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Joint Continuity of Bi-multiplicative Functionals

Abbas Zivari-Kazempour1 ∗ and Mohammad Valaei2

Abstract. For Banach algebras A and B, we show that if A =
A × B is unital, then each bi-multiplicative mapping from A into
a semisimple commutative Banach algebra D is jointly continuous.
This conclusion generalizes a famous result due to Šilov, concern-
ing the automatic continuity of homomorphisms between Banach
algebras. We also prove that every n-bi-multiplicative functionals
on A is continuous if and only if it is continuous for the case n = 2.

1. Introduction

Let A and B be complex Banach algebras and f : A −→ B be a linear
map. Then, f is called an n-homomorphism if for all a1, a2, . . . , an ∈ A,

f(a1a2 · · · an) = f(a1)f(a2) · · · f(an).

The concept of an n-homomorphism was studied for complex algebras
in [3, 6]. A 2-homomorphism is then just a homomorphism, in the
usual sense. One may refer to [3, 12], for certain properties of 3-
homomorphisms.

In 1967, a classical result of Johnson shows that if f : A −→ B is a
surjective homomorphism between a Banach algebra A and a semisim-
ple Banach algebra B, then f is automatically continuous. Then the
Johnson’s result was extended to n-homomorphism in [7] with the ex-
tra condition that the Banach algebra B is factorizable, and then it is
generalized to non factorizable Banach algebras in [5].
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Šilov in [4] has given a well-known result concerning the automatic
continuity of homomorphisms between Banach algebras, that we men-
tion in the following (see also [2]).

Theorem 1.1. Let A and B be Banach algebras that B is commutative
and semisimple. Then, every homomorphism f : A −→ B is automati-
cally continuous.

A linear map f between Banach algebras A and B is called almost
multiplicative if there exists ε > 0 such that for all a, b ∈ A,

∥f(ab)− f(a)f(b)∥ ≤ ε ∥a∥∥b∥.
K. Jarosz in [8] introduced the concept of almost multiplicative function
and investigated the automatic continuity of almost multiplicative linear
maps between Banach algebras.

After that, Johnson obtained some results on continuity of almost
multiplicative functionals [9], and then he generalized his result to almost
multiplicative maps between Banach algebras [10].

Homomorphisms and their automatic continuity of Banach algebras,
have been widely studied by many authors. One may refer to the mono-
graphs of Dales [4] and Jarosz [8].

Throughout the paper, let A = A × B for complex Banach algebras
A and B. Then A is a Banach algebra for the multiplication

(a, b)(x, y) = (ax, by), (a, b), (x, y) ∈ A,

and with norm

∥(a, b)∥ := ∥a∥+ ∥b∥.
Let D be a complex Banach algebra. A bilinear map is a function φ :
A −→ D such that φ is linear with respect to both variable. A bilinear
map φ : A −→ D is called bounded if there is a real number M such
that for all (a, b) ∈ A,

∥φ(a, b)∥ ≤M∥a∥∥b∥.
Obviously, φ is bounded if and only if it is jointly continuous.

A bilinear map φ is called n-bi-multiplicative if for all (ai, bi) ∈ A,

φ(a1 · · · an, b1 · · · bn) = φ(a1, b1) · · ·φ(an, bn).
The concept of an n-bi-multiplicative mapping introduced by the first
author in [13]. A 2-bi-multiplicative is called simply bi-multiplicative.

Clearly, each bi-multiplicative functional is an n-bi-multiplicative for
every n ≥ 2, but the converse does not hold in general. For instance,
if φ : A −→ C is a bi-multiplicative functional, then ψ := −φ is a
3-bi-multiplicative which is not bi-multiplicative.
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The aim of this paper is to investigate the joint continuity of bi-
multiplicative mappings and the general cace n-bi-multiplicative on the
product of Banach algebras as well as automatic continuity of homomor-
phisms between Banach algebras.

In Section 2, we show that every separately continuous action φ :
A × X −→ X of a unital Banach algebra A on a compact Hausdorff
space X is jointly continuous.

In Section 3, we prove that each bi-multiplicative maps φ from unital
Banach algebra A into a semisimple commutative Banach algebra D is
jointly continuous.

We also show that the joint continuity of n-bi-multiplicative function-
als, passes from the case n = 2 to all n ∈ N. Finally, the joint continuity
of almost bi-multiplicative functionals on A is presented.

2. Joint Continuity of Bilinear Maps

Let A be a unital Banach algebra and let G = Inv(A), where Inv(A)
is the set of all invertible elements of A. Then G is called the group of
invertible elements of A.

