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SOME PROPERTIES AND RESULTS FOR CERTAIN

SUBCLASSES OF STARLIKE AND CONVEX

FUNCTIONS

MOHAMMAD TAATI1, SIROUS MORADI2∗, AND SHAHRAM NAJAFZADEH3

Abstract. In the present paper, we introduce and investigate some
properties of two subclasses Λn(λ, β) and Λ+

n (λ, β); meromorphic
and starlike functions of order β. In particular, several inclusion
relations, coefficient estimates, distortion theorems and covering
theorems are proven here for each of these function classes.

1. Introduction

Let An denotes the class of functions of the form

(1.1) f(z) = z +
∞∑

k=n+1

akz
k, (n ∈ N),

which are analytic on the open unit disk

U = {z : z ∈ C and |z| < 1},

and suppose A1 = A.
For 0 ≤ β < 1, we denote by S∗(β) and K(β) the subclasses of A
consisting of functions which are starlike of order β and convex of order
β in U, respectively, that is,

S∗(β) =

{
f ∈ A ∩ S∗ : ℜ

(
zf ′(z)

f(z)

)
> β , z ∈ U

}
,

K(β) =

{
f ∈ A ∩ K : ℜ

(
1 +

zf ′(z)

f(z)

)
> β , z ∈ U

}
,
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where S∗ and K denote the starlike and convex functions, respectively.
We set

S∗ = S∗(0), K = K(0), S∗
n(β) = S∗(β) ∩ An.

We say that f(z) ∈ Hn(α, β) if only and if f(z) satisfies the following
condition

ℜ

(
αz2f

′′
(z)

f(z)
+

zf
′
(z)

f(z)

)
> αβ

(
β +

n

2
− 1
)
+ β − nα

2
,

(z ∈ U, α ≥ 0, 0 ≤ β < 1, f ∈ An).

Obviously,
Hn(0, β) = S∗(β) (0 ≤ β < 1).

In 1983 Li and Owa [6] proved the following theorem.

Theorem 1.1. Suppose that α ≥ 0 and f ∈ A. If

ℜ

(
αz2f

′′
(z)

f(z)
+

zf
′
(z)

f(z)

)
> −α

2
(z ∈ U),

then f ∈ S∗.

Moreover, in 2012 Ravichandran et al [11] gave the following modifi-
cation of Theorem 1.1.

Theorem 1.2. Let α ≥ 0 and 0 ≤ β < 1. Then

Hn(α, β) ⊂ S∗(β).

Recently Liu et al [7] investigated several other properties and char-
acteristics of functions belonging to the subclasses Hn(α, β). For more
information about starlike functions, we refer the reader to [10]-[4] and
the references therein.

In this paper, we introduce a new subclass of analytic starlike function
and investigate some properties and results for certain classes.

2. Preliminaries

Let Pn denotes the class of functions p(z) given by

(2.1) p(z) = 1 +

∞∑
k=n

pkz
k, (z ∈ U),

which are analytic in U and let P1 = P. For the proof of our main
results in this paper, we need the following useful lemma, and we refer
the reader to [3].

Lemma 2.1. If the function p ∈ Pn in given by (2.1) and satisfies the
ℜ(p(z)) > 0, then |pk| ≤ 2 (k ≤ n).
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Lemma 2.2. If the function f ∈ An in given by (1.1), then

zf
′
(z)

f(z)
∈ Pn.

Let 0 ≤ λ, 0 ⩽ β < 1 and Λn(λ, β) denotes the class of functions
p(z) ∈ Pn satisfies the condition

(2.2) ℜ

(
λ
z2p

′′
(z)

p(z)
+

zp′(z)

p(z)

)
> λβ

(
β +

n

2
− 1
)
+ β − nλ

2
.

Finaly, let Λ+
n (λ, β) denotes the subset of Λn(λ, β) such that all functions

p ∈ Λn(λ, β) have the following from:

p(z) = 1−
∞∑
k=n

pkz
k, (pk ≥ 0; k ≥ n).

Theorem 2.3. Let 0 ≤ λ < 1
2 , 0 ≤ β < 1 and p ∈ Λn(λ, β). Then

zp(z) ∈ Hn

(
λ

1− 2λ
, β

)
.

