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ABSTRACT. The aim of this paper is to prove some coupled fixed
point theorems of a self mapping satisfying a certain rational type
contraction along with strict mixed monotone property in an or-
dered metric space. Further, a result is presented for the unique-
ness of a coupled fixed point under an order relation in a space.
These results generalize and extend known existing results in the
literature.

1. INTRODUCTION

The celebrated Banach contraction principle plays a pivotal role in ob-
taining a unique solution of many existing results of analysis. It is the
most important and prominent implementation in acquiring solutions of
several problems in linear and nonlinear analysis. Later, this principle
is extended and generalized by many researchers using various forms of
contractive conditions in a space, see [I8, IR, 20, B3, B8, BY, 40] and
references therein. Furthermore, numerous generalizations of this theo-
rem have been obtained, by weakening its hypotheses on various spaces
such as rectangular, cone, quasi, quasi semi, fuzzy, pseudo, probabilistic
metric spaces and also in D, G, F-metric spaces etc. Lakzian et al.
[25] generalized o — 1) contractive maps by introducing a w-distance to
obtain fixed point theorems in a metric space. In [7] Gopal et al. used
a — F' contractive map in a complete metric space to acquire a unique
fixed point to the map and also gave some applications to nonlinear
fractional differential equations. Also, Shukla et al. [37] introduced the

2010 Mathematics Subject Classification. 47TH10, 55M20, 54H25, 26 A42.
Key words and phrases. Ordered metric space, Monotone property, Rational type
contraction, Coupled fixed point.
Received: 18 January 2020, Accepted: 19 December 2020.
* Corresponding author.
123


http://scma.maragheh.ac.ir

124 N. SESHAGIRI RAO AND K. KALYANI

notion of set valued o — F-contractions and proved corresponding fixed
point theorems in complete metric space. Further, their results are ap-
plied to nonlinear integral type equations for the existence of unique
solution.

First, the generalized result of contraction principle in the direction
of ordered sets was obtained by Wolk [3Y], afterwards Monjardet [27].
While, Ran and Reurings [32] found fixed point results in ordered metric
spaces and then presented relevant applications of matrix linear equa-
tions therein. Subsequently, the extended result of [32] was given by
Nieto et al. [28-30] taking nondecreasing mappings and applied to first
order ordinary differential equations with periodic boundary conditions
for the unique solution. Agarwal et al. [l] investigated fixed point results
in ordered metric space of generalized contractive conditions. Extensive
works on acquiring fixed points of various contractive conditions in or-
dered metric spaces, can be found [2-7, O, 00, I35, [9, 21, 31, 34, 41).
Bhaskar and Lakshmikantham [IT1] introduced the concept of coupled
fixed points in ordered spaces and then applied to boundary value prob-
lems for the unique solution. Lakshmikanthm and Ciri¢ [24] introduced
the concept of coupled coincidence, common fixed points to nonlinear
contractions in ordered metric spaces. More results on coupled coin-
cidence, common fixed points in ordered metric spaces, can be found
[R, 2114, 22, 23, DA, B4].

The work presented in this paper, mainly extends and generalizes a
result of Sharma and Yuel [36] in ordered metric space by incorporating
a strict mixed monotone property for a mapping in acquiring a coupled
fixed point and its uniqueness.

2. MATHEMATICAL PRELIMINARIES

The following definitions are frequently used in our study.

Definition 2.1 ([12]). Let (P, <) be a partially ordered set. A map S :
P — P is called strictly increasing or strictly decreasing, if S(7) < S(&)
or S(1) > S(&) for all 7,& € P with 7 < &.

Definition 2.2 ([12]). A map S : P x P — P is said to have strict
mixed monotone property on (P, <), if S(7,§) is strictly increasing in 7
and strictly decreasing in €. i.e.,

forall M, e Pwithm <mn = S(Tl,£)<5(7—2,£)
and

for all &,8 € Pwith & <& = S(7,&) > S(1,&).
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Definition 2.3 ([12]). Let S: P x P — P be a map on (P, <). A point
(c*,d*) € P x P is called a coupled fixed point to S, if S(c*,d*) = ¢*
and S(d*,c*) = d*.

