><ﬁ<a;b—x>dx
e ) ()] )

20(1

M /2 a+b_x a—l—b_x I

20(1) /, 2 7\ 2 ’
and

(2.15) m /(12 (x —a)(b—x) @dx

IN

(a+b _
< f(a)—;f(b) 3 2\1/1(1) {ﬁ;f (a—;—b) Ly (a—;b)]
;sﬁ%DLﬁ@—axwﬂwﬂ£§LQQMa

where ¥ is defined as in Theorem TI1.

Proof. From the definition of generalized fractional integrals, we get
(2.16)

oy [0+ (*57) v 10 (75

1 b o (atb _ g b 4 _ atb
T 20(1) /a Mf(m)dx + it Wf(m)dw]
I o (£ — g)
= su [ V@ s e

By equality (2718), we have
(2.17)
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a+b
Multiplying inequality (Z8) by Zq}u)Mand integrating the resul-

a2z

tant inequality with respect to x on [a, a;rb], we establish

(2.18)
m [ fass V(o
s (50 2) T

<2\I/11)/aa2b[f(x)+f(a+b—x)—2f<a;b>} ((ﬁb —7) .
[

gmm/az <“;b—x)2mda:.

From equality (217) and inequalities (2IR), we have the desired result

On the other hand, using identity (2I8), we get
(2.19)
f(a) + f(b) 1 a+b o o(0+D
2 ‘2w<1>{ +f< )”b-f< 2 )]

a GT-H) atb _ €T
:f();f(b)_wl(l)/a [F(@) + Fla+b— ) (Sj ))
1w R et
= saqy [, U@+ IO @~ s i S

L
Multiplying inequality (2-I1) by 2\1}( 0 (( = )) and integrating the re-
T

sultant inequality with respect to x on [a, %b] we establish

(2.20)
atb a+b
2\11(1)/ (x —a)(b—2x) o dx
atb _
< / 10— f) - fla+b— o) 2L gy
(43" —=
a+b
M atb _
< / (x —a) m)w
v(1) (432 — =)

By equality (2719) and inequalities (2220), one has the required result

This completes the proof of theorem. O
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Remark 2.7. If we choose ¢(t) = t in Theorem 7B, then inequalities
(214) and (Z1H) reduces to inequalities (I2) and (EZI2), respectively.

Corollary 2.8. If we choose p(t) = % in Theorem 21, then inequal-
ities (Z-13) and (ZI3) reduce inequalities (I8) and (I2), respectively.

Corollary 2.9. If we choose p(t) = #%(a) in Theorem [Z8, then we have
the following inequalities for k-Riemann-Liouville fractional integrals
ma(b — a)?
8k(% +2)
a1
< 2t (bF_k EIO;; k) |:Ja+,k:f <a—2|—b> + Jp i f <a+ b)} —f (a;—b)
Ma(b— a)?
= 8k(2 )
and
m(b — a)?
4% +2)
< f(a);—f(b) 2 1rk(aa+k:) [ ot (a+b> TS (a+b)]
(b—a) 2 2
m(b — a)?
T A% +2)

Theorem 2.10. Let f : [a,b] — R be a positive, twice differentiable
function with a < b and f € Lyi]a,b]. If f'(a+b—2x) > f'(z) for all
T € [a, ‘IT‘H’] , then we have the inequalities

(2.21)

f (a;b> < 2\1,1(1) [awf (a2+b> If (Hb)] < f(“);f(b)

where W is defined as in Theorem ITID.

Proof. From equalities (217) and (EI8), we have

oy [+ (37) 0 (037) ] (05)

=i [ e saen o (450)] ),

atb

RN . plstoa)
_2\11(1)/(1 / flla+b—1t)— f'(t)] dt (a2t )
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>0

which proves, the first inequality in (E22T).
Similarly, by equalities (Z19) and (EZ20)

fla) + f(b) 1)[wkj<a+b>+kaJ(a+b>

2 20(1 2 ]
a+b ll—‘rb
(2 —x
/ ) = Fa) - flatb—a) L =D gy
(45—
a+b T o atb LIZ‘)
— "(a+b—t)dt — f'(t)] dt | —2—Fdx
v /ﬁ / (43 —2)
> 0.
This completes the proof. O
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