Proof. Let p(z) ∈ Λn(λ, β), then

ℜ
(
λ
z2p′′(z)

p(z)
+

zp′(z)

p(z)

)
> λβ

(
β +

n

2
− 1
)
+ β − nλ

2

> λβ
(
β +

n

2
− 1
)
+ β(1− 2λ)− nλ

2
.

Since 0 ≤ λ < 1
2 , then

ℜ
(

λ

1− 2λ

z2p′′(z)

p(z)
+

1

1− 2λ

zp′(z)

p(z)
+ 1

)
>

λ

1− 2λ
β
(
β +

n

2
− 1
)

+ β − n

2

λ

1− 2λ
.(2.3)

Obviously, f(z) = zp(z) ∈ An. Hence from (2.3)

ℜ
(

λ

1− 2λ

z2f ′′(z)

f(z)
+

zf ′(z)

f(z)

)
= ℜ

(
λ

1− 2λ

z2p′′(z)

p(z)
+

1

1− 2λ

zp′(z)

p(z)
+ 1

)
>

1

1− 2λ
β
(
β +

n

2
− 1
)
+ β − n

2

λ

1− 2λ
,

that is,

f(z) ∈ Hn

(
λ

1− 2λ
, β

)
,

and this completes the proof. □
Corollary 2.4. Let 0 ≤ λ < 1

2 , 0 ≤ β < 1 and p(z) ∈ Λn(λ, β). Then
zp(z) ∈ S∗(β).
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In order to derive our main results, we need the following lemmas.

Lemma 2.5 ([7]). Let f(z) ∈ An be given by (1.1). Then f(z) ∈ K if
and only if

∞∑
k=n+1

k2|ak| ≤ 1.

Lemma 2.6. Let 0 ≤ λ and γ < 0. Suppose also that the sequence
{Ak}∞k=1 is defined by

(2.4)


A1 = −2γ, k = 1,

Ak+1 =
−2γ

(k + 1)[λk + 1]

(
1 +

k∑
l=1

Al

)
, k ≥ 1.

Then

(2.5) Ak = −2γ

k−1∏
j=1

j[λ(j − 1) + 1]− 2γ

(j + 1)[λj + 1]
, (k ∈ N− {1}).

Proof. From (2.4), we have

(k + 1)[λk + 1]Ak+1 = −2γ

(
1 +

k∑
l=1

Al

)
,

and

k[λ(k − 1) + 1]Ak = −2γ

(
1 +

k−1∑
l=1

Al

)
.

So we obtain that

Ak+1

Ak
=

k[λ(k − 1) + 1]− 2γ

(k + 1)[λk + 1]
.

Thus, for k ≥ 2 , we have

Ak =
Ak

Ak−1
· Ak−1

Ak−2
· · · Ak

A1
·A1 = −2γ

k−1∏
j=1

j[λ(j − 1) + 1]

(j + 1)[λj + 1],

and this completes the proof. □

3. Properties of Λn(λ, β)

In this section, we give some properties of Λn(λ, β). At first we prove
the following inclusion result.
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Theorem 3.1. Let 0 ≤ λ2 < λ1 <
1

2
, 0 ≤ β1 < β2 < 1 and 1 ≤ n1 <

n2. Then

Λn2(λ2, β2) ⊂ Λn1(λ1, β1).

Proof. Obviously,

Λn2(λ2, β2) ⊂ Λn1(λ2, β2), (1 ≤ n1 < n2).

Now we prove that

Λn1(λ2, β2) ⊂ Λn1(λ1, β1).

Let p ∈ Λn1(λ2, β2). Then

ℜ

(
zp

′
(z)

p(z)
+ λ2

z2p
′′
(z)

p(z)

)
> λ2β2

(
β2 +

n1

2
− 1
)
+ β2 −

n1λ2

2

> λ2β1

(
β1 +

n1

2
− 1
)
+ β1 −

n1λ2

2
,

which implies that p(z) ∈ Λn1(λ2, β1). By Corollary 2.4, we get zp(z) ∈
S∗(β1). That is

ℜ

(
1 +

zp
′
(z)

p(z)

)
> β1,

or

ℜ

(
zp

′
(z)

p(z)
− β1

)
> −1.

