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Characteristics of Solutions of Fractional Hybrid
Integro-Differential Equations in Banach Algebra

Ahmed El-Sayed!, Hind Hashem? and Shorouk Al-Issa*

ABSTRACT. In this paper, we discuss the existence results for a class
of hybrid initial value problems of Riemann-Liouville fractional dif-
ferential equations. Our investigation is based on the Dhage hybrid
fixed point theorem, remarks and some special cases will be dis-
cussed. The continuous dependence of the unique solution on one
of its functions will be proved.

1. INTRODUCTION

Quadratic perturbation of nonlinear differential equations is quite
worth studying, as one of the most important types of perturbations,
we call it hybrid differential equations. The importance of the investi-
gations of hybrid differential equations lies in the fact that they include
several dynamic systems as special cases. This class of hybrid differential
equations includes the perturbations of original differential equations in
different ways. The consideration of hybrid differential equations is im-
plicit in the works of Krasnoselskii [I8] and extensively treated in several
papers on hybrid differential equations with different perturbations, see
[6-06, 20, 21], and the references therein.

In recent years, a hybrid differential equation (quadrature perturba-
tions of a nonlinear differential equation) has attracted much attention.
Dhage and Lakshmikantham [[d] started working on hybrid equations.
They introduced a new category of nonlinear differential equations called
ordinary hybrid differential equations and studied the existence of ex-
tremal solutions for this boundary value problem by establishing some
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fundamental differential inequalities. Zhao, Sun, Han, and Li [21], gen-
eralized Dhage’s work and discussed the fractional hybrid differential
equations involving Riemann Liouville differential operators. The ex-
istence theorem for fractional hybrid differential equations is proved
under mixed Lipschitz and Carathodory conditions. Next, Lu et al.
[[7] developed the fractional hybrid differential equation involving the
Riemann-Liouville differential operators of order 0 < o < 1, with linear
perturbations of the second type. They established the existence and
uniqueness results under the ¢-Lipschitz condition.

Also, M.A. Darwish, and K. Sadarangani et. al [8], studied the exis-
tence of the hybrid fractional pantograph equation

DE (st 2my) = 9t 2(t), 2(o (), te[0,1],
z(0) =0,

where o, 7,0 € (0,1) and D, denotes the Riemann-Liouville fractional
derivative. The results obtained by using the technique of measures of
non-compactness in the Banach algebras and a fixed point theorem for
the product of two operators verifying a Darbo type condition.

In [}, B. Ahmad, S.K. Ntouyas, J. Tariboon, discussed the existence
of solutions by using the hybrid fixed point theorems of Dhage [5] for
the sum of three operators in a Banach algebra for the following non-
local boundary value problem of hybrid fractional integro-differential
equations

(t)— i 1% (ta(t))
e T —g(t,x(t)), tel0,1],

2(0) = p(x), (1) = A,
where ¢D® denotes the Caputo fractional derivative of order «, 1 <
a < 2, I% is the Riemann Liouville fractional integral of order Bj,J =
1,2,...,m.

Motivated by these works, we focus on a class of initial-value problems
of hybrid fractional differential equations (FHDE) involving Riemann
Liouville differential operators given by
(1.2)

. x(t)fiil ki (8,2 (8)).7% hy (£,2(1)) ;
D g(t,z(t)) = fl(tvj f2(t’x(t)))v teJ= [O,T],

&w—imww»wmwwﬂ _o,

t=0

(1.1)

where D% denotes the Riemann-Liouville fractional derivative of order
a,0 < a <1, I" and I? are the Riemann-Liouville fractional integral
of orders v;, 5 € (0,1), g(t,z(t)),€ C(J x R, R\ {0}), ki(t,z(t)) and
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hi(t,z(t)) € C(J x R, R), hi(0,0) = 0,i =1,2,...,m, and f;(t,z(t)) €
C(J x R,R),j = 1,2, by using a hybrid fixed point theorem for three
operators in a Banach algebra due to Dhage [6], and under mixed Lips-
chitz and Carathodory conditions. Problem (2) contains many integral
and functional differential equations that appear in applications of non-
linear analysis which seem to be important in the study of dynamics of
biological systems [?], some particular cases are presented in Section B.

Here, we study the existence and uniqueness of solution for the initial
value problem of hybrid fractional differential equations (FHDE) (I=2)
and prove continuous dependence on one of its functions.

