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Existence and Uniqueness for a Class of SPDEs Driven by
Lévy Noise in Hilbert Spaces

*

Mayjid Zamani', S. Mansour Vaezpour?* and Erfan Salavati®

ABSTRACT. The present paper seeks to prove the existence and
uniqueness of solutions to stochastic evolution equations in Hilbert
spaces driven by both Poisson random measure and Wiener process
with non-Lipschitz drift term. The proof is provided by the theory
of measure of noncompactness and condensing operators. Moreover,
we give some examples to illustrate the application of our main
theorem.

1. INTRODUCTION

Stochastic evolution equations are natural development of SDEs and
owing to their mathematical and natural science basis, they have at-
tracted much attention. There are several papers and books providing
significant applications of the types of equations in various fields of stud-
ies (see, for example, [T, TY]).

There are strong results and published papers on the existence and
uniqueness of stochastic evolution equations driven by Wiener process,
(see, for instance, [[[1] and references therein). Over the last few years, a
number of authors have focused on stochastic evolution equations driven
by Poisson random measure or Lévy process with different conditions
on coefficients (see, e.g., [2, [, @, 00, 04, 05, [9, 20]). In one of these
categories of conditions, first, Taniguchi [22] studied the existence and
uniqueness of solutions to the following SDE in R™ by the method of
successive approximations

dXt = f(t, Xt)dt + g(t, Xt)th, XO = f,
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where f and ¢ satisfy more general non-Lipschitz conditions including
the special result of Yamada [25]. Likewise, some researchers extended
the results of Taniguchi [22] to the infinite dimensional case. They con-
sidered the stochastic evolution equations with the coefficients satisfying
the conditions suggested by Taniguchi [22]. Barbu [d] and then Barbu
and Bocan [8, 6] studied the existence and uniqueness of the mild solu-
tion of the following equation with the coefficients of Taniguchi type in
Hilbert spaces

dXt = AXtdt + f(t, Xt)dt + g(t, Xt)th, X() = §

Their proof is based on the method of measure of noncompactness, Pi-
card’s method of approximation and successive approximation method,
respectively. See also [, [3, 7, 4] in the case of Wiener noise.

There are some works focused on stochastic evolution equations in
Hilbert spaces driven by Poisson random measure with the coefficients
of Taniguchi type. For instance, Tanguchi [? | investigated the existence
and uniqueness of the energy solutions of stochastic functional evolution
equation driven by Poisson jumps. He used the Pardoux method [Ig] to
prove his main theorem, (see also [3, B, 23]).

This paper sets out to prove the existence and pathwise uniqueness
of the mild solution of the following SPDE

+ / k(t, Xoy)N(dt, dy),  Xo =&,
E\{0}

where W is a Wiener process, N (dt, dy) denotes the compensated Pois-
son random measure, A : D(A) C H — H generates a contraction
semigroup (etA)tZO in Hilbert space H, functions f,g and k are mea-
surable and ¢ is an Fy-measurable random variable in H. Thanks to
Lévy-Ito decomposition theorem, equation (I includes a large class
of equations driven by Lévy noise. Our proof is based on the theory of
measure of noncompactness, so we extend the result of [4] for stochastic
evolution equations driven by Lévy noise.

This paper is structured as follows. The second section introduces
some notations and lemmas, used throughout the paper and in the third
section, we go through the proof of the main result and corroborate our
main claim by the help of an example.

2. PRELIMINARIES

Let K and H be two real Hilbert spaces and let L(K,H) denote the
space of linear bounded operators from K into H. For simplicity, norm
and inner product in both K and H are denoted by ||.|| and (.,.) and we
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assume that (Q, F, {F;}+>0, P) is a filtered probability space. Let P and
Pr be the predictable o-fields on Qs = [0,00) x Q2 and Qr = [0,7T") x £,
respectively. Moreover, W is a Wiener process on Hilbert space H with
covariance operator Q. Furthermore, L9 = Lo(Uy, H) stands for the
space of all Hilbert-Schmit operators from Uy into H where Uy is the

Cameron-Martin space Uy = Q%(U) with the norm |jullp = HQ_TI(U)

and LY is a Hilbert space endowed with the following norm:

1
I¢lzg = Q% trawro

In addition, N(dt,dz) stands for Poisson random measure on R™ x E
with intensity measure v(dz)dt where (E,€) is a measurable space.
We denote by N(dt,dz) the compensated Poisson measure defined by
N(dt,dx) = N(dt,dx) — v(dz)dt; furthermore, N and W are assumed to
be independent.

