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SOME PROPERTIES AND RESULTS FOR CERTAIN
SUBCLASSES OF STARLIKE AND CONVEX
FUNCTIONS

MOHAMMAD TAATI', SIROUS MORADI?**, AND SHAHRAM NAJAFZADEH?

ABSTRACT. In the present paper, we introduce and investigate some
properties of two subclasses A, (A, 8) and A} (), 3); meromorphic
and starlike functions of order 5. In particular, several inclusion
relations, coefficient estimates, distortion theorems and covering
theorems are proven here for each of these function classes.

1. INTRODUCTION

Let A,, denotes the class of functions of the form
(1.1) flz)=2z+ Z arz®,  (n €N),

which are analytic on the open unit disk
U={z: ze€Cand |z] <1},
and suppose A; = A.
For 0 < 8 < 1, we denote by §*(5) and K(5) the subclasses of A

consisting of functions which are starlike of order 8 and convex of order
B in U, respectively, that is,

S*(ﬂ):{feAﬂS*:%<zf/(z)> >4, ZEU},

f(2)

K(ﬂ):{feAﬂlC:éﬁ(lJrsz;S)>>ﬂ, zeU},
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where §* and K denote the starlike and convex functions, respectively.
We set

§*=8%0), K=K(©0), S,(B)=5(8)NAn.

We say that f(z) € Hp(a,5) if only and if f(z) satisfies the following
condition

a2 f'(2)  z2f (2) n _ na
5’*( ) +f(2)>>a6(5+2 oy

(zeU,a>0,0<p<1,feA).

Obviously,
Hn(0,8) =87(8) (0<p<1).
In 1983 Li and Owa [G] proved the following theorem.

Theorem 1.1. Suppose that a« >0 and f € A. If
2 " ’
(2000 S) s

f(z) f(2) 2
then f € S*.

Moreover, in 2012 Ravichandran et al [[[1] gave the following modifi-
cation of Theorem [l

Theorem 1.2. Let > 0 and 0 < 8 < 1. Then
Hn(a, B) C S*(B).

Recently Liu et al [7] investigated several other properties and char-
acteristics of functions belonging to the subclasses H,, (o, 3). For more
information about starlike functions, we refer the reader to [I0]-[4] and
the references therein.

In this paper, we introduce a new subclass of analytic starlike function
and investigate some properties and results for certain classes.

2. PRELIMINARIES

Let P,, denotes the class of functions p(z) given by
(2.1) p(z) =1+ mz", (z€D),
k=n

which are analytic in U and let P; = P. For the proof of our main
results in this paper, we need the following useful lemma, and we refer
the reader to [3].

Lemma 2.1. If the function p € P,, in given by (Z0) and satisfies the
R(p(z)) >0, then |pk| <2 (k <n).
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Lemma 2.2. If the function f € A,, in given by (L), then
2f (2)
f(2)
Let 0 < A, 0 < B < 1 and Ay(\, B) denotes the class of functions
p(z) € Py satisfies the condition

2'(2) | a(2) noy L mA
(2.2) §R<)\ o) +p(z)>>m(ﬁ+2 1)+5 =

Finaly, let A (X, B) denotes the subset of Ay (N, B) such that all functions
p € An(A, B) have the following from:

€ P,.

p(z) =1-=Y mz", (> 0k >n).
k=n
Theorem 2.3. Let 0 < )\ < % ,0< B <1andpe€ Ay(\,B). Then

zp(z) € Hy, (1_/\2)\,ﬂ> .

Proof. Let p(z) € Ap(\, B), then

RS G ey e
>)\ﬁ<ﬁ+g—1> +B(1—2A)—7;—A.

Since 0 < A < %, then

A 22p(2) 1 zp'(2) A n
(1—2)\ p(2) 1o p(z) +1> >1—2Aﬁ(5+§_1>
A
(2.3) +8- 515
Obviously, f(z) = zp(z) € A,,. Hence from (E-3)

N2 N o A () 1 ()
3%<1—2A OB f<z>>‘%<1—2x oz 1o p(e) “)

n A

> 2127

1—2X8(5+g_1)+5_

that is,
Fe) € Hu (2B
DEmAT=a")
and this completes the proof. O

Corollary 2.4. Let 0 < A < 3 ,0< B8 <1 and p(z) € Ay(\, B). Then
zp(z) € 8*(B)-
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In order to derive our main results, we need the following lemmas.

