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Coincidence Point Results for Different Types of
Hb+ -contractions on m;-Metric Spaces

Sushanta Kumar Mohanta'* and Shilpa Patra?

ABSTRACT. In this paper, we give some properties of m;-metric
topology and prove Cantor’s intersection theorem in my-metric
spaces. Moreover, we introduce some new classes of H, b+ -contractions
for a pair of multi-valued and single-valued mappings and discuss
their coincidence points. Some examples are provided to justify the
validity of our main results.

1. INTRODUCTION

It is well known that the convergence of sequences and the continu-
ity of functions are two important concepts in real or complex analysis.
Our main task in metric spaces is to introduce an abstract formulation
of the notion of distance between two points of an arbitrary nonempty
set. It is interesting to note that most of the central concepts of real or
complex analysis can be generalized in metric spaces. Several authors
successfully extended the notion of metric spaces in different directions
such as G-metric space [22, 23, 5], cone metric space [I3, 24|, b-metric
space [B, 9], C*-algebra valued metric space [19, 20]. In 1994, Matthews
[21] introduced the concept of a partial metric while studying denota-
tional semantics of data flow networks and proved the well-known Ba-
nach contraction theorem in this setting. This framework is useful to
model several complex problems in the theory of computation and have
opened new avenues for application in different fields of mathematics and
applied sciences. Thereafter, a lot of articles have been dedicated to the
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improvement of fixed point theory in various spaces (see [@, I, I3, G-
IR, 27, 28] and references therein). In 2012, Haghi et al.[T2] proved that
some fixed point results on partial metric spaces are fake generalizations.
Moreover, they showed in [[4] that some fixed point generalizations are
not real generalizations. In this study, we are interested to work with
myp-metric as it is a more general setting than partial metric and utilize
the same to extend and improve some relevant results of the existing
literature.

Recently, Asadi et al. [5] extended the notion of partial metric spaces
to m-metric spaces and proved that every partial metric is an m-metric
but not every m-metric is a partial metric. Taking into account both of
m-metric and b-metric on a nonempty set, Jahin et al. [29] introduced
the notion of my-metric to extend both m-metric and b-metric. They
showed that every m-metric and every b-metric on a nonempty set X
are myp-metrics, but the converse may not hold, in general. As a result,
it follows that the class of my-metric spaces is strictly larger than that
of m-metric spaces (or b-metric spaces or partial metric spaces).

Let (X, d) be a metric space and C' B(X) be the family of all nonempty
closed and bounded subsets of X. For E, F € CB(X), define

H(E, F) = max {Sup d(a, F),supd(b, E)} ,
ack beF
where d(z, F) = inf {d(z,a) : a € E}. It is known that H is a metric on
CB(X), called the Hausdorff metric induced by the metric d.
An element z in a nonempty set X is a fixed point of a multi-valued
mapping T : X — 2% if 2 € Tz, where 2% is the set of all nonempty
subsets of X.

Definition 1.1. A multi-valued mapping 7' : X — CB(X) is called a
contraction if

H(Tz, Ty) < kd(z,y),
for some k € [0,1) and for all z,y € X.

In 1969, Nadler [26] initiated the study of fixed points for multi-valued
mappings using the Hausdorff metric and proved that every multi-valued
contraction on a complete metric space has a fixed point. Afterwards,
several authors successfully established some interesting fixed point re-
sults for multi-valued mappings with application in control theory, dif-
ferential equations and convex optimization (see [I, B, [@, B, [(]).

In this work, we shall establish some properties of my-metric and prove
Cantor’s intersection theorem in mp-metric spaces. We also introduce
different types of H;r -contractions and discuss their coincidence points.
Our results extend several well known comparable results in the existing
literature.



COINCIDENCE POINT RESULTS FOR DIFFERENT TYPES OF ... 3

2. BASIC DEFINITIONS AND RESULTS

We begin with some basic notations, definitions, and necessary results
in myp-metric spaces.

Definition 2.1 ([Z1]). A partial metric on a nonempty set X is a func-
tion p: X x X — RT such that for all z,y,z € X:

(p1) p(z,z) =p(y,y) = p(z,y) © 2 =y,
(p2) p(z,z) < p(z,y),
(p3) p(z,y) = p(y, ),
(p4) p(z,y) < p(x,2) +p(z,9) — (2, 2).
A partial metric space is a pair (X, p) such that X is a nonempty set
and p is a partial metric on X.

Definition 2.2 ([d]). Let X be a nonempty set and s > 1 be a given
real number. A function d : X x X — R™ is said to be a b-metric on X
if the following conditions hold:
(i) d(z,y) =0 if and only if z = y;
(ii) d(z,y) = d(y,x) for all z,y € X;
(iii) d(z,y) < s(d(x,z) +d(z,y)) for all z,y,z € X.
The pair (X, d) is called a b-metric space.

Definition 2.3 ([5]). Let X be a nonempty set. A function p: X x X —
R* is called an m-metric if the following conditions are satisfied:

(ml) p(z,z) = ply,y) = plz,y) &z =y,

(m2) may < p(z,y),

(m3) p(z,y) = ply, ),

(md) (u(,y) —may) < (e, 2) = maz) + (u(z,9) - may),
where mg,, = min {u(x,z), u(y,y)}. Then the pair (X, p) is called an
m-metric space.

Definition 2.4 ([29]). Let X be a nonempty set. A function py : X x
X — RT is called an mj-metric if the following conditions are satisfied:
for all z,y,2z € X,

(mpl) (2, 7) = p(y,y) = m(z,y) & = =y,

(mb2) Mpgy < Mb(xhy)a

(my3) (2, y) = po(y, ),

(mpd) (up(,y) = Miay) < 8 [(o(2, 2) = M) + (162, Y) — Mizy )],
where mpgy, = min {p(z, z), up(y,y)}. Then the pair (X, ) is called
an my-metric space. The following notation is useful in the sequel:

bey ‘= max {Mb(l‘, :U)7 /J*b(ya y)} .

It is to be noted that every m-metric (or b-metric) on a nonempty set
X 1is also an mp-metric on X.
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Example 2.5 ([29]). Let X = [0,00) and define a mapping by
py(x,y) = min {z”, y"} + |z — y[?,

where p > 1. Then p is an my-metric on X with the coefficient s = 2P~1,

But it is neither an m-metric nor a b-metric on X.

Proposition 2.6. Let (X, up) be an my-metric space and x,y,z € X.

Then we have

1.0< bey + Mpzy = ,Ub(xa l’) + :ub(y> y);
2.0< bey — Mpgy = |:ub($7$) - Mb(yvy”;
3. bey — Mpgy < (bez - mbxz) + (szy - mbzy)-

Remark 2.7 ([29]). Let (X, up) be an my-metric space with the coeffi-
cient s > 1. Then the function defined by
bm(xa y) = ,ub(xa y) - 2mbxy + Mbmy;

is a b-metric on X with the same coefficient s.