Definition 2.4 ([[4]). A metric d on P together with a partially ordered
relation < is called a partially ordered metric space. It is represented
by (P, d, <).

Definition 2.5 ([l4]). If the metric d is complete then (P, d, <) is known
as a complete partially ordered metric space.

Definition 2.6 ([[7]). If every convergent sequence {7, }2° , in P satisfies
the following property then (P,d, <) is known as an ordered complete
(0C):
(i). If {7} is a nondecreasing sequence in P with 7,, — 7 then
T < 7, for all n € N, i.e., 7 = sup{m,} or,
(ii). suppose {7,} is a non increasing sequence in P with 7, — 7
then 7 < 7, for all n € N, i.e., 7 = inf{7,}.

3. MAIN RESULTS

We begin this section with the following theorem.

Theorem 3.1. Let (P, <) be a partially ordered set and d a complete
metric on P. Let S : P x P — P be a mapping which has the strict
mixed monotone property on P satisfying

d(r, S(7,€)) [1 + d(p, S(p,v))]
. <

(3.1) d(5(7,€).5(n.v)) < a ey

+ Bld(7, S(7,€)) + d(p, S(p, v))]

+[d(7, S(p, v)) + d(p, S(7,€))] + 0d(7, ),
forallT,& u,v € P such that T > p and £ < v and there exist o, 3,7y, >
0 such that 0 < a+2(8+7)+9 < 1. Suppose either S is continuous or P
has an ordered complete property (OC), then S has a coupled fized point

(1,€) € P x P, if there exist two points 19,&n € P with S(10,&) > 70
and S(fo,’l’o) < {0.

Proof. We suppose that S is continuous on P. Let 79, & be two points in
P such that S(79,&) > 70 and S(&y, 70) < &, then define two sequences
{mn},{&n} for n > 0 respectively as

(3'2) Tn+1 = S(Tnvgn)a gn-i-l = S(fnﬂ’n)

Now, using mathematical induction, we prove the following for any n,

(3.3) T < Tnt1,



126 N. SESHAGIRI RAO AND K. KALYANI

and

(3.4) &n > Ent-

Assume n = 0, then from equation (B32), we get 71 = S(70,&0) > 70
and & = S(&o,70) < &o as S(70,&0) > 10 and S(&y, 70) < & and hence
the above inequalities hold. Next, we assume that for some n > 0, the
inequalities (B33) and (84) hold. Then from strict mixed monotone of
S, we have

(3.5) Tnt1 = S(Tn, &n)
< S(Tn+la§n)
< S(Tn—i-la §n+1)

= Tn+2,

(3.6) &1 = S(6n, )
> S(&n+1,Tn)
> S(&nt15 Tnt1)
= &n+2-

Hence, we conclude that for all n > 0, the inequalities (833) and (B3)
are satisfied. Thus,

(3.7) TO<TI < <Tp<Tpp1 <,
and
(3.8) §o>8& > >8> >

Then from (B1) and (B2), we get

d(Tn, Tn—1) = d(S(Tn-1,&n-1), S(Ta—2,8n—2))
ad(Tn—lv S(tn=1,8n=1)) [1 + d(Tn—2, S(Ta—2, §n—2))]
- 1 +d(7—n—1,7'n—2)
+ Bld(Tn—1, S (Th—1,&n—1)) + d(Tn—2, S (Tn—2,&n—2))]
+ Y[d(T-1, S (Tn—2,6n—2)) + d(Tn—2, S(Th—1,&n—1))]
+ 0d(Tn—1,Tn—2),

which implies that
d(Tn—h Tn) [1 + d(Tn—2a Tn—l)]
1 + d(Tn_l, Tn_Q)
+ B[d<7-n—17 Tn) + d(Tn—Qv Tn—l)]
+ 7[d<7n—17 Tn—l) + d(Tn—27 Tn)} + (5d(7'n—17 Tn—2)-

d(Tn’ 7—nfl) <a
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Finally, we arrive at

(39) d(TTL)TTL—l) < hd(Tn—lan—2)>
where h = % € (0,1]. Similarly using the same argument as
above, we obtain

(3.10) d(gmgn—l) S hd(ﬁn—17§n—2)-
Therefore, from inequalities (B9) and(B-M), we get
d(Tna Tnfl) + d(&nv fnfl) <h [d(Tnfla Tan) + d(gnfly §n72)] .