Now, by setting λ =
λ1

λ2
, we have λ > 1. Therefore,

ℜ

(
zp

′
(z)

p(z)
+ λ

z2p
′′
(z)

p(z)
− λ1β1

(
β1 +

n1

2
− 1
)
− β1 +

n1λ1

2

)

= λℜ

(
zp

′
(z)

p(z)
+ λ2

z2p
′′
(z)

p(z)
− λ2β1

(
β1 +

n1

2
− 1
)
− β1 +

n1λ2

2

)

+ (1− λ)ℜ

(
zp

′
(z)

p(z)
− β1

)
> 0,

and hence, p(z) ∈ Λn1(λ1, β1). □

Theorem 3.2. Let 0 ≤ λ ≤ β < 1
2 and γ = λβ(β− 1

2)+ β− λ
2 . If γ < 0

and p(z) ∈ Λ1(λ, β), then

(3.1) |p1| ≤ −2γ,
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and

(3.2) |pk| ≤ −2γ

k−1∏
j=1

j[λ(j − 1) + 1]− 2γ

(j + 1)[λj + 1]
, (k ≥ 2).

Moreover each of these inequalities is sharp, with the extremal func-
tion given by

(3.3) p0(z) = 1− 2γz − 2γ

∞∑
k=2

k−1∏
j=1

j[λ(j − 1) + 1]− 2γ

(j + 1)[λj + 1]
zk.

Proof. Let

q(z) =
zp

′
(z)

p(z)
+ λ

z2p
′′
(z)

p(z)
− λβ

(
β − 1

2

)
− β +

λ

2
.

Then, from p ∈ Λ1(λ, β), it is easy to see that p(z) is analytic in U ,
q(0) = −γ > 0 and ℜ[q(z)] > 0. Therefore,

h(z) =
q(z)

−γ
∈ P,

If we put

q(z) = q0 +
∞∑
k=1

qkz
k, (q0 = −γ),

then by Lemma 2.1, we get

|qk| ≤ −2γ, (k ∈ N).

Also

q(z)p(z) = zp
′
(z) + λz2p

′′
(z)− γp(z),

and so(
q0 +

∞∑
k=1

qkz
k

)(
1 +

∞∑
k=1

pkz
k

)
=λ

∞∑
k=1

k(k − 1)pkz
k +

∞∑
k=1

kpkz
k

− γ

(
1 +

∞∑
k=1

pkz
k

)
.

Thus, noting that q0 = −γ , p1 = q1 and

pk+1 =
1

(k + 1)(λk + 1)

(
qk+1 +

k∑
l=1

plqk+1−l

)
.

Therefore

|p1| ≤ −2γ,
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and

|pk+1| ≤
−2γ

(k + 1)(λk + 1)

(
1 +

k∑
l=1

|pl|

)
, (k ∈ N).

Next, we define the sequence {Ak} as follows,

A1 = −2γ,

Ak+1 =
−2γ

(k + 1)(λk + 1)

(
1 +

k∑
l=1

|Al|

)
, (k ∈ N).(3.4)

Hence, by the principle of mathematical induction,

|pk| ≤ Ak, (k ∈ N).

Now by using Lemma 2.6, we conclude that the conditions (2.5) hold.
Finally, in order to verify that the inequalities are sharp, we set

q0(z) = −γ
1 + z

1− z
, (z ∈ U).

Obviously, p0 ∈ P. By using (3.3) and (3.4) and by some simple com-
putations, we obtain that

q0(z)p0(z) = λz2p
′′
0(z) + zp

′
0(z)− γp0(z), (z ∈ U).

So, it follows that

p0(z) ∈ Λ1(λ, β),

which completes the proof. □

Corollary 3.3. Let 0 ≤ λ ≤ β <
1

2
and γ = λβ

(
β − 1

2

)
+ β − λ

2
. If

p(z) ∈ Λ1(λ, β), then

|p(z)| ≤ 1− 2γ

r +

∞∑
k=2

k−1∏
j=1

j[λ(j − 1) + 1]− 2γ

(j + 1)[λj + 1]
rk

 , (|z| = r < 1, )

and

|p′
(z)| ≤ −2γ

1 +

∞∑
k=2

k

k−1∏
j=1

j[λ(j − 1) + 1]− 2γ

(j + 1)[λj + 1]
rk−1

 , (|z| = r < 1).