Lemma 2.5 ([]). Let f(z) € Ay be given by (I). Then f(z) € K if
and only if

oo
> KPag| < 1.
k=n+1

Lemma 2.6. Let 0 < X\ and v < 0. Suppose also that the sequence
{AR}2, is defined by

A1:—2’y, kzl,
k
(2.4) -2
Aprg=— 1 A, k>1.
ST e D+ 1] +l§ AN
Then
JIAG —1) +1] =2y
2.5 . (ke N-—{1}).
(2.5) ]Hl GO +1] ( {1}

Proof. From (24), we have

k
(k‘ + 1)[)\]6 + 1]Ak+1 - —2’y (1 + ZAZ) s

=1

and

k—1
EA(k —1) + 1Ay = —2y (1 +)° A,) .
=1

So we obtain that
Appr _ kAR —1) +1] =2y
Ag (k+ 1)[Ak +1]
Thus, for k£ > 2, we have

A A A ' —1)+1
A= Sk Bkl Bk g o H AG—1)+1]
A1 Ap—2 A (J+ DA +1],
and this completes the proof. O

3. PROPERTIES OF A, (A, )

In this section, we give some properties of Ay, (A, 5). At first we prove
the following inclusion result.
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1
Theorem 3.1. LetOS/\2<)\1<§,O§/6’1</32<1 and 1 < nj1 <
ny. Then
Any (N2, B2) C Apy (M1, Br).

Proof. Obviously,
Any (A2, B2) C Apy (A2, B2), (1 < my < na).

Now we prove that

Ani (A2, B2) C Ay (A1, B).
Let p € An1 (Ag,ﬁg). Then

/7 2 "
r (Zp (Z) —i—)\gz P (Z)> > Aof (ﬁQ‘l‘E — 1) + By — A2

p(2) p(2) 2 2
> X3 (51+%—1> +51—n1?)\27

which implies that p(z) € Ay, (A2, 51). By Corollary 24, we get zp(z) €

S*(B81). That is
w1+ 225,
p(2)

oy (2) —B1| > -1
p(2)
: A1
Now, by setting \ = SWAL have A > 1. Therefore,
2

R (Zp ONEY ACESW (Br+2=1) =B+ nl)“)

or

p(2) p(2) 2 2

=R <Zp () + A2 “p (2) — Aof1 (51—1—E —1) _51+7”L1)\2>

p(z) p(z) 2 2
F(1-AR (Z;’(S) - m) >0,
and hence, p(z) € Ay, (A1, 51)- O

Theorem 3.2. LetO§A§ﬁ<%and’y:)\ﬂ(ﬁ—%)—i-ﬁ—%. Ifv<0
and p(z) € Ai(X, B), then

(3.1) Ip1| < —27,
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and

CiAG D 1) -2y
(3.2) Ipe| < 27]12[1 EE S (k>2).

Moreover each of these inequalities is sharp, with the extremal func-
tion given by

19y — TT7JAG -1 +1] -2y k.
(3.3) po(z) =1—2y 2;]1;[1 TES S
Proof. Let
_2p (2) 22p’(2) Sy LA
)= A e e (sg) ey

Then, from p € A1(A, 3), it is easy to see that p(z) is analytic in U ,
q(0) = —v > 0 and R[g(z)] > 0. Therefore,

h(z) = q_(i) eP,

If we put

then by Lemma P, we get
gk| < =27, (k€N).

Also
9(2)p(2) = 2p (2) + %P (2) — 7p(2),
and so

(qo + Z qkzk> (1 + Zpkzk> =\ Z k(k — 1)pp2® + Z kpy 2"
k=1 k=1 k=1 k=1
-7 (1 —I—Zpkzk) .
k=1

Thus, noting that ¢ = —v , p1 = ¢1 and

_ 1 S
Pk+1 = (k:+1)(>\k:+1) dk+1 ZZIPIQkJrkl .

Therefore
’pl | S - 2’)/7
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and

—2v k
Pl < DT <1+;|pz!>7 (ke ).

Next, we define the sequence { Ay} as follows,
Ay = —2,

— 2~ k
(3.4) Apy1 = e <1+§’A1>7 (k € N).

Hence, by the principle of mathematical induction,
Now by using Lemma 28, we conclude that the conditions (Z34) hold.
Finally, in order to verify that the inequalities are sharp, we set
1+2
qo(z) = —v T (z € D).
Obviously, pg € P. By using (83) and (84) and by some simple com-
putations, we obtain that
g0(2)po(2) = A2’py (2) + 2pg(2) — po(2), (2 € V).
So, it follows that

po(z) € Ai(A, B),

which completes the proof. O
1 1
Corollary3.3.LetO§)\§B<2andﬁy:)\ﬁ(ﬂ_2>+5_ If
p(z) € Al()‘aﬁ); then
ooklj j—l ]_27
<1-2 & = 1
() <12 r+§ﬂ S| (=<t
j=1
and
. j AJ—1)+1 =2y 4
<=2v|1+ k T , zl=r<1).
) > H TESTISE (el =7 <1)

Moreover, each of those inequalities is sharp, with the extremal function
given by (B33).