3. TOPOLOGY AND SOME RESULTS

Let (X, up) be an my-metric space, z € X and r > 0. The open ball
centered at x € X with radius r > 0 is denoted by

Bub(l‘,’l“) = {y €X: /Lb(xvy) < Mpzy + ’l“} .
We now visualise the open balls in the following example.
Example 3.1. Let X := [0, 1] and p(z,y) = min {2?,y*} + [z — y[* on
X. Then uyp is an my-metric on X with the coefficient s = 2. In this
case for r > 0, we have
By, (xo,7) ={z € X : pup(x0, ) < Mpgyz + 1}
={zeX:|z—wz \2<7‘}
={zeX:|z—=z|<Vr}
— (w0 — v/r,@0 + VF) N X.
Definition 3.2 ([29]). A subset U of an my-metric space (X, up) is

called open if and only if for all x € U, there exists r > 0 such that
By, (x,r) CU.

It can be shown that the family of all open subsets of X is a topology
on X, say Tm,. The complements of the elements of 7, in X are called
closed sets. Even though every partial metric p is an my-metric on a
nonempty set X and every partial metric p generates a Ty topology on
X, the topology 7,,, may not be a Ty topology. The following example
supports this fact.
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Example 3.3 ([29]). Let X = [0,1] and pp(z,y) = min{z,y}, then p,
is an mp-metric on X with coefficient s = 1. In this case for every r > 0,
we get

Bﬂb(a:?r) = {y €X: Mb(l?,y) < Mpgy + T}
={yeX:0<r}
= X,
for all x € X. Therefore, 7,,, = {0, X} is not a T topology.

Remark 3.4. Let (X, up) be an my-metric space, (x,) be a sequence in
X and z € X. Then (z,) converges to x with respect to(w.r.t.) 7, if

n11_>11’010 (Mb(l‘na CC) - mbrnm) =0.

Suppose that lim (up(2n, ) — Mpg, ) = 0. We shall show that z,, —
n—o0

x wrt. Tp,. Let U € 7, and x € U. Then there exists € > 0 such
that « € By, (x,€) C U. Since li_}In (1o (X, ) — Mpg, ) = 0, there exists
n o0

no € N such that py(zyn,x) — mpg,» < € for all n > ng. This ensures
that x, € By, (z,€) for all n > ng and hence z,, € U for all n > ny.
Therefore, (z,,) converges to & w.r.t. 7, on X.

In view of the above remark, we propose the following definition of
convergence of a sequence and my-Cauchy sequence in myp-metric spaces
instead of that introduced by Sahin et al. [2Y].

Definition 3.5. Let (X, up) be an my-metric space. Then:

1. A sequence (x,) in an my-metric space (X, up) converges to a
point z € X if li_>m (pp (@, ) — Mpg, ) = 0.
n o0

2. A sequence (x,) in an my-metric space (X, pp) is called an
my-Cauchy sequence if liril (1 (s Tm) — Mg,y 2,,) = 0 and
n,m o

)

lim (benxm — mbxnxm) = 0.
n,m—00

3. An my-metric space (X, up) is said to be complete if every my-
Cauchy sequence (z,) in X converges to a point x € X such
that

lim (/J,b(xn,l‘) — mbxnx) = 0, lim (benx — mbxnx) = 0.
n—00 n—o0

Lemma 3.6. Let (X, up) be an my-metric space. Then:
(a) (xn) is an my-Cauchy sequence in (X, ) if and only if it is a
Cauchy sequence in the b-metric space (X, by,).
(b) An my-metric space (X, up) is complete if and only if the b-
metric space (X, by,) is complete. Furthermore,

lim by, (zp, ) =0
n—o0
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<:>{ lim (pp(xn, ) — Mpg, ) =0, Im (Mpy, » — Mpg, ) = O} .
n—oo n

—00
Proof. (a) Suppose that (x,) is an mp-Cauchy sequence in (X, ).
Then,
Im (up(Tn, 2k) — Mbzpz,) =0, lim (Mpg,zp — Mbzyz,) = 0.
n,k—o0 n,k—00
Therefore,

lim  (pp(2n, 1) — 2Mpg,q), + Mbwnwk) =0.

n,k—o0

This gives that,

lm by, (zp,xr) =0,
n,k— o0
that is, (z,,) is a Cauchy sequence in the b-metric space (X, by, ).
Conversely, suppose that (z,) is a Cauchy sequence in the
b-metric space (X, by,). So,

lim by, (zp,xr) = 0.
n,k—00

ie., lim (pp(zn, k) —2Mbp,z,+Mbz,a,) = 0. Since pp(xn, ) —
n,k— o0

Mpgnz, > 0 and Myg, 2, — Mipg,q, > 0, it follows that

lIm (up(Tn, Tk) — Mbzpz,) =0, lim (Mg, 2, — Mbapz,) = 0.
n,k—o0 n,k—00
This proves that (x,,) is an m-Cauchy sequence in (X, up).
(b) Let (X,up) be complete and (z,) be a Cauchy sequence in
(X,bp). Then (x,) is an my-Cauchy sequence in (X, up). So
there exists x € X such that

nlggo(ﬂb(xna T) — Mpyg,) =0, nlggo(ben:v — Mppz,,z) = 0.

Therefore, li_>m (up(xn, ) — 2mpy, o + Mpy, ) = 0. This im-
n o
plies that

lim by, (2, x) = 0.
n—oo

Thus the b-metric space (X, by,) is complete.

Conversely, let (X, b,,,) be a complete b-metric space and (z;,)
be an my-Cauchy sequence in (X, up). Then (z,,) is a Cauchy
sequence in (X, by,). Since (X,b,,) is complete, there exists
x € X such that

lm by, (zp, ) = lm (up(zn, ) — 2mpe, o + Mpy, )
n—oo n—oo

=0.
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Since pp(xn, ) — Mpg,» > 0 and My, » — Mg, > 0, it follows

that
nlgn;o(ﬂb(xna .CE) - mbxn:p) = 07 T}L)IIQO(MbLan - mbmnz) =0.

This ensures that the my-Cauchy sequence (z,,) in (X, up) con-
verges to x. So (X, up) is complete.
O

Definition 3.7. Let (X, 1) be an my-metric space and A C X. The
closure of A, denoted by A or cl(A) is the intersection of all closed
subsets of X which contains A. Clearly, cl(A) is always a closed set.
Moreover, A is closed if and only if A = A.

Theorem 3.8. Let (X, up) be an my-metric space, T, be the topology
defined above and A be any nonempty subset of X. Then,

(i) A is closed if and only if for any sequence (z,) in A which
converges to x, we have x € A;
(ii) for any x € A and for any € > 0, we have By, (xz,e) N A # (.