For more details about Poisson random measure and Wiener process
in Hilbert spaces, see, [, 19].

Definition 2.1. A predictable process X : [0,7] x Q@ — H is a mild
solution of equation (IT) if for every t € [0, T] we have

P (/t He(t_s)Af(S,Xs) ds + /t He(t_S)Ag(S,Xs)
0 0

t
gy
0 JE\{0}

and it satisfies the following equation P-almost surely

ds

2
Ly

‘e(t—s)Ak(S,Xs,y) H2 v(dy)ds < oo) =1,

t t
X, =etfe + / =941 (s, X)ds + / =g (s, X, )dW,
0 0

t
—l—// e(t*S)Ak(s,Xs,y)]\_f(ds,dy).
0 JE\{0}

Let us state some important lemmas which will play a fundamental
role in the proof of our results.

Lemma 2.2 ([19]). Suppose that A generates a contraction semigroup
and ®(t) is an LY-valued predictable process satisfying

T
B [ ey ds < .
0

then for a constant Cr, the following inequality holds

t
E | sup /e(ts)Aq)(s)dWs
te[0,7] IIJ0

2 T
> < CTE/ l0(s)gds, € [0,T].
0



54 M. ZAMANI AND S. M. VAEZPOUR AND E. SALAVATI

Lemma 2.3 ([06]). Assume ® : RT x Q x E\{0} — H is a P x &-
measurable function such that

t
// |®(s, 2)||*v(dz)ds < oo,
0 JE\{0}

for allt >0, and let A generate a contraction semigroup, then for each
0 <p <2, we have

T £
E( sup ||Z(t)Hp) < C];TE[/ / |®(s, 2)||*v(dz)ds| |
t€[0,T] ’ 0 JE\{0}

’ .
where CpT is a constant and

t
Z(t):// =DA%, )N (ds, dy).
0 JE\{0}

The notation My stands for the Banach space of all cadlag and pre-
dictable processes X;(w) defined on [0,7] x © and endowed with the

following norm
, 3
HXIIMT—{E< sup_[[X:(w)] )}
te[0,7

< Q.

Besides, we denote by
NolXo = {X € M1 X = Xoll, <7},

the closed ball with center Xy and radius r in M.
Let us introduce the basic notations related to measure of noncom-
pactness (see [0] for more details).

Definition 2.4. Assume that (A, <) is a partially ordered set and E is
a Banach space. A function « defined from P(FE), the power set of E,
into A is called a measure of noncompactness if a(coB) = «(B), for all
B C E. Here coB denotes the closure of the convex hall of B.

Definition 2.5. The Hausdorf measure of noncompactness of a nonempty
subset B of a Banach space E, denoted by x(B), is the infimum of all
numbers € for which B has a finite e-net in E.

Definition 2.6. Assume that « is a measure of noncompactness in a
Banach space E with values in (A, <). An a-condensing operator is a
continuous operator ¥ : D(¥) C E — E such that for B C D(¥),
a[¥(B)] > a(B) implies that B is relatively compact.
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Theorem 2.7 ([1]). Assume that o is a measure of noncompactness on
a Banach space E such that a(B U {z}) = «(B) for any B C E and
x € E (called additively nonsingular property), and let ¥V : E — E be
an a-condensing operator on E such that for some nonempty, convex
and closed subset K satisfies V(K) C K. Then ¥ has at least one fized
point in K.

We denote by S[0,7] the space of all real increasing functions on
[0, T]. Furthermore, notice that S[0,T7] is partially ordered by the usual
ordered <. Also, we indicate the following measure of noncompactness
on My by p;

{ w: P(Mr) — S[0,T],
A — p(A).

Here

{ w(A):[0,T] — R,
t — xt(Ar),

where Ay = {X [jpy : X € A} € M; and x; is the Hausdorff measure
of noncompactness on M;. For more details about p, see [[].