Also, this initial value problem can be studied under another sequence
of assumptions as shown in Remark B

The paper organized as follows: In Section B, we prove an auxiliary
lemma related to the linear variant of the problem () and state suffi-
cient conditions which guarantee the existence of solutions to the prob-
lem (I2). Where in section B particular cases and remarks presented.
Section B, deals with the existence of continuous dependence of unique
solutions for (FHDE) () on function fi. Our conclusion is presented
in Section B.

2. FRACTIONAL HYBRID DIFFERENTIAL EQUATION

Let X = C(J, R) be the space of all real-valued continuous functions
on J, we equip the space X with the norm ||z|| = sup|z(t)|. Clearly,
teJ

C(J,R) is a complete normed algebra with respect to this supremum
norm.

Definition 2.1. By a solution of the FHDE (I™2) we mean a function
x € C(J, R) such that
. ' 2(0)= 3 ki (ba(t)) I iy (ta(t))
(i) the function t — T2 @)
each z € C(J, R), and
(ii) = satisfies equations in (7).

is continuous for

In this section, we consider the initial value problem (I2). The hybrid
fixed point theorem for three operators in a Banach algebra, due to
Dhage [8] will be used to prove the existence result for the initial value
problem (I2).

Consider the following assumptions:

(A1) The functions k; : J x R — R, and h; : J X R — R,i =

1,2,...,m, are continuous and there exist positive functions
Ai(t) and ;(t) with norms [|\;||and||v);|| respectively such that

|ki(t, ) — kit y)| < Xi(®)]x — yl,
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|hi(t, @) — hi(t, y)| < ¥i(t)|z — yl.
forallt € J and z,y € R.

(A2) g:J x R — R\{0} is continuous with ||g|| = sup |g(¢, z)],
(t,x)eJ xR
and there exist a positive function w(t) with norm |w|| such
that

lg(t,x) = g(t, y)| < w(t)]x —yl.
(A3) fj:J x R— R,j = 1,2, satisfy Carathéodory condition
i.e., f; are measurable functions in ¢ for any x € R and con-
tinuous in x for almost all ¢ € J. Moreover, there exists three
functions ¢t — a(t),t — b(t) and ¢t — m(t) such that

f1(t2)] < alt) + b(t) ], (¢, 7) € J x R,
fo(t,2)] < m(t),¥(t,x) € T x R,
where a(-), m(-) and b(-) are measurable and bounded on J such

that: |a(-)| < M; and |m(-)| < M.
(A4) Let r be a positive root of the equation
) ,

Ai i || T " il H; || KT
@.1) 21H Hnwu) 2*(“[2“' I r&”ﬁ) )

l ||< M T“ by Moy TP ) " H KT
MNa+1) T(a+p+1) — I(y+1)

where K; = sup |k;(t,0)], and H; = sup\h (t,0)]. Let
teJ

o~ (I HH + ||| 5:) T
( {; I(vi+1)

H)‘ Il s || T MT> by MpTo+8 " H KT
$ <2} T(yi+1) ) <|g| (F(a+1) +r(a+5+1)> = r(%H))'

Then
zm: (IIAi ||H +||%||K 17 Zm: [[Ai ||H +||%||K)T”‘
i=1 F)/Z + 1) i=1 rYZ + 1)
[[As HII%IIT” ( M, T by Mo TP > o~ H KT
4
" (Z I (T * Mot 77 D) * 2 T 51

<1,
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ie.,
2|3 (A HH + il K)T™ | 3 (Il Hs [l K) T
— I(v +1) P I'(vi+1)

Al i | T\ o~ HiT
+ -
(Z{ C(y+1) Z_: Ly +1)

Il T\ [ MyT | by MpTtP
e (Z Ty +1) ) <F(a+1) +F(a+/>’+1)>

1
< L.

To prove our main existence result for continuous solutions of the dif-
ferential equations of fractional order (I2), the following useful lemma
is immediate and follows from the theory of fractional calculus.

Lemma 2.2. Assume that hypotheses (A1) — (A4) hold, o, B, andy; €
(0,1),i =1,2,...,m. If function x € C(J, R) is a solution of the FHDE
(2), then it satisfies the following quadratic fractional integral equation

Zk (t () hi(t, (1) + g (8, 2(E) I fi(t, 17 fo(t, 2(8))).