Now, let us define a sequence {oy,—1} = {d(T, Tn—1) + d(&n,&n—1)}. By
induction we obtain

0<o04-1<hop2< h20‘n73 < h30‘n74 <...< hn_IO'O.
Thus,
lim 0,1 = lm [d(7n, Th-1) + d(&n,En—1)]

n—-+4o0o n—-+4o0o
= 0.
Consequently, we get lim d(7,,7,—1) = 0 and lim d(&,,&—1) = 0.
n——+o00 n—+4o00
Further, using triangular inequality of d for n < m, we get

d(Tma Tn) < d(Tma Tmfl) + d(Tmfla 7_m72) +- 4+ d(Tn+1a Tn)v

and

d(fmy gn) < d(§m> fm—l) + d(gm—la fm—Q) +eoet d(§n+1a fn)

Therefore,

AT, ™) + d(Emy&n) < Om—1+ Om—a+ -+ 0n
< (Rt AR 4 B o
hn
1—-nh
as m,n — 00, d(Tm, Tn) + d(&m, &) — 0. Hence, the sequences {7,} and

{&,} are Cauchy in P and thus converges to a point (7,§) € P X P so
that 7,, — 7 and &, — £. Also, by the continuity of S, we get

IN

g0,

7= lim 7y41
n——+oo

= lim S(7,&)

n—-+4o0o

= S( lim 7,, lim £n>
n—-+o00 n—-+00
= 8(7,§),
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and
§= nll)lfoo Ent1
= lm S(&,70)
=5 (,Jim 6 1 7 )
=S, 7).

Therefore, S has a coupled fixed point in P x P.

Another way, suppose that P has an ordered complete property (OC).
From above, a non-decreasing Cauchy sequence {7,} C P exists and
tends to 7. Hence, from (OC) property of P, we have 7 = sup{7,}, i.e.,
o < 7, for all n € N. Therefore, we claim that 7,, < 7, for all n except
there are some ng € N with 7,, = 7, and thence 7 < 7y < Tpy41 =7
which is a contradiction. Thus, from the strict monotone increasing
property of S on first variable, we get

(3.11) S(7n; &n) < S(7,6n)-

Similarly, from the above discussion there is a nonincreasing Cauchy
sequence {&,} in P, which tends to a point £ € P. Thus, by (OC)
property of P, we have £ = inf{¢,}, i.e., & > &, for all n € N. Using
a similar argument as above, we have &, > &, for all n. Also, from the
strict monotone decreasing property of .S on second variable, we get

(3.12) S(1,&) < S(7,€).
Therefore, from inequalities (B) and (B12), we get
(3.13) S(Tn,&n) < S(1,6) = Tpy1 < S(7,€), for all n.

But 7, < Tq1 < S(7,€), for all n and 7 = sup{7,}, implies that 7 <
S(1,€). Now, construct a sequence {z,} in P as z,11 = S(zn,§,) with
29 = 7. Then using a similar argument as above, {z,} is a nondecreasing
Cauchy sequence and tends to z in P, which implies that z = sup{z,}.
As 1, <7 =29 < 8(20,&) < 2 < z for all n, thus from (B), we get