Moreover, each of those inequalities is sharp, with the extremal function
given by (3.3).

Theorem 3.4. Let 0 ≤ λ ≤ β <
1

2
and γn = λβ

(
β +

n

2
− 1
)
+β− nλ

2
.

If p(z) ∈ Λn(λ, β) then

(3.5) |pk| ≤ Bk(n),
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where

(3.6)


Bk(n) =

−2γn
k[λ(k − 1) + 1]

, n ≤ k < 2n;

Bk(n) =
−2γn

k[λ(k − 1) + 1]

(
1 +

k−1∑
l=n

Bl(n)

)
, k ≥ 2n.

Proof. It is easy to see that γn < 0 for all n. If we set

q(z) =
zp

′
(z)

p(z)
+ λ

z2p
′′
(z)

p(z)
− γn,

then

q(z) = −γn + n[λ(n− 1) + 1]pnz
n + · · · ,

is analytic in U and ℜ[q(z)] > 0 whit q(0) = −γn > 0. Hence,

h(z) =
q(z)

γn
∈ Pn.

If

q(z) = q0 +

∞∑
k=n

qkz
k,

then

q(z)p(z) = zp
′
(z) + λz2p

′′
(z)− γnp(z),

and so(
q0 +

∞∑
k=n

qkz
k

)(
1 +

∞∑
k=n

pkz
k

)
=

∞∑
k=n

kpkz
k +

∞∑
k=n

λk(k − 1)pkz
k

− γn

(
1 +

∞∑
k=n

pkz
k

)
.

Thus q0 = −γn,

q0pk + qk = k[λ(k − 1) + 1]pk − γnpk, (n ≤ k < 2n),

and

q0pk + qk +
∞∑
l=n

plqk+n−l = k[λ(k − 1) + 1]pk − γnpk, (k ≥ 2n).

Also, by Lemma 2.1

|pk| =
|qk|

k[λ(k − 1) + 1]
≤ −2γ

k[λ(k − 1) + 1]
, (n ≤ k < 2n),
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and

|pk| =
1

k[λ(k − 1) + 1]

[
|qk|+

k−n∑
l=n

|pl||qk+n−l|

]

≤ −2γ

k[λ(k − 1) + 1]

(
1 +

k−n∑
l=n

|pl|

)
, (k ≥ 2n).

Next, by applying the method of the proof of Theorem 3.2, we have,

|pk| ≤ Bk(n), (k ≥ 2n),

which completes the proof. □

Corollary 3.5. Let 0 ≤ λ ≤ β < 1
2 and the sequence {Bk(n)}∞k=1 be

defined by (3.6). If p(z) ∈ Λn(λ, β), then

|p(z)| ≤ 1 +
∞∑
k=n

Bk(n)r
k, (|z| = r < 1),

and

|p′
(z)| ≤

∞∑
k=n

Bk(n)r
k−1, (|z| = r < 1).

A covering theorem for the class Λn(λ, β) is provided by the following
result.

Theorem 3.6. Let 0 ≤ λ ≤ β < 1
2 . If p(z) ∈ Λn(λ, β), then the unit

disk U is mapped by onto a domain that contains the disk |w| < r0, where

r0 = max

{
n− 1

n−1 ,

(
n[λ(n− 1) + 1]

n(n+ 1)[λ(n− 1) + 1]− 2λβ(2β + n− 2)− β + nλ

) 1
n

}
.

Proof. Let w0 be any complex number such that

p(z) ̸= w0 (z ∈ U).

Then w0 ̸= 0 and, by Theorem 1.2, the function

w0zp(z)

w0 − zp(z)
= z +

1

w0
z2 + · · ·+ 1

wn−1
0

zn +

(
pn +

1

wn
0

)
zn+1 + · · · ,

is univalent with∣∣∣∣ 1w0

∣∣∣∣ ≤ 2,

∣∣∣∣ 1

wn−1
0

∣∣∣∣ ≤ n and

∣∣∣∣pn +
1

wn
0

∣∣∣∣ ≤ n+ 1.