Proof. Assume that x is a solution of the FHDE (I2). Applying Riemann-
Liouville fractional integral of order v on both sides of (I2), we obtain

2(t) = 3 kit 2(8) IV ha(t, 2(1))

I°D =1 2 0) = I°fi(t,1° fo(t, 2(1))).

So, we conclude that

=1
) £(t) = 3 kalt 2(0) Dbt (1)
N i@ i=1 o1
) o(t,2(0))

t=0
= I°fi(t, I° fo(t,z(t))), te€J.

Since

1 - Yip . T
[9(75790@)) (x(t)_zki(tvx(t))I hi(t, (ﬂ))]to

=1
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=1

1 O ki(t,x(t))ﬂihi(t,x(t))>]
t=0

= 0,
9(0,0)
(due to the fact that g(0,0) # 0), then we have

(1) — i ka(t, (D) D ha(t, 2(1))

g(t,z(t))

A (1l (1)),

ie.,
m

z(t) = g(t, (W) fu(t, 17 falt, (1) + D kilt, () D hilt, 2 (t)), ¢ € J.
i=1
Thus, eq.(Z2) holds.
Conversely, assume that x satisfies eq.(222). Then dividing by g(¢, z(t))
and applying D® on both sides of eq.(EZ2), so eq.(2) is satisfied. Again,
substituting ¢ = 0 in eq.(232) yields

(200 £ hteatonrente. o))
=1 t=0 _ o B

=1 fl t, I f2 t,x(t )
4(0.2(0)) HERLD]
for i =1,2,...,m. The proof is completed. O

At this stage, our target is to prove the following existence theorem.

Theorem 2.3. Assume that the hypotheses (A1) — (A4) hold. Then the
FHDE (T3) has at least one solution defined on J.

Proof. By Lemma P72, problem (I2) is equivalent to the quadratic frac-
tional integral equation (EZ2).
Define a subset S of X as

S:={zxeX,|z| <r},

where r satisfies inequality (20). Clearly S is closed, convex, and
bounded subset of the Banach space X. Consider the operators A :
X —=-X,B:5— X and C': X — X defined by:

(2:3) (Az)(t) = g(t, z(t)), teJ,
(2.4) (Ba)(t) = I fu(t, 17 fo(t, (1)), t € J,

(2.5) (C)(t) =D kit x(0) D hy(t, a(t))

i=1
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m

= ; T ti(t_ )%'71 (S, TS S
= 3o sate) [ Rl (s

te J,(i=1,2,...,m).
Then the integral equation (22) is transformed into the operator equa-
tion as:

(2.6) z(t) = Az(t) - Bz(t) + Cz(t), teJ

We shall show that A, B and C' satisfy all the conditions of theorem
for three operators in a Banach algebra, due to Dhage [5]. This will be
achieved in the following series of steps.

Step 1. We first show that A and C' are Lipschitzian on X. To see
this, let z,y € X. So

[Az(t) — Ay(t)] = [g(t, z(t)) — g(t, y(1))]
< w(t)]x(t) —y(t)| < lw®)||z(t) —y(t)].
Taking the supremum over t € J, we get
[Az — Ayl| < [lwllllz —yll, Vz,y € X.

Therefore, A is Lipschitzian on X with Lipschitz constant ||w]|.
Analogously, for any z,y € X, we have

|Ca(t) — Cy(t)]

Zkty NI hi(t, y(t))

NI"h Z (t,x(E) I hi(t, y(t))
+ Z Rt 2 ()T ha(t, y(8) = Y kit y(E) I halt, (1)
i=1 i=1

<D kit 2O ha(t, 2(t)) = 17 hlt, y (1))

+ Z kit 2(8)) = kit y ()T ha(t, y (1))

bt —s)n—t

T(v) i(t)|z(s) —y(8)|ds

< S (Iks(t 2(8)) — Fa(t, 0)] + [kat, 0] /

i=1

#3oNG 0] [ (6D — .0 + il 0
= 2 I

le(t |+K}/O “Ff))lw Jlla(s) — y(s)]ds
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+ E [Ai(0)]|(t) |/ |¢z( Ny (s) + Hilds
- ||¢i||T”"
—yI >IN ALl L
<z Z/Hi 1[” ]l + }F(%Jrl)
by i H;
+ ;1 [Allllalllyll + Hill|lz — Ve ( n 1)
[Nl + Kl + Xl ls]r + H]
<|lx— T
<le—vly Ll It

Taking the supremum over ¢t € J, we get

S )\ T+K wl + )\z wz r+H
|Cz — Cyl| SZ LAl HF(UY _|_H1)H[” | ]T%H I

This shows that C' is a Lipschitz mapping on X with the Lipschitz
constant

=1

in: Al + K[| + IAall el + Hil oy
P I'(yi+1)

Step 2. We show that B is a compact and continuous operator on S
into X.