1 A
Theorem 3.4. Let0</\<ﬂ<f and’yn—)\ﬁ<ﬁ+——1>+ﬂ—nf

If p(z) € A (X, B) then 2
(3.5) [Pkl < Bi(n),
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_2'7n

BNV

n<k<2n;

k—1
By(n) = ]m (1 + ZZ;B,(n)> . k>2n.

Proof. 1t is easy to see that ~, < 0 for all n. If we set

W) 2
1=0e P e
then
q(z) = =y +nAn—1)+1p2" + -,
is analytic in U and R[¢(z)] > 0 whit ¢(0) = —~, > 0. Hence,

a(z)

h(z) = e P,.
()= L2
If
9(2) =0+ > %",
k=n
then
a(2)p(2) = 2p (2) + A2%p " (2) — up(2),
and so
(qo + Z qkzk> (1 + Zpkzk> = Z kpr2® + Z Me(k — 1)pp.2"
k=n k=n k=n k=n
—Tn <1 + Zpkzk> .
k=n
Thus g0 = —Vn,
qopk + qr = k[Ak — 1) + 1pr, — yapr, (n <k < 2n),
and

qopk + @k + Y Pidrin—t = KAk — 1) + 1py — yapr, (k> 2n).

l=n

Also, by Lemma 21

PR =ik — 1)+ 1 S kANk—1) + 1]

(n <k <2n),



SOME PROPERTIES AND RESULTS FOR CERTAIN SUBCLASSES OF ... 9

and

1

P = D E

k—n
el + !pzllqk+nz|]

l=n

—2
SM( +Z|Pl‘> (k > 2n).

Next, by applying the method of the proof of Theorem B=2, we have,
lpk| < Bi(n), (k= 2n),
which completes the proof. O
Corollary 3.5. Let 0 < A < 8 < % and the sequence {By(n)}3, be
defined by (BM). If p(z) € An(X, B), the
2) <1+ ZBk(n)rk, (|z| = r < 1),

and

A<D Byt (2] =r < 1).
k=n

A covering theorem for the class A, (A, 5) is provided by the following
result.

Theorem 3.6. Let 0 < A < 8 < % If p(z) € Ap(\, B), then the unit
disk U is mapped by onto a domain that contains the disk |w| < ro, where

, :max{nnl ( nfAn — 1) +1] )}
0 "\n(n+ DA —1)+1]—2X828+n—2) — B + nA '

Proof. Let wy be any complex number such that

p(z) # wo (z € U).
Then wy # 0 and, by Theorem I3, the function

1

wozp(z 1 1 1
L():Z+7Z2++ nlzn+<pn+n>zn+1+7
wo — zp(2) wo wy) wy

is univalent with
1 1
—| <2, ‘ —|<nand |p,+— | <n+1l
Wo Wy wy

Therefore, according to Theorem B4, we find that

lwol > n~ 77, (neN-{1}),
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and

3=

nA(n —1) + 1]
nn+1)[An—1)+1] — 2y, | ’

|w0’ > (nEN),

and this completes the proof.

Theorem 3.7. Let 0 < A < 3 < 1 and p(z) € P,. If

(3.7) > Bk = 1)+ 1) = allpr] < 7,
k=n
<7n=Aﬁ(/B+Z—1>+B—7Z\>,

then p(z) € Ap(A, B).

Proof. Suppose that

We prove that [¢(z)| < —v, (2 € U).

Obviously,
D kK= 1)+ 1) = yallpel = = > pxl-
k=n k=n

Also, by using (BZ4), we obtain that

)
k=n
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and so
o0

SOk — 1) + 1)]ppet
la(z)] = |== =
1+ Zpkzk
k=n

D Ik(A(k = 1) + 1)]lpil

< k=n _
1= [psl
k=n
> k(AR = 1) + 1) = allpel = (=70) > pxl
_ k=n k=n
1= Ipl
k=n
—Tn — (_'Yn) Z ’pk‘
< k=n

o
1= [psl
k=n

= —Tn-

11

Hence, R(—q(2)) < | —q(2)| < —yn. Thus R(q(z)) > v, That is, p(z) €

An(A, B).