Therefore, according to Theorem 3.4, we find that

|w0| ≥ n− 1
n−1 , (n ∈ N− {1}),
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and

|w0| ≥
[

n[λ(n− 1) + 1]

n(n+ 1)[λ(n− 1) + 1]− 2γn

] 1
n

, (n ∈ N),

and this completes the proof. □

Theorem 3.7. Let 0 ≤ λ ≤ β < 1
2 and p(z) ∈ Pn. If

(3.7)

∞∑
k=n

[k(λ(k − 1) + 1)− γn]|pk| ≤ −γn,

(
γn = λβ

(
β +

n

2
− 1
)
+ β − nλ

2

)
,

then p(z) ∈ Λn(λ, β).

Proof. Suppose that

q(z) =
zp

′
(z)

p(z)
+ λ

z2p
′′
(z)

p(z)
.

We prove that |q(z)| < −γn (z ∈ U).
Obviously,

∞∑
k=n

[k(λ(k − 1) + 1)− γn]|pk| ≥ −γn

∞∑
k=n

|pk|.

Also, by using (3.7), we obtain that

∞∑
k=n

|pk| < 1,
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and so

|q(z)| =

∣∣∣∣∣∣∣∣∣∣

∞∑
k=n

[k(λ(k − 1) + 1)]pkz
k

1 +

∞∑
k=n

pkz
k

∣∣∣∣∣∣∣∣∣∣
.

≤

∞∑
k=n

[k(λ(k − 1) + 1)]|pk|

1−
∞∑
k=n

|pk|

=

∞∑
k=n

[k(λ(k − 1) + 1)− γn]|pk| − (−γn)

∞∑
k=n

|pk|

1−
∞∑
k=n

|pk|

≤

−γn − (−γn)
∞∑
k=n

|pk|

1−
∞∑
k=n

|pk|

= −γn.

Hence, ℜ(−q(z)) ≤ | − q(z)| < −γn. Thus ℜ(q(z)) > γn. That is, p(z) ∈
Λn(λ, β). □

4. Properties of Λ+
n (λ, β)

From Theorem 3.1 and the definition of Λ+
n (λ, β), we have the follow-

ing inclusion result.

Theorem 4.1. Let 0 ≤ λ2 < λ1 <
1
2 , 0 ≤ β1 < β2 <

1
2 and 1 ≤ n1 ≤ n2.

Then

Λ+
n2
(λ2, β2) ⊂ Λ+

n1
(λ1, β1).

In the following theorem we give a necessary and sufficient condition
for an element belongs to Λ+

n (λ, β).

Theorem 4.2. Let 0 ≤ λ < β < 1
2 and p(z) ∈ Pn. Then p ∈ Λ+

n (λ, β)
if and only if

(4.1)

∞∑
k=n

[k(λ(k − 1) + 1)− γn]pk ≤ −γn,
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γn = λβ

(
β +

n

2
− 1
)
+ β − nλ

2

)
.

Proof. Let p(z) ∈ Pn. If p satisfies (4.1) then by Theorem 3.7, we con-
clude that p(z) ∈ Λ+

n (λ, β).
Conversely, suppose that p ∈ Λ+

n (λ, β). Then

ℜ

(
zp

′
(z)

p(z)
+ λ

z2p
′′
(z)

p(z)

)
= ℜ

−

∞∑
k=n

[k(λ(k − 1) + 1)]pkz
k

1−
∞∑
k=n

pkz
k

 > γn,

for z = reiθ , 0 ≤ r < 1 and 0 ≤ θ < 2π. Hence

−γn >

∞∑
k=n

[k(λ(k − 1) + 1)]pkr
k

1−
∞∑
k=n

pkr
k

≥

∞∑
k=n

[k(λ(k − 1) + 1)]pkr
k

1 +

∞∑
k=n

pkr
k

,

and so
∞∑
k=n

[k(λ(k − 1) + 1)− γn]pkr
k < −γn.

By letting r → 1 in the above inequality, we get p ∈ Λ+
n (λ, β) and this

completes the proof. □
Corollary 4.3. If p(z) ∈ Λ+

n (λ, β), then

pk ≤ −γn
k[λ(k − 1) + 1]− γn

,

(
k ≥ n, 0 ≤ λ < β <

1

2

)
.