First we show that B is continuous on X. Let {z,} be a sequence in S
converging to a point x € S, let us assume that ¢t € J and since fa(t, z(t))
is continuous in X, then fo(t, z,,(t)) converges to fa(t, z(t)), (see assump-
tion (As)). Applying Lebesgue Dominated Convergence Theorem, we
get

lim 17 fo(t, 2, (t)) = I” fo(t, 2(¢)).
n—oo

Also, since f1(t,x(t)) is continuous in x, then using the properties of the
fractional-order integral and applying Lebesgue Dominated Convergence
Theorem, we get

lim Bx,(t) = nh_g)lo I fy (t,lﬂfz(tafn(t))>

= 1, (£.1° Fa(t, (1))
= Bux(t).

Thus, Bx,, — Bz asn — oo uniformly on R, and hence B is a continuous
operator on S into S.

Now, we show that B is a compact operator on S. It is enough to
show that B(S) is a uniformly bounded and equicontinuous set in X.
On the one hand, let « € S be arbitrary. Then by hypothesis (As),

wﬂmsé“aﬂmwfﬁwﬁuws
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t _Sa—l
< [T als) o) Pl ()

(@)

t (t _ S)Ozfl (t _ S)afl
SAF()U%f/HMWMﬂm@ﬂwﬁ
< I +Hby/ =" 18 (s) s

< I%a(t)| + !\b!!I”+ﬁ\m )\
t (t _ S)a—l t (t _ S)a-{-ﬁ—l
< M —d b|| M. —d
L el A v
« TaJr,B

T
bl
Tarn Tl

<M —
= Tla+f+1)

= A.
Taking supremum over ¢t € J, we have
[Bz(t)[| < A,

for all x € S. This shows that B is uniformly bounded on S.

Now, we proceed to show that B(S) is also equi-continuous set in X.
Let t1,ty € J,and x € S. (without loss of generality assume that t; < t2),
then we have

(Ba)(t) — (Bo)(t)
Pt =) B (e m(s)))ds
< [ BRI A s s

t1 F(O{)
t1 —_ 5 a—1
~ /0 (h F(a)) Fuls, T2 fo(s, 2(5))ds
t1 — g 1 _ — g 1
SL (t2 = 5) r$“ S (s 1P fals, 2(s)))ds

and

|(Bz)(t2) — (Bx)(t1)]
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bty —5)¥ L — (t; — 5)@
= /0 ()

-1
| f1(5, 17 fa(s, 2(s)))|ds

to (t _ S)afl
Jr/,f1 2F(a) |f1(s, 17 fa(s, () |ds

t1 (t _ S)a—l _ (t _ S)a—l
< /0 2 R [las)| + ()17 fa(s, 2(5)) ] ds

g — 5 — 2(ts — 11)°]
< lai < T+

t1 (tg _ S)a—l o (tl . S)a—l ﬁm \ds
iy i Pm(s)d

+ /t " (2 = (Z);_llﬁm(s)ds}

1

t5 —t§ — 2(ty — 1)
§||CL||<| 2 1 (2 1) |>

T(a+ 1)
| [ O 2T O D i,
’ / e |

< oy (12 =2 =0

B (1 — s (s)f
*/tl I(a) F(B+1)d8]

[tS —t& — 2(te — t1)?]
<”“”< T+
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T8 t (tQ — 8)a_1 — (tl — S)a_l
d
| — :
1

I3+ )

of ]

5 — 15 — 2ty — 11)°] 15— #9 — 2(ts — )0 [T
SW”( Mo+ 1) >+MM@< NCESUNCESY )’

|(B)(t2) — (Bx)(t1)]

[ty — 15 — 2(t2 — t1)"] |t§ — 1§ — 2(t2 — t1)°*|T”
< Ml ( Mo+ 1) ) * o1 ( Mo+ DB+ 1) ) ’

which is independent of x € S. Hence, for € > 0, there exists a § > 0
such that

lta —t1] <6 = |[(Bx)(t2) — (Bx)(t1)| <€,

for all t1,to € J and for all z € S. This shows that B(S) is an equicontin-
uous set in X. Now, the set B(S) is a uniformly bounded and equicon-
tinuous set in X, so it is compact by the Arzela-Ascoli theorem. As a
result, B is a complete continuous operator on S.