Since with the topology induced from the norm topology of A, the
mapping a 7−→ a−1 is a homeomorphism of G onto G, hence G is a
topological group and it is an open subset of A by [2, Theorem 11, § 2].

We commence with the following result which prove that every unital
Banach algebra is the linear span of its invertible elements.

Proposition 2.1. Suppose that A is a unital Banach algebra. Then
A = lin(G), where G = Inv(A).

Proof. Let e be a unit element of A, and let a ∈ A such that ∥a∥ < 1.
Then e − a ∈ G by Theorem 9 § 2 of [2], and therefore the equality
a = −(e − a) + e implies that a ∈ lin(G). Hence A = lin(G), for all
a ∈ A with ∥a∥ < 1. Now let ∥a∥ ≥ 1. Put b = a

2∥a∥ then ∥b∥ < 1, hence

by the above argument b ∈ lin(G), which implies that a ∈ lin(G) for all
a ∈ A. Thus, A = lin(G). □
Definition 2.2. Let A be a Banach algebra and X be a topological
space. We say that A acts on X if the map φ : A ×X −→ X satisfies
in the following conditions.

(i) φ(a, .) : X −→ X is continuous for all a ∈ A,
(ii) φ(ab, x) = φ(a, φ(b, x)), for every a, b ∈ A and x ∈ X.

Example 2.3. (i) It is clear that the multiplication operator on a
Banach algebra A is an action of A on itself.
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(ii) Let A = Mn(R), and define the mapping φ : A × R −→ R by
φ(A, x) = det(A)x, for all A ∈ A. Then φ is an action ofA on R.

(iii) Let A be a unital Banach algebra, G = Inv(A) and

B = {a ∈ A : ∥a∥ < 1} .
Consider the quasi-product a, b ∈ A defined by a⋄b = a+b−ab.
Then the restriction φ : A×A −→ A to B ×G is an action of
B on G with the operation defined by φ(a, x) = (e− a)x for all
a ∈ B and x ∈ G. Indeed,

φ(a, φ(b, x)) = (e− a)(e− b)x

= (e− (a ⋄ b))x
= φ(a ⋄ b, x).

The following general theorem for the joint continuity is given in [1,
Page 293].

Theorem 2.4. Let X be a complete metric space, Y be a compact Haus-
dorff space, and let Z be a pseudometric space. If φ : X × Y −→ Z is a
separately continuous function, then there is a dense Gδ subset E of X
such that φ is jointly continuous on E × Y .

Lemma 2.5. Let A be a unital Banach algebra with unit e, and φ :
A × X −→ X be a separately continuous action of A on a compact
Hausdorff space X, and let φ(e, .) be the identity map on X. Then for
distinct element x1, x2 of X, there are neighborhoods U of e, V of x1
and W of x2 such that

φ(U × V ) ∩W = ∅.
Proof. By Urysohn’s Lemma there exists a function f ∈ C(X), such that
f(x1) = 0, f(x2) = 1 and −1 ≤ f(t) ≤ 1, for all t ∈ X. Take ψ := f ◦φ.
Then by Theorem 2.4, ψ is continuous at each point of E×X, where E
is a dense Gδ subset of A. Let

K = {a ∈ A : ψ(a, x1) ̸= ψ(a, x2)} .
ThereforeK is nonempty, because φ(e, .) is the identity map. Continuity
of ψ yields that K is open and so it contains some point a0 ∈ E. Take
ε = |ψ(a0, x1) − ψ(a0, x2)|, from the continuity of ψ at (a0, x1) there
exist neighborhoods U1 of a0 and V of x1 such that

|ψ(p, q)− ψ(a0, x1)| <
ε

2
, (p, q) ∈ U1 × V.

By the continuity of the left operator La0 on A, there exists a neighbor-
hood U of e such that a0U ⊆ U1. Set

W =
{
t ∈ X : |ψ(a0, t)− ψ(a0, x2)| <

ε

2

}
.
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Now let (s, t) ∈ U × V and φ(s, t) ∈W . Clearly,

ψ(a0s, t) = ψ(a0, φ(s, t)),

hence

ε = |ψ(a0, x1)− ψ(a0, x2)|
≤ |ψ(a0, x1)− ψ(a0s, t)|+ |ψ(a0, φ(s, t))− ψ(a0, x2)|

<
ε

2
+
ε

2
= ε,

which is a contradiction. Thus, φ(U × V ) ∩W = ∅, as claimed. □
Now we state and prove the main theorem of this section.