(3-14) d(Tnazn) = d(S(Tn—lafn—l)a S(Zn—l,gn—l))
ad(Tn—lv S(tn=1,&n-1)) [1 + d(zn-1, 5(2n-1,&n-1))]
- 1+ d(Tn-1,2n-1)
+ Bld(Tn-1,8(Tn-1,&n-1)) + d(2n—1, S(2n—1, &n-1))]
+ ’Y[d(Tn—lv S(Zn—lv fn—l)> + d(zn—lv S(Tn—h gn—l))]
+0d(Tn—1, 2n—1)-
Letting n — oo in (BTd), we acquire
d(r,z) < (2v 4+ 9)d(T, 2).
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Consequently, we get d(7,z) =0 as 2y 4+ < 1. Thus, 7 = z = sup{7,}
and hence 7 < S(7,&) < 7. Therefore, S(7,£) = 7. By the similar
discussion as above, we have S(§,7) = £, which shows the existence of
a coupled fixed to S in P. O

If P has the following partial order relation, then S attains a unique
coupled fixed point in P.

(¢ d) < (1€) & r>c, £<d, for (1,),(c",d") € Px P.

Theorem 3.2. In addition to Theorem B, if for all (1,€),(r,s) €
P x P, there exists (¢*,d*) € P x P such that (S(c*,d*), S(d*,c*)) is
comparable to (S(7,€),S(&,7)) and (S(r,s),S(s,r)) then S has a unique
coupled fixed point in P x P.

Proof. By Theorem BT, S has a non-empty set of coupled fixed points.
Assume (7,§), (r, s) are coupled fixed points of S, i.e., S(1,&) = 7,5(§,7) =
&, S(r,s) = r and S(s,r) = s. Then, for uniqueness we have to prove
that T =r, £ = s.

From hypotheses, there exists a point (¢*,d*) € P x P such that
(S(c*,d*), S(d*,c*)) is comparable to both the points (S(7,&),S(&, 7))
and (S(r,s),S(s,r)). Let ¢* = ¢} and d* = djj, then choose ¢}, d; € P
such that ¢ = S(c¢j,d;) and df = S(d§,c§). Then, by following the
proof of Theorem B, we can construct the sequences {c}}, {d}} from
ey =85(c,,dy)and dy,  ; = S(d};, c;) for all n € N. Similarly, construct
the sequences {7,}, {&} and {r,}, {sn} by setting 7 = 79, & = &,
r =719 and s = sp. Then from Theorem B, we get 7, — 7 = S(7,¢),
&n = E=S(,7)and ry — 17 = S(r,8), sp, > s=S8(s,r) for alln > 1.
But (r,€) = (S(r,€),S(6,7)) and (cf,df) = (S(ch.dp), S(d, <)) are
comparable, implies that 7 > ¢} and ¢ < df. Next we claim that (7,€)
and (¢!, d’) are comparable, i.e., 7 > ¢ and { < d} for all n. Assume
that for some n > 0 it is true, thus by strict mixed monotone property

of S, we have ¢}, | = S(c;,dy) < S(1,§) = 7 and dy ,, = S(d},,c},) >

ny 'n n)» -n

S(&,7) =&, implies that 7 > ¢ and £ < d} hold for all n.
By contraction condition (B7),

d(7, cpp1) = d(S(7,€), 5(cp, dy))
LUT 5(7,8)) [L + d(cp, S(cp, dr))]
- 1+d(r,c)
+ Bld(7, 5(7,€)) + d(cy,, S(ey, dy))]
+0d(7,5(c;,, dy)) + dcy,, S(7,6))] + 0d(T, c7,),

from which we obtain

(3.15) i) < (

Bry+96 .
1—/8—7) d(T, Cn).
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In a similar fashion, one can obtain that

0
(3.16) e < (350 e

Suppose D = ffgfj < 1. Combining above inequalities (BT3) and
(B1H), we get
d(7, Cpyr) +d(€dyyy) < Dd(T,¢,) + d(€, )]
S D2 [d(Ta C;kz—l) + d( ) ;kz—l)]

< D™ [d(7, cp) + d(&, dp)] -

Thus, d(r,c;,,) +d(, dy,1) — 0 as n — oco. Consequently, we get
d(t,cy ) = 0and d(&,d ) — 0 as n — oo.