Proof. (i) Suppose that A is a closed subset of X. Let (z,) be a
sequence in A such that x, — = as n — oo. We shall show that
x € A. If possible, suppose that z ¢ A. Sox € X\ A and X\ A
is open. Then there exists € > 0 such that By, (z,€) € X \ A.
Therefore, By, (xz,e) N A = (). Since z,, = x as n — oo, we have

lim (pp(xp, ) — Mpg,2) = 0. So for € > 0, there exists ng € N
n—oo

such that pp(xn, ) — mp,» < € for all n > ng. Therefore,
Ty € By, (x,¢€), for all n > ng. Hence x,, € By, (x,¢) N A, for all
n > ng, which leads to a contradiction that B, (z,e) N A = 0.
So, z € A.

Conversely, assume that the condition holds i.e., for any se-
quence (x,) in A which converges to z, we have x € A. Let us
prove that A is closed. In fact, we have to show that X \ A is
open. So for any x € X \ A, we need to prove that there exists
e > 0 such that By, (z,¢) C X \ A ie., By (r,e)NA=0. If
possible, suppose that for any € > 0, we have By, (z,¢) N A # 0.
So for any n > 1, choose @, € By, (z,1) N A. Then w, € A for
all n > 1 and pp(zp, ) — Mg,z < % for all n > 1. Therefore,
nlLH;o(ub(xn,x) — Mpg, ) = 0 ie, x, > xasn — oo in (X, up).

Hence, by assumption x € A, which is a contradiction. So for
any v € X \ A, there exists € > 0 such that B, (z,e) € X \ A
i.e., X \ A is open and hence A is closed in X.
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(ii) It follows from definition that A is the smallest closed subset
which contains A. Set

A*={x € X : for any € > 0,3a € A such that up(z,a) < mpyq + €} .

Obviously, A C A*. Next we prove that A* is closed. Let
(zn) be a sequence in A* such that z, — = as n — co. We
have to prove that z € A*. Since x, — x as n — oo, we have
lim (pp(zn, ) — Mpg, ) = 0.

n—o0

Let € > 0 be given. Then there exists ng € N such that
Mo (Tn, ) — Mpg,z < 55, for all n > ng. As z, € A*, there exists
an € A such that py(z,,a,) < Mpg,a, + 55 Hence,

Mb(.T, an) — Mpza, S 8(/14,(.%, xn) - mbx:pn) + S(Mb(-%'n, an) - mbxnan)

< s[4 ]
87 JR—
2s 2s

=¢, forall n > nyg.

In particular, p(z, ano)—mbmno < €, which implies that x € A*.
Therefore, by part (i), it follows that A* is closed and contains
A. The definition of A assures that A C A*, which implies the
conclusion of (ii).

O

Theorem 3.9. Let (X, up) be an my-metric space and A C X. Then
x € A iff every open set U containing x intersects A.

Proof. We shall show that « ¢ A if and only if there exists an open set
U containing x which does not intersect A.

If ¢ A, then the set U = X \ A is an open set containing z that
does not intersect A, as desired.

Conversely, if there exists an open set U containing x which does not
intersect A, then X \ U is a closed set containing A. By definition of A,
it must be the case that A C X \ U. Therefore, x cannot be in A. 0O

Definition 3.10. Let (X, 1) be an my-metric space and A C X. The
diameter of A, denoted by diam(A), is defined by
diam(A) = sup {up(z,y) : z,y € A}.
Clearly, 0 < diam(A) < oc.
It follows from the above definition that if A C B, then diam(A) <

diam(B). Hence, it is worth mentioning that diam(A) < diam(A).
We now prove Cantor’s intersection theorem in mj-metric spaces.

Theorem 3.11. Let (X, up) be a complete my-metric space and let
(A,) be a descending sequence of nonempty closed subsets of X with
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o0

diam(A,) — 0 as n — oo. Then the intersection A = ﬂ A, consists
n=1
of exactly one point.

Proof. Let (X, up) be a complete my-metric space and (A4,,) be a descend-
ing sequence of nonempty closed sets with diam(A4,) — 0 as n — oc.
As each A, is nonempty, we choose a point x, € A,, for each n € N.
We shall show that (z,) is my-Cauchy in (X, pp). For m,n € N with
m > n, we have A,, C A, which gives that x,,, z, € A,. Therefore,

Lo (Zn, Tm) — Mgz, < 1o(Tn, Tm)

< diam(A;) — 0 as n — oo,

ie., Lm (up(zn, Tm) — Mz, 2, ) = 0.
n,m—00

Moreover,

0< Mb(mnaxn)
< diam(A,) — 0 as n — oo,

ie., lim up(xy,x,) = 0. This gives that
n—oo

n,Mm—00 n,Mm—00

=0.
Therefore, (z,,) is an my-Cauchy sequence in (X, y3). Then by hypoth-

esis, (z,,) converges to a point € X such that

nlgr&(ﬂb(xnv CC) - mb:pn:p) - 07 nlgrolo(Mb:pn:p - mbxnx) =0.

oo
We prove that x € ﬂ Ap. Let U € 7, and @ € U. Then there exists
n=1

e > 0 such that By, (z,e) C U. As li_)m (up(xn, ) — Mypg, ) = 0, there
n o

exists ng € N such that pp(zn, ) —mp, . < €, for all n > ng. Therefore,

xn € By, (x,€) C U, for all n > ng. Again, z,,, € Ay, for all m > n as

Tm € Am C Ay, for all m > n. So, UN A, # 0, for all n € N. This
(o]

proves that « € A,, = A,,,¥n, A, being closed. Hence z € ﬂ A,

n=1

o
Now, let y € m A, with y # z. Then for each n € N, we have

n=1

x,y € Ay. Therefore,

0< ,U,b(l',y)
< diam(Ay) — 0 as n — oo
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which gives that uy(x,y) = 0. Similarly,
0 <y, x) < diam(A,), 0= pp(y,y) < diam(A,)
imply that (2, 2) = 0 and uy(y,y) = 0. Therefore, uy(z, ) = pp(y, y) =

wp(x,y) and so, z = y, a contradiction. This proves that A contains ex-
actly one point. O

Lemma 3.12 ([29]). Let (X, up) be an my-metric space, AC X, v € X
and py(z, A) = inf {up(z,a) : a € A}, If up(x, A) = 0 then z € A.

4. COINCIDENCE POINT RESULTS

In this section, we prove some coincidence point results for a pair of
multi-valued and single-valued mappings in my-metric spaces.

Definition 4.1. A subset A of an my-metric space (X, up) is called
bounded if there exist + € X and r > 0 such that a € B, (z,7), ie.,
pp(a, x) < mpge + 1, for all a € A.