Theorem 2.6. Let A be a unital Banach algebra with unit e, and let
φ : A ×X −→ X be a separately continuous action of A on a compact
Hausdorff space X. Then φ is jointly continuous on G × X, where
G = Inv(A).

Proof. We prove the result in the following steps.
Step 1: Without loss of generality we may assume that φ(e, .) is the

identity map: Because, suppose the conclusion of the result holds with
this additional condition. Then for all x ∈ X,

φ(e, φ(e, x)) = φ(e2, x)

= φ(e, x).

Thus, φ(e, .) : φ(e,X) −→ φ(e,X) is the identity map. So in the general
case, the restricted form of the theorem implies that φ is continuous at
each point of A × φ(e,X). Now the continuity of φ on A × X follows
from the continuity on A × φ(e,X). Indeed, let (aα, xα) converging to
(a, x) ∈ A×X. Then

φ(aα, xα) = φ(aαe, xα) = φ(aα, φ(e, xα)) −→ φ(a, φ(e, x)) = φ(a, x).

Thus, we may assume at first that φ(e, .) is the identity map.
Step 2: We prove that φ is continuous at (e, x), for all x ∈ X. Let

W be a neighborhood of φ(e, x) = x. Then by Lemma 2.5, for every
y ∈ X \W , there exist neighborhoods Uy of e, Vy of x and Wy of y such
that φ(Uy × Vy) ∩Wy = ∅. Since X \W is compact, so there exists a
finite subset F ⊆ X \W such that

X \W ⊆
∪
y∈F

Wy.

Now set
U =

∩
y∈F

Uy, V =
∩
y∈F

Vy.
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Thus, U × V is a neighborhood of (e, x) and φ(U × V ) ⊆W . Therefore
φ is continuous at each point of {e} ×X.

Step 3: We show that φ is continuous at each point of G×X, where
G = Inv(A). Let (a, x) ∈ G×X, and (aα, xα) −→ (a, x).

Therefore (a−1aα, xα) −→ (e, x). Using preceding step, we conclude
that limα φ(a

−1aα, xα) = φ(e, x) = x. Hence

φ(aα, xα) = φ(a, φ(a−1aα, xα)) −→ φ(a, x),

which yields that φ is continuous on G×X. This completes the proof.
□

Example 2.7. Let A be a unital commutative Banach algebra, B[1],
B′

[1] be the closed unit balls of A and A′, respevtively. By Theorm 3.15

of [11] B′
[1] is compact in the w∗-topology. Consider φ as an action of

B[1] on B
′
[1], for all n ∈ N defined by

φ(a, f) = an · f, a ∈ B[1], f ∈ B′
[1],

where (an · f)b = f(ban). Then φ is separately continuous action, and
so by above theorem it is jointly continuous on G×B′

[1].

3. Joint Continuity of Bi-multiplicative Functionals

Every multiplicative linear functional f on a Banach algebra A is
continuous and ∥f∥ ≤ 1, see [2, Proposition 3, § 16] for example. In the
next theorem we prove the same result for bi-multiplicative functionals.

Theorem 3.1. If A is unital, then every bi-multiplicative functional
φ : A −→ C is jointly continuous.

Proof. Suppose that (e1, e2) is a unit element of A. Since φ is bi-
multiplicative, we get φ(e1, e2) = 1. For (x, y) ∈ G = Inv(A),

1 = φ(e1, e2)

= φ(xx−1, yy−1)

= φ(x, y)φ(x−1, y−1),

so φ(x, y)−1 = φ(x−1, y−1).
Step 1: Let (x, e2) ∈ A with ∥x∥ < 1. Thus, (e1 − x, e2) ∈ G, and

so φ(e1 − x, e2) ̸= 0. Therefore 1 = φ(e1, e2) ̸= φ(x, e2). Hence for all
(x, e2) ∈ A with ∥x∥ < 1 we have φ(x, e2) ̸= 1. Let |φ(x, e2)| > 1, and
take

a =
x

φ(x, e2)
.
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Then ∥a∥ < 1 and φ(a, e2) = 1, which is a contradiction. So |φ(x, e2)| ≤
1, for all ∥x∥ < 1. If we replace x by x

2∥x∥ , we arrive at

|φ(x, e2)| ≤ 2∥x∥,

for all (x, e2) ∈ A. Thus, φ is continuous at (x, e2). Similarly, φ is
continuous at (e1, y).

Step 2: Let G1 = Inv(A) and G2 = Inv(B). Suppose that (xn, yn) is
a sequence in A converging to (x, y) ∈ G1 × B. Then (x−1xn, yn) tends
to (e1, y), and hence by the continuity of φ at (e1, y),

φ(x−1xn, yn) −→ φ(e1, y).