Proof. This follows from Theorem 4.2, since in this case, the condition
(4.1) is satisfied. □

Theorem 4.4. Let 0 ≤ λ ≤ β < 1, γn = λβ
(
β +

n

2
− 1
)
+ β − nλ

2
and

p(z) ∈ Λ+
n (λ, β). Then

(4.2)

1 +
γn

n(λ(n− 1) + 1)− γn
rn ≤ |p(z)| ≤ 1− γn

n(λ(n− 1) + 1)− γn
rn,

(|z| = r < 1)

and

(4.3)
nγn

n(λ(n− 1) + 1)nγn
rn−1 ≤ |p′

(z)| ≤ − nγn
n(λ(n− 1) + 1)nγn

rn−1,

(|z| = r < 1),
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Moreover, each of these inequalities is sharp, with the extremal function
given by

(4.4) pn(z) = 1 +
γn

n(λ(n− 1) + 1)− γn
zn.

Proof. By using Theorem 4.2, we get
∞∑
k=n

pk ≤ −γn
n(λ(n− 1) + 1)− γn

.

Therefore, the distortion inequalities in (4.2) follow from

1− rn
∞∑
k=n

pk ≤ |p(z)| ≤ 1 + rn
∞∑
k=n

pk, (|z| = r < 1).

Also, since
∞∑
k=n

kpk ≤ −nγn
n(λ(n− 1) + 1)− γn

,

then the distortion inequalities in (4.3) follow from

−rn
∞∑
k=n

kpk ≤ |p′
(z)| ≤ rn

∞∑
k=n

kpk, (|z| = r < 1).

This completes the proof. □
Corollary 4.5. Let 0 ≤ λ ≤ β < 1

2 and p(z) ∈ Λ+
n (λ, β). Then the unit

disk U is mapped by p(z) onto a domain that contains the disk |w| < r1,
where

r1 =
n(λ(n− 1) + 1)− 2γn
n(λ(n− 1) + 1)− γn

.

The result is sharp, with the extremal function pn(z) given by (4.4).

Corollary 4.6. Let 0 ≤ λ ≤ β < 1
2 . Then Λ+

1 (λ, β) ⊂ K.

Proof. The proof follows from Theorem 4.2 and Lemma 2.5. □

Corollary 4.7. Let 0 ≤ λ ≤ β <
1

2
and γn = λβ

(
β +

n

2
− 1
)
+β− nλ

2
.

Suppose that

(4.5) pn−1(z) = 1, pk(z) = 1− −γn
k(λ(k − 1) + 1)− γn

zk, (k ≥ n).

Then p(z) ∈ Λ+
n (λ, β) if and only if p(z) can be expressed in the following

form

p(z) =
∞∑

k=n−1

µkpk(z),

(
µk ≥ 0 , k ≥ n and

∞∑
k=n−1

µk = 1

)
.
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Proof. Suppose that

p(z) =
∞∑

k=n−1

µkpk(z)

= 1−
∞∑
k=n

µk
−γn

k(λ(k − 1) + 1− γk
zk.

Then, by using Theorem 4.2, we can deduce that p(z) ∈ Λ+
n (λ, β).

Conversely, suppose that p(z) ∈ Λ+
n (λ, β). Then, from Corollary 4.3,

we have

pk ≤ −γn
k(λ(k − 1) + 1)− γn

, (k ≥ n).

Now, if we set

µk =
k(λ(k − 1) + 1)− γn

−γn
pk, (k ≥ n),

and

µn−1 = 1−
∞∑
k=1

µk,

then
∞∑
k=n

µk = 1, µk ≥ 0, (k ≥ n),

and

p(z) =
∞∑
k=n

µkpk(z).

□

Corollary 4.8. Let 0 ≤ λ ≤ β <
1

2
. Then the extreme points of the

class Λ+
n (λ, β) are the functions pk(z) given by (4.5).

Finally, by Lemma 2.5 and Theorem 4.2, we conclude the following
inclusion relation.

Theorem 4.9. Let 0 ≤ λ ≤ β <
1

2
. Then Λ+

1 (λ, β) ⊂ K.
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