Let CB,,(X) denote the family of all nonempty, bounded and closed
subsets in an my-metric space (X, up). For every P,Q € CB,,,(X), define

HF (P.Q) = 5[0(P.Q) +5(Q. P)].
where
&(P,Q) =sup{up(a,Q):a € P},  wla, Q) =inf {u(a,b) : b€ Q}.

Proposition 4.2. For any P,Q,R € CB,,(X) and for any x,y € X,
the following are true
(a) Hlj_(Pa'P) = 5b(P7P);
(b) H, (P.Q) = Hy (Q,P);
() Hy (P,Q)=0 = P=g;
(d) <ub(ﬁU,P) — sup mbm> <s |:(,U/b($7y) - mbzy) + (Mb(lh P) — inf mbya>:| .
a€P acP
Proof. (a) and (b) are immediate consequences of the definition of
H}.
(c) We first prove that d,(P,Q) = 0 = P C (. Suppose that
35(P,Q) = 0. Then

(P, Q) =sup {m(a, Q) :a € P} =0
= w(a,Q)=0, YaeP
= a€Q=Q, VacP
= PCQ.

Now, H, (P,Q) = 0 = 6(P,Q) = 0 and §(Q,P) =0 = P C
Qand QCP=P=Q.
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(d) We have
:ub(xa P) — Sup Mpga
acP

= inf inf (—
acP Ho(,@) + ilelp( Mhza)
< inf —
= égp[ﬂb(x’ a) mba:a]
< /'Lb(l')a) — Mpga, Va €P
<s [,U/b(xv y) — Mpgy + m,(y, CL) - mbya] , YaeP

<s [Mb(x7y) — Mpgy + Mb(% CL) - gglfjmbya] ) Va € P.

This implies that

/’Lb(x> P) — SUp Mypzq < S [(Mb(xvy) - mba:y) + (Mb(?/,P) — inf mbya):| .
acP acP

g

Remark 4.3. In general, H," (P, P) # 0 for P € CB,,(X). It can be
verified through the following example.

Example 4.4. Let X := [0,1] and py(z,y) = |z — y[* + min {22, y*}
on X. Then pup is an mp-metric on X with the coefficient s = 2. Let
P =[0,3] € CB,,(X). Then,

H,(P,P) = 6,(P, P)

1
= Sup Hp <Oé, |:07 :|> .
acfo.3] s
Now,

(o o]} =t ftemy s o))
1

_inf{] a—z [ +min{a? 2’} :z€ [O, 3]}

:inf{g(x)::ne [0, ;]},

where g(z) =| & — z |2 + min {a?, 2?}. We note that g is monotonic de-

2] and monotonic increasing on [£, 1]. Further note that

creasing on [0, § 53
9(0) = o%.9(5) = 5.9(3) = ( — @) +a™ So, inf {g(x) : x € [0.§]} =

2
% . Therefore,

H,(P,P)= sup <a, [0, 1})

acfo.3] s
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2

= sup l
acf0,1] 2

_ 1

18

#0.

Definition 4.5. Let (X, u) be an my-metric space and 7' : X —
CB,,(X) and f : X — X be two mappings. If y = fa € Tz for
some z in X, then x is called a coincidence point of 7" and f and y is
called a point of coincidence of T and f.

Definition 4.6. Let (X, up) be an mp-metric space with the coefficient
s > 1. Then a multi-valued mapping T': X — CB,, (X) and a single-
valued mapping f : X — X are called Banach type H;r -contraction if
the following conditions hold:

(C1) there exists k € [0, %) such that
H;(T]Z,Ty) Sk:u’b(fxafy)a Vﬂ?v?JGX?

(C2) for every x € X and € > 0, there exist fy € Tz, fz € Ty such
that

m(f2,12) < w(fy, [2) < Hy (T, Ty) + <.

Definition 4.7. Let (X, up) be an my-metric space with the coefficient
s > 1. Then a multi-valued mapping T': X — CB,, (X) and a single-
valued mapping f : X — X are called Kannan type H: -contraction if
the conditions (C2) and the following hold:

(K1) there exists k € [0, ﬁ) such that

H Tz, Ty) < klpp(fz, Tx) + pwy(fy, Ty)], Vo,y € X.

Definition 4.8. Let (X, up) be an my-metric space with the coefficient
s > 1. Then a multi-valued mapping 7' : X — CB,,(X) and a single-
valued mapping f : X — X are called Fisher type H lf -contraction if the
conditions (C2) and the following hold:

(F1) there exists k > 0 satisfying (s> + 2s)vk < 1 such that
H, (T, Ty) < klu(fz, Ty) + p(fy, Tw)], Va,y € X.

Theorem 4.9. Let (X, up) be an my-metric space with the coefficient
s > 1 and the mappings T : X — CB,,(X) and f : X — X be Banach
type H;r—contmction with the constant k € [0, S%) If f(X) is a complete
my-metric subspace of X, then f and T have a point of coincidence
u(say) in f(X) with py(u,u) = 0.
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Proof. Let € > 0 be given and take x¢g € X to be arbitrary. By condition
(C2), there exist fx; € Txg, fry € Ty such that

pp(fx2, fro) < po(far, foo) < Hf (Txo, Twy) + €.

At this step, we could choose € depending on zo and z1. In general, by
condition (C2), there exist fx,, € Tayp_1, frnt1 € Txy such that

(41) ,Ufb(fxn—i—h fxn-i-l) < ,U/b(fxny fxn—i—l) < H;_(Txn—laTxn) + €,

for all n € N. At each step, we could choose € depending on z,,_1 and x,,.
Observe that if H;r (Txp—1,Txy) = 0 for some n, then Tz, = Tx, and
the proof is complete. Therefore, we assume that H l;" (Txp—1,Txy) >0
for all n € N.
1
We set € = < - 1> H;(Txn,l,Txn) > 0. Then by using condi-

Vk

tions (E1) and (C1), we obtain that

1
,Ub(fxny f$n+1) < H;_(T.I'n_l,Tl‘n) + ( - 1) H;_(Tl’n_l, Txn)
VEk
1

Vk
< 1kk’,ub(f$n17 fan)

= \/%/,Lb(fl’n_l, fmn)v
for all n € N. Thus, we have
(4.2) po(fn, frns1) < rpp(fan—1, fn),
where r = Vk < %
By repeated use of condition (E=2), we get
(4'3) 0< Hb(fxn>f$n+1)
< r"up(fxo, fr1).