Therefore

φ(x, e2)
−1φ(xn, yn) = φ(x−1, e2)φ(xn, yn) = φ(x−1xn, yn) −→ φ(e1, y).

Consequently,

φ(xn, yn) −→ φ(x, e2)φ(e1, y) = φ(x, y),

which proves that φ is continuous at each point of G1 ×B. Similarly, φ
is continuous at each point of A×G2.

Step 3: Suppose that (a, b) ∈ A×B and (an, bn) −→ (a, b). Applying

Proposition 2.1, we get a =
k∑

i=1
λiai for some ai ∈ G1 and λi ∈ C. Since

an −
k−1∑
i=1

λiai −→ λkak ∈ G1 and (λkak, b) ∈ G1 ×B, therefore it follows

from step 2 that

φ(an, bn)−
k−1∑
i=1

φ(λiai, bn) = φ

(
an −

k−1∑
i=1

λiai, bn

)
−→ φ(λkak, b).

If we take

un =

k−1∑
i=1

φ(λiai, bn),

then

un −→ u =
k−1∑
i=1

φ(λiai, b),

because (λiai, b) ∈ G1 × B. Hence φ(an, bn) −→ φ

(
k∑

i=1
λiai, b

)
=

φ(a, b). Consequently, φ is jointly continuous on A. □

Corollary 3.2. Every bi-multiplicative map φ from unital Banach alge-
bra A into a semisimple commutative Banach algebra D is jointly con-
tinuous.
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Proof. Suppose that D is semisimple and commutative. Let M(D) be
the maximal ideal space of D. We associate with each f ∈ M(D) a
function φf : A −→ C defined by

φf (a, b) := f(φ(a, b)), (a, b) ∈ A.

Then φf is a bi-multiplicative functional, so by Theorem 3.1 it is con-
tinuous.

Now, suppose that (an, bn) −→ (0, 0) and φ(an, bn) −→ x in D. Then,
by the continuity of φf , we have φf (an, bn) −→ 0. On the other hand,
by the continuity of f : D −→ C,

(f ◦ φ)(an, bn) = f(φ(an, bn)) −→ f(x).

Consequently, f(x) = 0 and since f ∈ M(D) was arbitrary, we get x = 0.
Therefore φ is continuous by the Closed Graph Theorem. □

Since each bi-multiplicative functional is an n-bi-multiplicative, so
every bi-multiplicative functional on A is continuous whenever every n-
bi-multiplicative functional on A is continuous. The converse is also true
which we present in the next result.

Theorem 3.3. If every bi-multiplicative functional on A is continuous,
then every n-bi-multiplicative functional on A is also continuous.

Proof. Suppose that φ : A −→ C is an n-bi-multiplicative functional.
Since φ ̸= 0, there axists (u, v) ∈ A such that φ(u, v) = 1. For each
(x, y) ∈ A, define ψ : A −→ C by ψ(x, y) = φ(ux, vy). Then for all
(a, b), (x, y) ∈ A,

ψ(ax, by) = φ(uax, vby)

= φ(uax, vby)φ(u, v)n−1

= φ(uaxun−1, vbyvn−1)

= φ(ua, vb)φ(xu, yv)φ(u, v)n−2

= φ(ua, vb)φ(xu, yv),

and

φ(xu, yv) = φ(u, v)n−1φ(xu, yv)

= φ(u, v)n−2φ(ux, vy)φ(u, v)

= φ(ux, vy).

Therefore we get

ψ(ax, by) = φ(ua, vb)φ(ux, vy)

= ψ(a, b)ψ(x, y),
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and hence ψ is bi-multiplicative functional on A. For all (x, y) ∈ A, we
have

ψ(x, y) = φ(ux, vy)

= φ(u, v)n−1φ(ux, vy)

= φ(unx, vny)

= φ(u2, v2)φ(u, v)n−2φ(x, y)

= φ(u2, v2)φ(x, y),

which proves that φ(u2, v2) ̸= 0. Let (xk, yk) be a sequence in A con-
verging to (x, y) ∈ A. Then by the continuity of ψ we have

φ(u2, v2)φ(xk, yk) = ψ(xk, yk) −→ ψ(x, y) = φ(u2, v2)φ(x, y).

Thus, φ(xk, yk) −→ φ(x, y) and so φ is continuous. □

Combining Theorems 3.1 and 3.3 we have the following result.

Corollary 3.4. If A is unital, then every n-bi-multiplicative functional
φ : A −→ C is jointly continuous.