3. MaAIN RESULTS
In this section, we prove our main result, based on Theorem PZ4.

Theorem 3.1. Considering equation (1), suppose that the following
assumptions hold:

(i) There exists a function G : RT x Rt — R™ for which
E |t X)|* +Ellg(t, X)|ljg+E /E o IEE XIP(dy) < G (LEIX]?).

for allt € [0,T] and all X € L*(Q, F,H).
(ii) G(t,x) is continuous and increasing in x and it is locally inte-
grable in t.
Then the operator

U (My, || l[az) — (M, |1 []a2,)
defined by

t t
UX, = ede + / et 1 (s, X, )ds + / et Ag(s, X,)dW,
0 0

t
+ / / eI (s, X, y)N(ds, dy); t € [0,T),
0 JE\{0}

is well defined and has the following property for a fixed T €
[0,T]:

U (N, [e4€]) € Ny [e ).
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Proof. From Lemmas 22 and 223, we conclude that the operator ¥ is
well defined. And we get
2)

E( sup || UX, —63A5H2>

0<s<Tt

<3E | sup
0<s<t

/ eSIAL(r, X, )dr

0
n
s 2
+ 3E ( sup / e Ag(r, X, AW, )
0<s<t 0
Iz
s 2
+3FE | sup / / e(S_T)Ak:(r, X, y)N(dr, dy)
0<s<7 (|J0o JE\{0}
I3
The Holder’s inequality implies that
S 2
(3.1) I < 3E sup (/ | f(ry, X0)|| dr)
0<s<rt 0

<se ([ s Xr>||dr)2

]
< 37E/ 1f(r, X,)|2dr
0
Applying Lemma P2, we get
)
(3.2) L < 3CTE/ lg(r, X,y d.
0

Also, Lemma P23 for p = 2 implies

(3.3) Is < 3C;E/ / Hk‘(r, X, y) H2 v(dy)dr.
0 JE\{0}
By the inequalities (8), (82), (83) and assumption (i), we have
E < sup || WX, — esAgHZ) < L/ G (S,E HXSHQ) ds,
0

0<s<t

where L = 3(r+C,+C.). If X € N,[eA¢] C M, then E || X, — e*¢||” <
r? for any s € [0, 7] and we get

B X2 < E (|| X, — ee]| + ||ee]])?
< 2E || X, — || + 2E |||
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< 2% 4 2F |||

<2 + 2B ||¢|

=M.
According to assumption (i¢), the function G(t, z) is increasing in x, and
therefore, we get

E < sup || TX, — esAg}|2> < L/ G(s, M)ds,
0<s<t 0

for all X € N,[e*¢] C M,. Notice that G(., M) is locally integrable and
therefore, there exists 7 such that L Jo G(s,M)ds < r? and we get

U (N, [e4¢]) € N,[e“g].

g

Theorem 3.2. Assume that the functions f, g and k satisfy all the
conditions of Theorem B. Furthermore, suppose that:

(i) There exists a function D : RT x Rt — RT which is increasing
and continuous in x and it is locally integrable in t. Further-
more, D(t,0) =0 and

(3'4) E Hf(t7X) - f<t7Y)H2 +EHg(t7X) _g(tv Y)Hig

> / k(¢ X, y) — k6, Y y)|2o(dy)
E\{0}

for allt €[0,T) and X,Y € L*(Q, F,H).
(13) If there exists a nonnegative function V(t) which satisfies

{ V(t)<afl D(s,V(s))ds, tel0,T],

(3.5) Vi) 0.

then V(t) = 0 for all t € (0,T1], where « is a positive number
and Ty € (0, 7).

Then the operator U : (Mr, || \laer) — (My, ||-|[aiy) defined by

t t
X, = / =94 f (s, X, )ds + / =94 (s, X, )dW,
0

0
t
T / / =94k (s, X, y) N(ds,dy), ¢ € [0,T],
0 JE\{0}

s a condensing operator with respect to p on any bounded subset of M.
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Proof. Assume pu(B) < (U’ (B)) for a fixed bounded set B € Myp. To
accomplish our goal, we use this fact that the function ¢ — [u(B)](t)
is increasing and bounded. Consequently, the number of jumps with
values greater than e is finite for any fixed € > 0.

Remove disjoint §1-neighborhoods of these jumps from the interval
[0, 7], we divide the remaining intervals into smaller intervals by choos-

ing points «;,i = 1,...,n, on which the oscillation of u(B) is smaller
than e. Now surround the points «; by do-neighborhoods and consider
A ={hy : k=1,...,1} which includes all almost surely continuous func-

tions, constructed as follows; hj coincides with an arbitrary element of
[(W(B)(cvi) +€]-net of the set By, on 0; = [aj—1 402, +d2],i = 1,...,n,
and it is linear on the complementar segments. Now assume u € W' (B),
for some h € B we have u = ¥'(h) and

1l = B2l < [(n(B) () + €],
here p is an element of the [(u(B)(«;) + €]-net of B,,. Since h¥ |5, =

hi|o, for some element iy of A, it implies that for s € o; we get

E|h(s) = h(s)||* < B ( s 1h(s) — hk(5)||2>

a;1+§2<s<a; —

P2
< llh— B,

< [(u(B)) () + ]2
< [(u(B))(s) + 2]