Similarly, one can prove that d(r,c;) — 0 and d(s,d)) — 0 when
n — oo. Using triangular inequality of d, we get
(3.17) d(r,r) <d(r,cy) +d(c;,r) and d(& s) <d(&d)) +d(d),s).
Taking n — oo in (BI1), we obtain d(7,7) = d(§,s) = 0. Thus 7 = r
and & = s. O

Theorem 3.3. If 1y, & are comparable under the hypotheses of Theorem
B3, then S has a coupled fixed point in P x P.

Proof. By proof of Theorem B, we have the sequences {7,,}, {¢,} in P
such that 7,, — 7 and &, — £. Note that (7,&) is a coupled fixed point
of S.

Suppose 19 < &, we have to prove that 7, < &, for all n > 0.
Suppose it holds for some n > 0 and from strict monotone property of
S, we obtain that 7,41 = S(7n,&n) < S(&n, Tn) = &nt1. Therefore, from
(81),

(3.18) d(n,&n) = d(S(Tn—1,8n-1),5(En—1,Tn-1))
o W1, 5(tn-1,&n-1)) [1 + d(€n—1, S(En-1, Tn-1))]
B L+ d(Tn-1,6n-1)
+ Bld(Tn-1,S(Tn-1,8n—1)) + d(€n—1, S(En—1,Tn-1))]
+ [d(Tn-1, S (En—1, Ta—1)) + d(§n—1, S(Tn-1,&n-1))]
+6d(Tn—1,&n—1)-
Taking n — oo in (BIH), we get
d(7,€) < (2 + 0)d(7,§).

Thus, d(7,£) =0 as 27+ 6 < 1. Hence, S(7,&) =7 =& = S(, 7).
If 79 > &y then we have the result from the above argument. O
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4. APPLICATIONS

Applications of the main theorem and its consequences in terms of
integral type contractions are carried out in the present section.

Let €2 denote the set of functions ¢ : [0,4+00) — [0, +00) satisfying
the following properties

(i). ¢ is a Lebesgue-integrable function on every compact subset in
[0, +00) and;
(ii). [5 ¢(t)dl > 0, for all € > 0.

Theorem 4.1. Suppose (P, <) is a partially ordered set and d is a com-
plete metric on P. Let S : P X P — P be a mapping which has the strict
mized monotone property on P such that

(4.1)
d(S(r.€).5(1v)) =
/ k(l)dl < a/ " k(1)dl
0 0

d(,S(7.6))+d (1,5 (1,0))
+8 / k(1)dl
0

d(7,5(p,v))+d(p,S(1,€
4y /

) ()

k(D)dl + 6/ k()dl,
0 0
for all 7,6, p,v € P such that 7 > p and € < v, kK € Q) and where
a,3,7,0 >0 such that 0 < a+2(8 + ) + 0 < 1. Suppose that either S
is continuous or P has an ordered complete property (OC), then S has
a coupled fized point (1,€) € P x P, if there exist two points 19,&y € P
with S(T(),fo) > Ty and S(fo,To) < f().

If=7=0,a=y=0,a=0=0and a = =~ =0 in Theorem B,
we get the succeeding results.

Theorem 4.2. Suppose (P, <) is a partially ordered set and d is a com-
plete metric on P. Let S : P x P — P be a mapping which has the strict
mized monotone property on P such that

(4.2)
d(S(7.,€),5(n.) Ar S Pl Stuw)) d(r)

/ k(l)dl < a/ " k(l)dl + 5/ k(l)dl,
0 0 0

for all 7,&, p,v € P such that 7 > p and € < v, kK € Q and where
a,0 >0 such that 0 < o+ § < 1. Suppose either S is continuous or P
has an ordered complete property (OC), then S has a coupled fixed point
(1,€) € P x P, if there exist two points 19,& € P with S(19,&) > 7o
and 5(50,7’0) < f().
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Theorem 4.3. Suppose (P, <) is a partially ordered metric space and
d is a complete metric on P. Let S : P x P — P be a mapping which
has the strict mized monotone property on P such that