It is known that the second dual of every C∗-algebra is unital [2], thus
we have the following result.

Corollary 3.5. Suppose that A is a C∗-algebra, then each bi-multiplicative
functional φ : A′′ −→ C is jointly continuous.

Example 3.6. Let X = C([0, 1]), the Banach space of all continuous
real-valued polynomials on [0, 1], equipped with the norm

∥f∥ =

∫ 1

0
|f(t)|dt, f ∈ X.

For all (f, g) ∈ X ×X, define φ : X ×X −→ R by

φ(f, g) =

∫ 1

0
f(t)g(t)dt.

Then φ is bilinear and separately continuous, but it is not jointly contin-
uous. Note that neither X is a Banach algebra nor φ is bi-multiplicative.

The following result concerning the automatic continuity of almost
multiplicative linear functionals obtained by Jarosz in [8].

Theorem 3.7. Let A be a Banach algebra and f : A −→ C be an
almost multiplicative linear functional. Then ∥f∥ ≤ 1 + ε, and hence f
is continuous.
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A bilinear map φ : A −→ C is called almost bi-multiplicative if there
exists ε ≥ 0 such that for all (a, b), (x, y) ∈ A,

|φ(ax, by)− φ(a, b)φ(x, y)| ≤ ε ∥(a, b)∥∥(x, y)∥.
Now we prove an analogous result of Jaroz’s theorem for almost bi-

multiplicative.

Theorem 3.8. Let A be unital and φ : A −→ C be an almost bi-
multiplicative. Then φ is jointly continuous.

Proof. Let φ : A −→ C be an almost bi-multiplicative functional. Then,
there exists ε ≥ 0 such that

(3.1) |φ(ax, by)− φ(a, b)φ(x, y)| ≤ ε∥(a, b)∥∥(x, y)∥,

for every (a, b), (x, y) ∈ A. Set ξ = 1+
√
1+4ε
2 . If for all (a, b) ∈ A,

(3.2) |φ(a, b)| ≤ 4ξ∥a∥∥b∥,
then φ is bounded and hence it is continuous. If (3.2) does not hold for
some (s, t) ∈ A, then we have

(3.3) |φ(s, t)| > 4ξ∥s∥∥t∥.
We may assume without loss of generality that ∥s∥ = ∥t∥ = 1

2 and
|φ(s, t)| > ξ. Therefore, we can write |φ(s, t)| = ξ + p, for some p > 0.
Then we have

|φ(s2, t2)| ≥ |φ(s, t)2 −
(
φ(s, t)2 − φ(s2, t2)

)
|

≥ |φ(s, t)|2 − |φ(s, t)2 − φ(s2, t2)|,

hence from (3.1),

|φ(s2, t2)| ≥ |φ(s, t)|2 − ε

= (ξ + p)2 − ε

= 2ξp+ p2 + ξ

> ξ + 2p.

It can be shown, by induction, that

(3.4) |φ(s2n , t2n)| > ξ + (n+ 1)p.

Given (a, b), (x, y), (u, v) ∈ A, take

I1 = |φ(ax, by)φ(u, v)− φ(a, b)φ(xu, yv)|,
and

I2 = |φ(a, b)φ(xu, yv)− φ(a, b)φ(x, y)φ(u, v)|.
Then

I1 ≤ |φ(axu, byv)− φ(a, b)φ(xu, yv)|



JOINT CONTINUITY OF BI-MULTIPLICATIVE FUNCTIONALS 43

+ |φ(axu, byv)− φ(ax, by)φ(u, v)|
≤ 2ε∥(a, b)∥∥(x, y)∥∥(u, v)∥.

Thus,

|φ(ax, by)φ(u, v)− φ(a, b)φ(x, y)φ(u, v)|
≤ I1 + I2

≤ ε
(
2∥(a, b)∥+ |φ(a, b)|

)
∥(x, y)∥∥(u, v)∥.

Therefore

(3.5) |φ(u, v)||φ(ax, by)− φ(a, b)φ(x, y)| ≤ εδ∥(u, v)∥,
where δ =

(
2∥(a, b)∥ + |φ(a, b)|

)
∥(x, y)∥. Replacing (u, v) by (s2

n
, t2

n
)

in (3.5), and applying (3.4), to get

|φ(ax, by)− φ(a, b)φ(x, y)| ≤ εδ

ε+ (n+ 1)p
,

for all n ∈ N. Letting n → ∞, we get φ(ax, by) = φ(a, b)φ(x, y) for
all (a, b), (x, y) ∈ A. Consequently, φ is a bi-multiplicative and so it is
continuous by Theorem 3.1. □
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