Then
, , 2
£ (g [¥0c0 - o)
<3t [ Bf(s,h(s) = £(s.hus))|ds
0
301 [ B l(s,h(s) = gl (o) yds
130, / /E oy B, 1(5).9) = k(s Auo), )P )

< M/ 5, E |h(s) — hu(s)[2)ds
_MZ/ 5 E|Ih(s) — ha(s)]? )ds
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+M D(s, E||h(s) — hi(s)]|* )ds.

n

0.0- U o
i=1

The set A is finite and B is bounded and therefore, there exists b > 0
for which we have E(||h(s) — hi(s)||?) < b for all h € B, hj, € A and

€ [0,T]. Using Theorem B2 (i), we find d1,02 > 0 sufficiently small
such that

(BN < [(uw B) W]
<c4 M/ D(s, [(1(B))(s) + 2¢]?)ds.
0

The function D(t,x) is continuous in x and € is arbitrary and as a result,
we have:

(3.6) [((B)(®) < M/O D(s, [(u(B))(s)]*)ds.

Finally, by inequality (88), Lemma 2.2 in [d] and Theorem B2 (i7),
we conclude that u(B) = 0. Hence, B is totally bounded in My and
therefore it is relatively compact.

To prove the continuity of the operator ¥, assume {X"}n>1 to be a
sequence converging to X in My, thus

)

T
<3r / Elf(s, Xs) — f(s, X™)]2ds

H\I/X o X

Mt

—E ( sup H\l!’Xt e

0<t<T

T
+30r [ Blgls,X.) - g(s, XD)|3yds
0
, T
w30k [ [ Bl Xew) - ks XT) P vldn)ds
0 JE\{0}

T
< M/O D (s, X — X"||§\4T)ds,
i ! 2
which implies H\I/ x—wx||

T

— 0 as | X — X", — 0. O

Remark 3.3. (i) Notice that, under the assumptions of Theorem
B2, the operator ¥ : My — My defined by

(3.7) UX, =M+ U'X,, telo,T)
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is also p-condensing.
(74) Notice that if D(¢, z) is concave in z and it satisfies the following
inequality

1£(t.2) = FEp)I? + llg(t.2) - g(t, )12
k(t,x, z ,
+/E\{O}|| (t, 2, 2) — k(t, y, 2)|*w(d2)

S D(ta H.T - yHZ))

for all y,z € H and any ¢t > 0, then the inequality (B4) is
followed immediately by Jensens inequality.

(7i1) Let D(t,x) = A(t)¢(x), where A(t) is a locally integrable, non-
negative function and ¢ : Rt — RT is a continuous and in-
creasing function such that ¢(0) =0 and [, —* S de = oo, then
the function D(¢,x) satisfies inequality (BH) of Theorem B2,
see [211].

(vi) Let D(t,z) = )\(t)ch(x%), where A(t) is a locally integrable,
nonnegative function and ¢ : R™ — RT is a concave increasing
function on R™ such that ¢(0) = 0 and f0+ F(mde = oo, then
the function D(¢,x) satisfies inequality (B3 ) of Theorem B2,
see [R].

We are now in a position to prove our main theorem.

Theorem 3.4. Under the assumptions of Theorem E3, equation (I1)
has a unique solution for some T € (0,T) in My

Proof. According to Theorem BT for some T e (0,T], the operator ¥
has the following property:

U (N, [e€]) € Nyle ]
C My

Notice that N,[e4€] is a convex, closed and nonempty subset of M.,
and U is a p-condensing operator on N,[e4¢], then by Theorem 27,
¥ has at least one fixed point in N,[e¢] C M . Let us prove the
uniqueness of solution. Assume X,Y € M, to be two fixed points for
V. Then

E( sup || X —YSHZ>
0<s<t
t
< St/ B f(s,X,) — £(s,Ys)|ds
0

t
+3C, [ Bllgls.X) — g6, Y. gds
0
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! t 2
L3¢, / / E ([k(s, Xo,y) — k(s, Yo, )| v(dy)ds
0 JE\{0}

t
< M/ D(s, E||Xs — Yi|[*)ds.
0
Hence,
2 ¢ 2
(3.8) IX Y2, <M /0 D(s, | X — Y|, )ds,

finally, consider V (t) = || X — Y||as, in inequality (B), therefore V(t) =
|X — Y||a, satisfies inequality (BH) in Theorem B (ii) and it follows
that V() = || X —Y||ls, =0 and we get X =Y. O

Eventually, in an attempt to prove equation (1) has a global solution,
we assume that A generates a compact infinitesimal Cy-semigroup.