Step 3. Let x € X and y € S be arbitrary elements such that
x = AzBy + Cz. Then we have

|z (t)]
< [Az()[[By(t)] + [Cz(t)]

t _safl
SWW$®HA(tH$Uﬂ&ﬁh@M$M®

+ Z kit o () hi(t, 2(1))]

Sw@wwﬂ/(ﬁ§$&Uﬂ&ﬁh@w@m%

+; |k (t, (¢ ki(t,0)|+‘ki(tao)‘)/0
— hi(s,0)| + |hi(s,0)|)ds

< lo(ta(0)] [ 1ol + )17 e

(t)]a [T o es)] + Hy)ds
+Z;AM<M+KnA ROy (s (@)la(e)] + Hod

bt —s)n—t

riyy (hits, ()
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<t [ CEE o)+ o P

T
gj (®)(t) |+K>/O I ol + s
< llgliz®a(t) + 1T+ m(t)]
Zf; el + Kl + 5 [ 2,
S Ry R S A G
+§: (I Hr+f1§(>;\w+ﬂ>T%
<ol (M s + b )
+i (e + KU+ BT

Taking supremum over ¢t € J, we have

1) < Z (Al + Il(f(),iﬁ:bj!; + H)T

gl (o2 LI e
MNa+1) T(a+p+1)

<r.

Therefore, z € S.
Step 4. Finally we shall show that dM + p < 1 holds.
Since

= BS)Il
= sup {sup |Bx(t)|}
zesS (ted
M{T® 6| Mo To+P

= MNa+1) T(a+B+1)

and by (A4) we have

|l K) T

z’”: [ Ai HH + | !wzHK)T%
— I'(vi+1)

zmz (Il HH + |
=1 ")/Z—l-l)
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" (Al T\ o HidT
+4 AT A
(Z P+ 1) ) 2T+ 1)

i=1

UNHINT™ Y (MOT - by MpTeHs
4
+illal (Z I'(vi+1) F(a+1)+r(a+5+1)

=1

<1,

) [E (NI + [l K) T

2
= (H%’HH‘ + ||¢iHK')T%
I(vi+1) - [Z

o [l T HiK;T o~ (Il [l ]| T
+4<; Ly +1) );F(%Jrl Hlg H<Z C(vi+1) )M

=1

<1,

with 8 = 4] (£ Gl ) ana

Z (Il Hy + ||| )T
L(vi+1)

i [[Ai IIH + |[eha | )T
=1 714»1)

=1

m m
i T H KT
(35 et ) 5 K
-1 I(vi+1) ile('Yi"i'l)
Then

OM +p<1.

Thus all the conditions of Dhage’s hybrid fixed point theorem [G] are
satisfied and hence the operator equation x = AxBx+ Cx has a solution
in S. In consequence, problem (I[Z2) has a solution on J. This completes
the proof. O

By a similar way as done above, we can prove an existence result for
the following fractional hybrid differential equation

(2.7)
(6= 52 ka(t@(t))-17% i (ta(2))

D BEI0) = At P fo(t, (1), te,

x(0) = 0.

Lemma 2.4. Assume that hypotheses (A1) — (A4) hold, o, B, and ; €
(0,1), i = 1,2,...,m. If a function x € C(J,R) is a solution of the
FHDE (272), then it satisfies the quadratic fractional integral equation
(22).
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Theorem 2.5. Assume that the hypotheses (A1) — (A4) of Theorem 223
hold. Then the FHDE (EZ0) has at least one solution defined on J.