Taking limit as n — oo in the above ineqality, we obtain

H (Txyp—1,Txy)

Mim g (fon, fenin) = 0.
Let IU'Z(fxnv fxm) = ,U/b(fxn7 fxm) — Mbfa, fom-
For m,n € N with m > n, by using conditions (E=3) and (mp4) we
have
:U’Z(fxna fxm) S S [lu’?;(fxna f$n+1) + H;(fxn-i-l) fl'm)]
< SMZ(f:Em JfZTny1)
+ 82 [ (font1, fonta) + wy(Fonta, fom)]
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< spp(fn, font1) + S5 (Fanir, fonio) + -
+ 8" (frme, frmo)
+ 8" (e fom)
< spp(fon, fons1) + 8 s (fTni1, fong2) + -
+ 5" (frmg, frm)
+ " up(frm—1, fXm)
< (sr" + 2ty Smfnrmfl) wy(fzxo, f1)
= sr” [1 +sr 4 (sr)2 -+ (Sr)mfnfl} wo(fzo, fr1)

51 o (fro, far).

Since r < 1, it follows that

<
1—sr

lim  (us(fZn, fTm) — Mt fon) = 0.

7,M—+00

On the other hand, we have

0 < u(frny1, frne1)
< wp(fon, frag1)
< r"up(fxo, f1).
Taking limit as n — oo in the above ineqality, we obtain
nh—%o o (fxn, frn) = 0.
As 0 < be:cnf:cm — Mbfr, frm — |/‘b(f$mfxn) - Mb(fxma f$m)’v it
follows that
lim (Myta, f2 — Mbfanfom) = 0-

n,m—00
Thus, (fzy,) is an mp-Cauchy sequence in f(X). Since f(X) is mp-
complete, there exists u € f(X) such that fx, — u = ft for some
te X.
So it must be the case that

JLI{}O(Nb(fxnv u) - mbfxnu) = 07 nlg{.lo(beznu - mbf:rnu) =0.
As lim mpfg,., =0, it follows that lim p(fzp, u) = 0.

Moreover, Myfz,u — Mbfe,u = |6(fTn, f2n) — pp(u,w)| implies that
pp(u, u) = 0. Since

1
3 {66(Tzn, Tt) + 6p(Tt, Txn)} = Hyf (T, Tt)
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< kl:ub(fl'nv ft)a
it follows that

lim inf {8y (T, T't) + 0p(Tt, Txy)} = 0.

n—oo
Since
lim inf 6y (T'xy, T't) 4+ liminf 6,(T't, Txy,)
n—oo n—oo
< liminf {0y (Txp, Tt) + 0p(Tt, Txy)},
n—oo
we have

lim inf 6y (Tx,, Tt) + lilginf Ww(Tt, Txy,) = 0.

n—o0

This implies that
lim inf 6, (T'x,, T't) = 0.
n—oo

By using part (d) of Proposition B2, we have

po(ft, Tt) — SUp Mt <s [ (1 (ft, fong1) — Mbfifan.,)
x€Tt

+ (Mb(fafn-&-l: Tt) — xiélet mbfmn+1x) ]

< s (m(ft, fons1) — Myfifa,,.)
+ spp(frni1, 1)

<s (,ub(ft, f$n+1) - mbftfwn-o-l)
+ s0(Txy, T't).

Since my s, = 0, it follows that
po(ft,Tt) < s (up(ft, fxni1) — Mbfifan,,) + S0(Tan, TT).
As nh_{go(,ub(fxn%—la ft) — mypa, 1) =0, we get
po(f1, Tt) < lim inf [s (1o (ft, frns1) — Myfefan,,) + $0(Tan, Tt)]
= 7};120 S (,u,b(ft, frni1) — mbftfxnﬂ) + hf_l)gf s0p(Txy, Tt)
= 0.

This gives that u(ft,Tt) = 0 and hence u = ft € Tt, Tt being a closed
subset of X. This shows that u is a point of coincidence of f and T in
f(X) with pp(u,u) = 0. O

Corollary 4.10. Let (X, pup) be a complete my-metric space with the

coefficient s > 1. Suppose that T : X — CB,, (X) satisfies the following
conditions:
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(C1) there exists k € [0, %) such that
H (Tz,Ty) < kpp(w,y), Yo,y € X,
(025 for every x € X and € > 0, there exist y € Tx,z € Ty such that
//Jb(z’ Z) < //Jb(yvz) < HJ(T.’E,T?}) +e.
Then T has a fized point u(say) in X with py(u,u) = 0.

Proof. The proof follows from Theorem B by taking f = I, the identity
map on X. Il

Theorem 4.11. Let (X, pp) be an my-metric space with the coefficient
s > 1 and the mappings T : X — CB,,(X) and f : X — X be Kannan
type H," -contraction with the constant k € [0, +1)2) If f(X) is a com-
plete my-metric subspace of X, then f and T hcwe a point of coincidence
u(say) in f(X) with py(u,u) = 0.

Proof. Let € > 0 be given and take x¢p € X to be arbitrary. As in the
proof of Theorem B9, we can construct a sequence (z,) in X such that
frpi1 € Txy and

(44) :U’b(fxn-i-h fxn—i-l) S ,U’b(fxrn fxn-i-l) S H;_(Txn—lv T«Tn) + €,
for all n € N. At each step, we could choose € depending on x,,_1 and x,,.
Observe that if H;r (Txp—1,Txy) = 0 for some n, then Tz, = Tx, and

the proof is complete. Therefore, we assume that H gr (Txp—1,Txy) >0
for all n € N.

We set € = (ﬁ — 1) H;(Tmn_l, Tx,) > 0. Then by using conditions

(B4) and (K1), we get

1
o (fTn, frnir) < sz(TxnflaTxn) + <\/E - 1> H:(Txn,l, Tzy)

= —H, (Txn_1,Tx,)

IN

S80-3)-

[,ub(fvxnfla Txnfl) + ,U/b(fxnv T-Tn)]

[Nb(fxn 1 fxn) + Nb(fxm fl'n—i-l)]
for all n € N. Thus, we have

(4'5) (fxnafmn-f—l) ffﬂb(fxn 1:fxn)

= rpp(frn—1, fan),
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where r = % < %, since k € [0, ﬁ)

By repeated use of Condition (B=3), we get
0< :ub(f$m fanrl)
< r"pup(fxo, fz1).
Taking limit as n — oo in the above ineqality, we obtain
lim Mb(fmm fxn-‘rl) = 0.
n—oo
Proceeding similarly to that of Theorem B9, it follows that
n}rifgoo(ﬂb(fwm fom) — mbfacnfxm) = 0.
On the other hand, we have
0 < pp(fTn1, fTnt1)
< wo(frn, frni1)
< r"pup(fxo, fx1).
Taking limit as n — oo in the above ineqality, we obtain

lim_ g (fan, fan) = 0.
n—oo

As Myfa, frr — Mbfan fm = lo(fon, frn) — po(fTm, fxm)|, we have
lim (Mg, fep = Mbfen fom) = 0

n,Mm—00

Thus, (fx,) is an mp-Cauchy sequence in f(X). Since f(X) is mp-
complete, there exists u € f(X) such that fz, — u = ft for some
t € X. So it must be the case that