Theorem 3.5. For equation (1), suppose that the functions g(t, w, x),
f(t,w,x) and k(t,w,x,y) satisfy all the conditions of Theorem 33 with
T = co. Furthermore, let equation

du(t
(3.9) du(t) _ aG(t,v(t)),

dt

have a global solution on (tg,o0) for all T > 0, > 0 and for each initial
value (to,vp), to > 0,v9 > 0. Then equation (X)) has a global solution
on [0, 00).

Proof. Let the set G include all s such that equation () has a mild

solution on [0, s] and put s; = sup s. According to Theorem B3, we get
seg
s1 > 0. Assume s1 < oo and let 51 < T < oco. We shall prove that

there exists a continuous extension on [0, s1] for equation (ITT) defined
on [0,s1). As a result, by considering Theorem B4, equation (I_T) has an
extension to the right of s; and this is in contradiction to the definition
of S1.

Assume X, is the mild solution of equation (IZT). Then we get

t
B < 4B (€% + 4t | Bl f(s X | ds
0
¢ 2
+1C; [ Blgls, X.) g ds
0

t
+4Ctl// EHI{:(S,XS,y)HQV(dy)ds,
0 JE\{0}
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for a fixed ¢ € [0, s1), and from Theorem B, we have
t
BIXI? S4B |61 +4(+ G+ C)) [ Gl BIXIR ) ds.
0

Let vg > 4E/(||£]| )2, o = 4(t + C; + C;) and assume v(t) is the global
solution of the following equation

{ W) — oG (t,0(t)),
v(0) = vp.

Then we have

¢
E|X? - a/ G(s,E HXst)ds < v
0

=u(t) — a/o G(s,v(s))ds,

for all ¢t € [0, s1).

Then by Lemma 4 in [22], we get E||X¢||* < v(t) < v(T) for all
t e [0, 81).

We have:

E | X: — X,||?

—E ( (etA _ €SA),£ n /5 (e(t_r)A _ e(s—r)A)f(r’ Xr)dT
0

t S
+ / eI (r, X, )dr + / ("4 — T g (r, X ) AWV
s 0

t

/e(t_S)Ag(r,XT)dWT

/ / (e(t_T)A—e(S_T)A)k(r,Xr,y)N(dr,dy)
0 JE\{0}
: 2

+ / / e~k (r, X, y) N (dr, dy) >

s JE\{0}

<6 (e ) B g

o7 [ (e = o) ) P e
0

+
_|_

t
+ 6T/ E | f(r, X,)|* dr

+6CrE /S H (e(t—r)A _ e(s—r)A)H2 llg(r, XT)||2d7“
0
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t
60y / E |lg(r, X,)| dr
s 2
#6078 [ [ (el o) [P, X ) P ()
0 JE\{0}

t
voch [ Bk X ) vy
s JE\{o}
By Theorem B, we get
3 2
E|X;— Xs|> < 6] (e —e )" E €l

+6(T +Cr +Cr) /05 H (e(t—r)A _ e(s—r)A) H2 G(r,v(r))dr

+6(T +Cr +Cr) /t G(r,v(r))dr.

Now, owing to the fact that the function r — G(r, v(r)) is integrable
on [0, 7] and the function ¢ — €' is continuous in operator norm, by
using Lebesgue convergence theorem we get

lim E| X, — X,||* = 0.
s,tTs1

d
Therefore, it follows that there exists lim X = X,, and E | X, |* <

tTS 1

00. |

4. TLLUSTRATED EXAMPLES

In this section, motivated by [R], to illustrate the application of our
main theorem, we provide some examples of equation (IT).