4. PROPERTIES OF A} (), )

O

From Theorem B and the definition of A;F (A, 3), we have the follow-

ing inclusion result.

Theorem 4.1. Let 0 < \g < A\ < %,OS& < B9 < % and 1 < nq < no.

Then
AF, (X2, B2) € A (A1, B).

In the following theorem we give a necessary and sufficient condition

for an element belongs to A7 (A, 3).

Theorem 4.2. Let 0 < A < 8 < 3 and p(z) € P,. Then p € Af(A,B)

if and only if

(4.1) D EAR =1 +1) = ylpe < =,

k=n
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(%-AB(6+Z—1>+5—”;>.

Proof. Let p(z) € P,. If p satisfies (B) then by Theorem B74, we con-
clude that p(z) € A (A, B).

Conversely, suppose that p € A (A, 3). Then
’ 9 1 Z + 1)]pkz
N ETCIACA Y. -
p(2) p(z)

1-— Zpkzk
k=n

for z=re? , 0<r <1and0<6 < 27. Hence

D okOk =1+ Dlpert Y k(AR — 1) + 1)]ppr”
—Tn > k=n 0 Z h=n o y

I—Zpkrk 1+Zpkrk
k=n k=n

and so

o0

D AR =1 +1) = yalper® < =

k=n
By letting » — 1 in the above inequality, we get p € A7 (), 3) and this
completes the proof. O

Corollary 4.3. If p(z) € A (), ), then

—Tn 1
< k> <\ — ).
PSR D) 1= <—”’0— <5<2>

Proof. This follows from Theorem B2, since in this case, the condition

(£21) is satisfied. -
Theorem 4.4. Let0<)\<5<1,Vn_)\5<5+7_1)+5_n27)\ and
p(2) € AL (N, B). Then
(4.2)

bt n(A(n — 1)n+ 1) — < Ip(z)| <1- R\ = 17)71_'_ 1= ’ann’

(lz] =r <1)

and
(43) M < ()] <
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Moreover, each of these inequalities is sharp, with the extremal function
given by

(4.4) pu(z) =1+ n ",

z
nA(n—1)+1) =m
Proof. By using Theorem B2, we get

Zpk < —In :
Pt n(A(n—1)4+1) — v,

Therefore, the distortion inequalities in (E=2) follow from

oo o0
1= e < Ip() <1+ s (2l =7 < 1).
k=n k=n

Also, since
= A =1+ 1) =

then the distortion inequalities in (E=3) follow from

—T”kak <|p(2)] < r"kak, (lz| =r <1).
k=n k=n

This completes the proof. O

Corollary 4.5. Let 0 < A < 8 < £ and p(z) € Af (X, B). Then the unit
disk U is mapped by p(z) onto a domain that contains the disk |w| < r1,

where
n(A(n—1)+1) — 2y,

nAn—1)+1) =y
The result is sharp, with the extremal function p,(z) given by (B2).
Corollary 4.6. Let 0 < A< 8 < % Then AT (X, B) C K.

Proof. The proof follows from Theorem B2 and Lemma 3. U

r =

1
Corollary 4.7. Let 0 < A < 5 < 5 and v, = A3 (5+ g — 1) +5_%>"
Suppose that

—Tn
(4.5) pn-1(2) =1, pe(z) =1-— O CEESE ank’ (k>mn).

Then p(z) € Af (N, B) if and only if p(z) can be expressed in the following
form

p(z) = > ppr(2), (ukZO, k>nand ) uk=1>-

k=n—1 k=n—1
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Proof. Suppose that
p(z) = Z 1kPk(2)
k=n—1

- —Tn k
:1— .
];“’“k(A(k—wH—%Z

Then, by using Theorem B2, we can deduce that p(z) € A (), 3).
Conversely, suppose that p(z) € A;f (A, 3). Then, from Corollary =3,
we have

—Tn
< , (k>n).
PE= 50—+ 1) — (k=n)
Now, if we set
EAXE—1)4+1)—v,
Kk = ( ( ) ) 7 Dk, (ka n%
—In
and
pno1=1=3 ik,
k=1
then
Z/-Lk:L Mkzo, (kzn)7
k=n
and

p(z) =Y pkpk(2).
k=n
O

1
Corollary 4.8. Let 0 < A < 8 < 3 Then the extreme points of the
class A (N, B) are the functions pi(z) given by (E3).

Finally, by Lemma 3 and Theorem HEZ, we conclude the following
inclusion relation.

1
Theorem 4.9. Let 0 < A< < 7 Then A (X, B) C K.
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