(4.3)

d(S(7,8),5(u,v)) d(7,S(7.6))+d(p, S (11,v)) d(7,p)
/ k(l)dl < 5/ k(l)dl + 5/ k(l)dl,
0 0 0

for all 7,&, u,v € P such that 7 > p and € < v, Kk € Q) and where
8,0 >0 such that 0 < 28+ § < 1. Suppose either S is continuous or P
has (OC) property, then S has a coupled fized point (1,€) € P x P, if
there exist two points 9,y € P with S(79,&) > 10 and S (&, 10) < &o-

Theorem 4.4. Suppose (P, <) is a partially ordered set and d is a com-
plete metric on P. Let S : P X P — P be a mapping which has the strict
mized monotone property on P such that

(4.4)
d(S(7,8),5(u,v)) (7,8 (pv)) +d(p,S(7.6)) d(7,p)
/ k(l)dl < fy/ k(l)dl + (5/ k(l)dl,
0 0 0

forallm,&, u,v € P such thatt > pand & < v, k € Q and where y,0 > 0
such that 0 < 2v +§ < 1. Suppose that either S is continuous or P has
(OC) property, then S has a coupled fized point (1,€) € P x P, if there
exist two points 19,& € P with S(19,&0) > 170 and S(&o, 10) < &o-

Theorem 4.5. Let (P, <) is a partially ordered set and d is a complete
metric on P. Let S : P x P — P be a mapping which has the strict
mized monotone property on P such that

A(S(7.6),5(10))
(4.5) /

d(7,p)
k(l)dl < 6/ k(l)dl,
0 0

for all T, &, p,v € P such that 7 > pand £ < v, k € Q and § > 0 such
that 0 < § < 1. Suppose that either S is continuous or P has (OC)
property, then S has a coupled fixved point (1,§) € P x P, if there exist
two points 19,&0 € P with S(70,&) > 10 and S(&o,70) < &o-

We illustrate the usefulness of the obtained main Theorem Bl with
the following example.

Example 4.6. Let P = {0, 1,3}. Define a metric d : P x P — [0, +00)
by d(7,€) = |1 —&|. Let S: P x P — P be defined by

(0, if(r,¢) €A,
S(T’f)—{L if (1,€) € B,

where A = {(7,¢)|r =3 and £ € P} and B = {(7,¢§)|r € {0,1} and ¢ € P}.
Then S has a coupled fixed point in P with usual order <.
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From definition of d, (P, d, <) is a partially ordered complete metric
space, S is continuous and has strict mixed monotone property in P.
Furthermore, there are some 79 = 0, §; = 3 in P such that p = 0 <
S(0,3) =1and § =3 > S(3,0) = 0.

Now, consider the following possible cases for any (7,&), (u,v) € P
such that 7 > p and &£ < wv.
Case 1. Suppose (1,§), (n,v) € A or B, then d(S(,§),S(p,v)) = 0.
Hence, the contraction condition in Theorem B holds.
Case 2. Suppose (7,€) € A and (p,v) € B, then d(S(7,&),S(u,v)) =
1. Therefore, the contraction condition in Theorem B holds, because
d(r, ) € {2,3} and by selecting proper values of a, 3,7,6 in [0, 1) such
that 0 < a+2(8+7)+6 < 1.

For example, if (7,£) = (3,0) and (u,v) = (1,3), then

d(S(3,0), 5(1,3)) = d(0,1)

:1§%§+35+3y+26

~d(3,5(3,0)) [1 +d(1,5(1,3))]

@ 1+d(3,1)

+ B1[d(3,5(3,0)) 4+ d(1,5(1,3))]
+1[d(3,5(1,3)) +d(1,5(3,0))] + 6d(3,1).

Hence, (1,1) in P is a coupled fixed point for S.

Acknowledgment. The authors thank the editor and referees for their
precise remarks which improved the presentation of the paper.
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