Example 4.1. Consider equation (I). Let N(dt,dz) be a Poisson
random measure on R X F with intensity measure v(dz)dt, where F
is a Banach space and v(dz) satisfies fE\{O} |z||?v(dx) < co. Also, set

k(tyny) = \/Tt”yHE E;j:oﬁm(t:ka? f(taX) = g(t,X) = 0, where
X € L*(Q,F,H), e, is an orthonormal basis for Hilbert space H, A(t) is
a nonnegative, locally integrable and increasing function, By, +1(t, X) =
aomi1sin(m?|| X||), Bam(t, X) = agmeos(mi|| X||), which ¢ > 0, ag, =

o) (m—(‘ﬁ%)) and agpm+1 = O (m_(ﬁ%) . Then we have

/ Ik(t, X, y) — k6, Y, )12, v(dy)
E\{0}
2

v(dy)
H

_ /E - Hﬁtnqu S (Bt X) = B, Y )

m=0
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_At/E\{O} ||y’EV(dy)m§:0|ﬁm(t,X) B, V)2
By [8] we have
(4.1)
5 . X) =Bt P < 3 - i (XY
m=0 m=1

< e®(IX =YD,
for all sufficiently small | X — X'||, where
0, ) z =0,
o(z) = cx(—Ilnz)2, 0<z <4,
5(—nd)z, =>4,
and 0 € (0, 1) is sufficiently small. Therefore, by (B), (E-1) we conclude

/ 1k(t, X, y) — k(L. Y, )13, v(dy) < A (1 X - V) / 1% v(dy)
E\{0} E\{0}
= D(ta ||X - Y||2)7

where D(t,z) = cA(t)p? (:L‘%) fE\{O} lyll%v(dy). Notice that g(z) =

1\ . . ) . .
©? (IL‘2> is an increasing, continuous and concave function on R* for

which [, ﬁdl’ = 00, hence, by Remark B33, equation ([I) has a
unique solution.

In the next example, we consider two special cases of Example B to
make it more clear.

Example 4.2. Let us consider H = ¢? in Example B0 where ¢? is the
Hilbert space of square summable sequences and (;’s are defined as in
Example BT, also let A : D(A) C #2 — ¢ be an operator such that
Ae,, = e, where {e,},>1 denotes the standard basis of 2 and ), is
negative for each n € N. Also let (¢!4);>¢ be the Cp-semigroup (e'4)
generated by A.

For each o = (21, 2,...) € £2, we have

)
ey = > e
n=1

%)

2

<2 e
n=1

2
= ”33H2a

t>0
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therefore, (e!4);>0 is a contraction semigroup on £2.

In this case, Example B is equivalent to the following infinite system
of stochastic differential equations and it has a unique mild solution
X(t) = (X1(t), Xa(t),...) € £2

(4.2) d&m:M&wﬁ+A%m¢Mmmmaxw»Mﬁ@w

for each i € N.
As another special case of Example B, consider H = (R™, ||.||,) and

the Co-semigroup (e/4)y>0 on R™, where A = diag(ay, . .., an) is a diag-
onal matrix with negative entries a1, . . ., a,, and et dwg( att - eamt),
For each z = (x1,...,2y) € R™, we have

(43) e a]l, = Jerntad + oot e2anta2, < e, < Jall,,
where o = maz{ay,...,amn}.

Therefore, (e*4);> is a contraction semigroup with respect to the
Euclidean norm ||.||,. In this case, Example BT is equivalent to the
following system of stochastic differential equations

(44)  dXi(t) = aiXi(t ﬁ+/ VD [yl (£, X (8) N (dt, dy),

for each 1 =1,2,3,...,m
Now let us give an example of equation () without jumps.

Example 4.3. Consider equation (T). Let f(¢,X) = k(t, X,y) = 0 for
eacht >0,y € B, X € L*(Q, F,H) and g(t, X) = VN >ooe_o Bm(t, X )em
where {e;,}m>1 is an orthonormal basis for Lo(U,H), A(t) is a non-
negative, locally integrable and increasing function and S, (t, X) =
m~Pp(m? || X||) where ¢? is an increasing and concave function on R,
©(0) =0, O(p(z)) =2% a<1and 2¢ —2p < —1.

Notice that ¢ is a concave function and ¢(0) = 0, therefore it satisfies
e(x) — (y) < p(z —y) and we get

(45) ||t X) = g(t. x|

Lo(UH)
At i (Bt X) 5m(t,X’))2> 2
m=1

1
2

( S° o (p(m| X)) - omef)
=1
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(e 2
therefore D(t,z) = \(t)p? (x%> where p(x) = <Z m_2pg02(qu)>
m=1

M. ZAMANI AND S. M. VAEZPOUR AND E. SALAVATI

< VA (fj m=2? (]| X — x,)) 5
m=1
()

1
2\ 2
~p(t )

X-X

Notice that p is an increasing, continuous and concave function on R*

T

for which [y, pz—(m)dx = 0o. Hence, by Remark B33, equation (1) has a

unique mild solution in H.

Acknowledgment. We thank to the reviewers for the valuable and
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