(Nb(fxnv U,) - mbfxnu) = 07 (beznu - mbf:rnu) =0.

lim lim
n—00 n—oo
As lim myfy,, = 0, it follows that lim ju(f2,,u) = 0.
n—00 n—>00
Moreover, be;tnu - Mpfr,u = ‘,Ub(fl‘n, fxn) - :U’b(uv u)| implies that
Mb(uz u) =0.
Since
1
3 {66(Tzn, Tt) + 6p(Tt, Txyn)} = Hyf (T2, Tt)

< k’[ﬂb(fxm Txn) + 'ub(fta Tt)]
< k[#b(ffﬂm fxn+1) + Mb(ftv Tt)]a
it follows that

linginf {0p(Txp, Tt) + 6p(Tt, Txy)} < 2kuy(ft, Tt).
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Since
liﬁgigéf 0p(Txy, Tt) < linlgig.}f w(Txy, Tt) + 1innl>i£f w(Tt, Txy,)
< linrr_1>ioréf {0p(Txy, Tt) + 6p(Tt, Txy,)},
< (1, 1),
we have
linrr_1>ior<1>f 0w (Txp, Tt) < 2kuy(ft,Tt).

By using part (d) of Proposition B2, we have

po(ft, Tt) — SUp M e <s [ (u(ft, fang1) — Mbgifan,,)
xz€Tt

+ (:U’b<fxn+17 Tt) - xlélet mbf1n+1$>

< s (up(ft, frni1) = Migefe,s,) + spn(fongr, Tt)
< s (u(ft, fone1) — Mufifa,,,) + $0p(Txy, Tt).
Since myf,; = 0, it follows that
ub(ftv Tt) <s (,Ub(ft, f$n+1) - mbftfacn+1) + S(Sb(Txnv Tt)
As i (up(fEni1, [t) = Mpga, 0 pe) = 0, we get

po(f, Tt) < lim inf [s (1o (ft, fans1) — Myfefans,) + $0(Tay, Tt)]

= nlggos (,u,b(ft, frpi1) — mbftfxnﬂ) + linnggf s0p(Txy, Tt)
< 2ksup(ft, Tt).
Therefore,
If pup(ft,Tt) > 0, then we have 1 < 2ks, which is a contradiction as
ke [0, (54-#1)2) implies that ks < 54%154%1 < SJ%l < % So, up(ft,Tt) = 0.
Thus, by Lemma B2, v = ft € Tt = Tt. This shows that u is a point
of coincidence of f and T in f(X) with up(u,u) = 0. O

Corollary 4.12. Let (X, up) be a complete my-metric space with the co-
efficient s > 1. Suppose that T : X — CB,,(X) satisfies the conditions

’

(C2) and the following:

(K1) there exists k € [0, ﬁ) such that

HJ(TI’,Ty) < k[#b(fEaTZE) + /’Lb(y7Ty)]v Va:,y € X.
Then T has a fived point u(say) in X with pp(u,u) = 0.
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Proof. The proof follows from Theorem BT by taking f = I. U

Theorem 4.13. Let (X, up) be an my-metric space with the coefficient
s > 1 and the mappings T : X — CB,,(X) and f : X — X be Fisher
type H;r-contmction with the constant k > 0 satisfying (s> —|—25)\/E < 1.
If f(X) is a complete my-metric subspace of X, then f and T have a
point of coincidence u(say) in f(X) with pp(u,u) = 0.

Proof. Let ¢ > 0 be given and take g € X to be arbitrary. As in the

proof of Theorem B9, we can construct a sequence (z,,) in X such that
frpni1 € Txy and

(4.6)  m(frntr, fensr) < p(f2n, feni1) < H (Tzp-1, Tan) + ¢,
for all n € N. At each step, we could choose € depending on z,,_1 and x;,.
Observe that if Hgr (Txyp—1,Txy) = 0 for some n, then Tz, = Tz, and
the proof is complete. Therefore, we assume that H gr (Txp—1,Txy) >0
for all n € N.

We set € = (ﬁ — 1) H;(T:cn_l, Tz,) > 0. Then by using conditions
(E8) and (F'1), we get

(4.7)

/’Lb(fwru fxn—l—l) < H;_(Tm'n_l,TiUn) + (

1
= —H, (Txn_1,Tx,)

1
— — 1) H(Tzp_1,Txn
\/E ) b( 1 )

IA

k[ub(fxn—lv T.%'n) + ,Ub(fxny Txn—l)]

IN

S

k[ub(fl‘n_l, fl‘n_H) + Hb(fﬁm fxn)]
k S(Hb(fl‘nflv fl'n) - mbfxnflfxn)
+ $(pp(fns fTnt1) — Mbfan, fonet)

<

+ Mbfrn_y fane T 16(fTn, fTn)
< rls(ue(fen—1, fzn) + wo(f2n, foni1)) + Anl,

where r = vk and

Ap = wp(fon, fTn) — SMfa,  fr, = SMbfan fangn T Mbfan 1 fan-

Moreover, we have
(4.8) 0 < wo(frnt1, font1)

< pu(fTn, frni1).
Now, we consider the following two cases:
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Case-I: Tf iy(fn, fn) < io(f2n1, fn-1) or
Nb(fxnv fxn) < Nb(fxn-l—lv fxn-i—l)a
then

(4.9) An = po(fn, frn) = $Mbpu,_s fan = SMbfon frnps T Mbfon1 fons
< My o frnia
< o(fTnt1, [nt1)
Combining conditions (£77), (AR) and (£9), we obtain

/J/b(fl”na f$n+1) <r [S,Ub(fxn—lv fxn) + Sﬂb(f$na fxn—&—l)
+ ,ub(fxn—i-b f$n+1):|
< r[sun(fwn-r, fn) + s (Fon, foan)

+ Nb(fxm f$n+1):| .
This gives that

rs

(410) ,U’b(fl‘n7fxn+1) S liub(fxnflafxn)v
—rs—r

where 0 <r; = —>— < %, since 0 < (s2 4 2s)Vk < 1.

Case-II: uy(fxn, fxn) > up(frn-1, frn—1) or
po(fxn, fn) = po(fTns1, fnir).
If wo(fon, fon) > wp(frn—1, frn—1), then
Mbfan_i1fon = Mb(fTn-1, fTn_1).
Therefore,
Ap = w(fon, fTn) = SMifa, s fo, — SMbfonfani T Mbfon 1 foni
= wp(fon, fzn) — spup(fon—1, fTn-1) — SMbfr, foni
T Mbfr, 1 foni
< wp(frn, frn) — spp(fon—1, fTn_1) — $Mpfa, foni
+ po(frn—1, frn-1)
< po(fn, fon).
If puip(fan, fon) = p(fnt1, fopia), then
Mpfan frnss = Mo(fTnr1, fTni1).

Therefore,

An = /'Lb(fxna fxn) — SMpfan_1frn — STMbfr, frni1 + Mbfrn_1frnt1



COINCIDENCE POINT RESULTS FOR DIFFERENT TYPES OF ... 21

= /'Lb(fxna fl‘n) — SMyfr, 1 fr, — Sﬂb(fxn+1a fxn+1)
T Mfr, 1 foni
< p(fan, fon) — smpfe, 1 fa, — S (fTng1, fTnt1)
+ 1o (f g1, frni1)
< up(fn, fon).
Thus, in this case
(4.11)
An = py(fan, fan) = SMbfa, . fa, = ST fa, fonir T Mbfan_1 frn
< up(fn, fon).
Combining conditions (E7), (E=8) and (E11), we obtain
o (frn, frn1) < vlspp(frn—1, fon) + spy(fTn, frni1) + p(fon, fzn)]

< T[S/Lb(fl‘nfla f$n) + S/"b(fxna f$n+1) + /"b(fxnfla fxn)]
This gives that

rs—+r
(412) Mb(fxnafxn+1) < 1_ Tslu’b(fmnfl’f'rn)a
where 0 < ry = T2 < 1 since 0 < (s2 + 25)Vk < 1.

Let a = max {ry,72}. Then 0 < o < 1 and we get from conditions
(E10) and (E12) that

(413) I«Lb(fxnafxn+1) < O‘/Jb(fl'nflyfl’n)'
By repeated use of Condition (A13), we get
0 < pup(fn, frni1)
S an/,Lb(f.’EQ, fl'l),

for all n € N.
Taking limit as n — oo in the above ineqality, we obtain

lim iy (fon, frn41) = 0.

n—oo
Proceeding similarly to that of Theorem B9, it follows that
hIEOO(//’b(fwna fxm) - mbfxnf:vm) =0.

n,m
Moreover, it follows from Condition (ER) that
(4.14) lim p(fzy, fr,) =0.
n—oo

By an argument similar to that used in Theorem BT, we can prove
that

lim (Myta, fem — Mbfanfom) = 0

7,1M—+00
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Thus, (fzy,) is an mp-Cauchy sequence in f(X). Since f(X) is mp-
complete, there exists u € f(X) such that fx, — u = ft for some
te X.

So it must be the case that

(o(fan,w) — mypz,u) =0, (Mpfznu — Mbfznu) = 0.

lim lim
n—0o0 n—oo

As lim mpfg,, = 0, it follows that lim p,(fop, u) = 0.

Moreover, Myfz,u — Mbfe,u = [6(fTn, f2n) — po(u, u)| implies that
po(u, u) = 0.

We obtain by using conditions (E14), (F'1) and part (d) of Proposition
B2 that

% (6y(Taen, Tt) + 8(Tt, Ty)} = Hyf (T, Tt)
< klpp(frn, Tt) + wp(ft, Tan)]
< klpp(frn, Tt) + w(ft, frni)]
<k [S(Mb(f:rm ft) = miga, ft)
+s(up(ft, Tt) — inf myse)

+ sup Mpfz,z + ﬂb(ft7 fxn—i-l)}
€Tt

< k| s(up(fns 1) + po(f1,T1))

+ sup Mpfanx + ,U/b(fty fwn-i—l)}
€Tt

< k[ (o farn, 1) + ol £1. 7))

o o, fn) + o ft, fons1) .
This implies that
linn_1>ioréf {0p(Txy, Tt) + 0p(Tt, Txy)} < 2kspup(ft,Tt).
Since
linrggf w(Txy, Tt) < I%Hi)iol.}f w(Txy, Tt) + linn_1>ioréf w(Tt, Txy,)

< linniioréf {6p(Txp, Tt) + 6p(Tt, Txy)},
< 2ksuy(ft,Tt),

we have

lim inf 6y (Txy, Tt) < 2ksup(ft, T't).

n—oo



COINCIDENCE POINT RESULTS FOR DIFFERENT TYPES OF ... 23
Again, by using part (d) of Proposition B2, we have

po(ft, Tt) — SUD Mot <s [(Mb(ft, fTni1) — Mififa, 1)
xel't

+ (o, T) = inf i, )|

< s (p(ft, fTns1) — Mififanr) + Stu(fons1, TH)
<s (,ub(ft? fxn—i—l) - mbftfxn_H) + 35b<T$na Tt)-
Since my s, = 0, it follows that
ps(ft.Tt) < s (up(ft, frni1) — Mogefen.,) + 05 (T, Tt).
As i (up(feni1s ft) = mbfe, i 5e) = 0, we get

pp(ft, Tt) < 1inrggéf [s (o (ft, fni1) — Mififan.,) + $0(Tazn, Tt)]
= lim s (o (ft, fTni1) — Mififon, ) + lim inf 50y(T'xy, T't)

< 2ks* s (f1,Tt).

Therefore,
o (ft, Tt) < 2ks®uy(ft,Tt).
If jup(ft, Tt) > 0, then we have 1 < 2ks?, which is a contradiction since
0 < (s% 4+ 25)Vk < 1 implies that 2ks?> = 2svk.vVks < 2svk < 1. So,

Mb(ftv Tt) = 0. _
Thus, by Lemma BT2, v = ft € Tt = T't. This shows that u is a
point of coincidence of f and T in f(X). O

Corollary 4.14. Let (X, up) be a complete my-metric space with the co-
efficient s > 1. Suppose that T : X — CB,,,(X) satisfies the conditions

’

(C2) and the following:
(Flj there exists k > 0 satisfying (s> + 2s)Vk < 1 such that
Hyf (T, Ty) < klu(x, Ty) + m(y, Tz)], Va,y € X.
Then T has a fized point u(say) in X with pp(u,u) = 0.
Proof. The proof follows from Theorem ET3 by taking f = I. U

Remark 4.15. As a particular case of this study, we can obtain various
important fixed point results for multi-valued and single-valued map-
pings in m-metric and b-metric spaces.

The following examples support our main results.

Example 4.16. Let X = {0,1,5} and py(2,y) = |z —y|* +min {22, y*}
on X. Then (X, up) is a complete mp-metric space with the coefficient
s =3 Let T : X — CB,,(X) be defined by T0 = T1 = {0},T5 =
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{0,1} and f : X — X be defined by f0 = 1, f1 = 0,f5 = 5. Then
f(X)(= X) is a complete mp-metric space. It is easy to verify that each
Tz is a closed and bounded subset of X. We now verify condition (C1)
and consider the following possible cases:

Case-I: z,y € {0, 1}.

In this case, H, (Tz, Ty) = H,;" ({0}, {0}) = 11(0,0) = 0 < 5= pu(f, fy).

Case-II: z € {0,1},y = 5.

Then,
Hy (T, Ty) = H ({0},{0,1})

= SI({0}, {0,1) + 8,({0,1} , {0})]

= J0+1]

1

=

If x =0,y =5, then up(fz, fy) = wp(1,5) = 17 and so
H Tz, Ty) = %

= 3i4ub(f:r, fy)
< %ub(f:c, fy)

If 2 =1,y =5, then uy(fzx, fy) = up(0,5) = 25 and so

1
Hf (Tz,Ty) = 3

= S, /)

< %Mb(fxv fv).

Case-III: x =y = 5.
Then,
H (Tz,Ty) = 6,(15,T5)
=sup {up(z,T5) : z € TH}
= max {up(0,75), up(1,75)}
=1
1

= g e(fz, fy).

Thus, we have

H/ (T, Ty) < kuy(fx, fy),
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for all z,y € X with k = % € [0, S%)
We now verify condition (C2).
For x € X, e > 0, there exist fy = f1 € Tz, fz = f1 € Ty such that

w(fz, f2) = w(fy, f2)
=0
< H (Tz,Ty) +e.

Therefore, all the conditions of Theorem B9 are fulfilled and 0 is a
point of coincidence of f and T in f(X) with 14(0,0) = 0.

Example 4.17. Let X = {Z : n € N}U{0,1} and (2, y) = [z —y[>+
min {:1:2,y2} on X. Then (X, ) is a complete mp-metric space with
the coefficient s = 2. Let T': X — CB,,,(X) be defined by

{0, 555}, = 37,n e NU{0},
Tr =
{0},z =0,

and fr = £ forallz € X. Then f(X) = X\ {1} is a complete m;-metric
subspace of (X, up) and each Tz is a closed and bounded subset of X.
We now verify condition (K1) and consider the following possible cases:
Case-I: z = 5, n e NU{0},y = 0.
Then, fz = 3n%,fy =0,Tz = {0, 371%} ,Ty = {0} and

H} (Tz,Ty) = Hy ({0, 3an} : {0}>

1 1 1
o (foste) o) (0 fo )]
1 1
=5 |zzwrs PO
11
= 5 . W.
Moreover,
1 1
o (fa, Tx) = <3n+1 {QW})
. 1 1 1P 1
= min 32(n+1)’ | gn+l ~ 3n+3 + 32(n+3)

. 1 65

= min 32(n+1)’ 32(n+1) 34
- 65

T 32(n+1) 34
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65
= 32n+6°
and pp(fy, Ty) = up(0, {0}) = 0.
Therefore,
. 11
1
= 13glHe(fz. Ta) + o (fy, Ty)l.

Case-II: z =y = 2., n € NU{0}.
Then, fz = fy = g, To = Ty = {0, 5255 } and

1 1
HY (Tz,Ty) = H; ({0, 3n+3} : {0, 3n+3})
1 1
o ({ots) fosta))

1
= 32n+6 ’

wo(fr, Tz) = pp(fy, Ty)

B 1 1
=t | 5o (O 5073

- 65
- 32n+6"
Thus,

1

_ %[Mb(fx,Tx) + s (fy, Ty))-

If =y =0, then
H (T2, Ty) = Hy ({0}, {0})
=0

— %[Mb(f% Tx) + o (fy, Ty))-

Case-III: z = %,y: ?%m,m,nENU{O},m>n.

Then, fo = g1, fy = g, Tz = {0, 325}, Ty = {0, 375 } and

(T, Ty) = & ({0 3nl+3} ; {0, %})
S P (R (S S
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1 1 1
= max {Mb (0, {0, 3m+3}> » b <3n+37 {07 3m+3 }) }
1 1
=max < 0, up FTaE 0, 3mi3
1 1
= Mo\ 3n¥3 0, 3m+3

- 1 1 IR |
=N 55367 (3043 3mr3| T 32mi6
1 1P
~ |3n+3  3m+3 + 32m+6’
since
(4.15)
1 I T | 1P
3n+3  3m+3 + 32m+6 — 32n+6 1- 3m—n + 32m+6
1 Ly 1
- 32n+6 o gm—n + 32(m—n)
- 32n+6 [(171)) +p ]’ Wherep: 3m—n <1
1
< 327 [1—2p+ 2p]
1
~ 32n+46°

Furthermore,

1 1
5b(Ty7Tx) = 5b ({07 3m+3} ) {07 3n+3 })
1 1
el oot
1 1 1
=max <4 up | 0,40, W » b 3m+3’ 0, 3n+3
1
= max 1 0, 3916

. 1
- 32m+6

: 1 1 s 1 1 12 1 _ 1
since ,U’b (3m+37 {O, 3n+3 }) = Imin { 32m+6a 3n+3 - 3m+3 | + 32m+6 } - 32m+6 .

1 1
(fx, Tx) = <3n+1 {03n+3}>
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:
- 32n+6"

1 1
my(fy, Ty) = <3m+1, {0, T3 })

65
- 32m+6 "

By using condition (EIH), we get

|

1 1 1
< 2 | 32n+6 + 32m+6

[ — DN =

1 1

3n+3 3m+3

2 2
+ 32m+6

_ %[ub(faﬁ,Ta:) + 1 (fy, Ty))-

Thus, we have
Hf (Tx, Ty) < klup(fx, Tx) + wo(fy, Ty)],

for all x,y € X with k = ﬁ € [0, ﬁ)

We now verify condition (C2).
For x = 3%,716 NU{0},e > 0, there exist fy = f0 € Tz, fz = f0 €
Ty such that

mo(fz, f2) = mo(fy, f2)
=0
< H (Tz,Ty) +e.

The case z = 0 can be treated similarly. Thus, all the hypotheses of
Theorem BT hold true and 0 is a point of coincidence of f and T in
f(X) with 1(0,0) = 0.

Example 4.18. Let X = {0,1,7} and (2, y) = |z —y|* + min {22, y*}
on X. Then (X, pp) is a complete my-metric space with the coefficient
s =3 Let T: X — CB,(X) be defined by T0 = T1 = {0} ,77 =
{0,1} and f: X — X be defined by f0= f1=0, f7="7. Then f(X) is
a complete my-metric subspace of (X, up) and each Tx is a closed and
bounded subset of X. By an argument similar to that used in Example
B18, we can show that condition (C2) holds and

Hf (Tz, Ty) < klpp(fz, Ty) + w(fy, Tx)],
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Thus, we have all the conditions of Theorem BT3. We find that 0,1
are coincidence points and 0 is a point of coincidence of f and T in f(X)
with pp(0,0) = 0.
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