3. PARTICULAR CASES AND REMARKS

The problem (IZ2) considered in this paper includes many particu-
lar well-known classes of initial value problems of fractional differential
equations appearing in the literature and it is equivalent to a multi-
term quadratic integral equation of fractional order. This multi-term
quadratic functions leads to cover many fractional dynamical systems
and special cases:

(i) When k;(t,x) = 1, fo(t,x) = = and letting 8 — 0, we have the
following hybrid fractional integro-differential equation

[ m0=E rintao)
D PIOEI0) = N[ltz(t), J.

z(0) =0,

which is studied in [I9] in case of Caputo fractional derivative.
(ii) When fi(t,x) = 0, we have the m—term quadratic fractional
integral equation
m
2(t) =Y ki(t,x(t) I hi(t, x(t)),
i=1
which is studied in [I7].
(iii)) When fa(t,z) = x,m = 1,h;(t,x) = 1 and ,v; — 0 we have
the following quadratic fractional integral equation

w(t) = k(t, 2(t)) + g(t, x(£)) I f1(t, x(t)),

which is studied in [12] and when k(t,z) = p(t) € C(J,R) we
obtain a quadratic integral equation of fractional order which is
studied in [@] and [I7]. Also, taking g(t,z) = 1, we obtain the
fractional order integral equation

z(t) = p(t) + 1% f1(t, x (1)),
which is studied in [9].
(iv) Taking m = 1,hi(t,z) = 1 and y; — 0, we have the following
quadratic fractional integral equation
w(t) = ka(t,2(t)) + g(t, 2(O)) I f1(t, 1° ot (1)),

which is studied in [8] and proves the existence of solution of
a quadratic integral equations of fractional orders in Banach
algebra.
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(v) When k;(t,z) = 0, fo(t,z) = x and letting 8 — 0, we have the
following hybrid fractional differential equation

{ b* (%) = filt,x(t), ted,
z(0) =0,

which is studied in [21].
(vi) When k;(t,x) = 0,g(t,z) = 1. Taking fi(¢,z(t)) = p(t) + z(t).
we can deduce existence results for the following FHDE

afL‘ — B T
(3.1) { 5(0)@0, p(t) + It x(t),  tE€J,

(vii) Taking m = 1,k1(t,z) = fi(t,z),a — 1 and hy(t,z) = g(t,x),

we obtain the two term quadratic integral equation

x(t) =f1(t,w(t))/0 g(s,w(S))derg(t,x(t))/o fi(s,2(s))ds,

which is studied in [I5] and proves the existence of solution of
a quadratic integro-differential equation

(3.2) a;(t):/o g(s,x’(s))ds./o f1(s,2'(s))ds, z(0)
= Q.

Differentiating both sides of (B2), we

:ﬂwzﬁawﬁnﬁg@ww»w+gwfm{4ﬁ@w%»w,
then
MOZﬁUw@{AW&M$me@w®[£h@w@ﬂ&

(viii) Taking g(¢,z) = 1, we obtain a class of neutral fractional order
differential equations

(3.3)
U{ﬂﬂ—immmmfwﬁwwﬂ:ﬁmﬁﬁ@mm» tel
z(0) = 0.

Remark 3.1. The existence results for the FHDE (I2) can be proved
under another sequence of assumptions.

Let the assumptions of Theorem 223 be satisfied, and replace assump-
tions (A1) — (A2) and (A4) by the following assumptions:
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(A7) The functions ¢g : J x R — R\{0}, k;,: J x R — R, and h; :
J X R — R,hi(0,0) = 0,7 = 1,2,...,m, are continuous and
there exist positive functions \;(¢), ¥;(t), and w(¢) with norms
1Al [|i]], and ||w|| respectively such that

|ki(t, )| < pi(t)®(|z|),
|hi(t, z) — hi(t,y)| < ¥i(t)|z -yl
l9(t, ) — g(t,y)| < w(t)|z —yl.

(A}) There exists a number r > 0 such that

i (IIpll®( "”) ([billr + H;)T
=1 Fyl + 1)

M, T by My T A )

+ (lwlr+G) <F(a 1) T(a+B+1)

<,

where G = sup |¢(t,0)|, and H; = sup |h;(¢,0)],
teJ teJ

Em: @ (r) + [ Xl Hi + |9 || K] T
im1 (v +1)
WM T ||w||by MoT
Fat1) " Tat5s0)

<1

4. CONTINUOUS DEPENDENCE

In this section, we give sufficient conditions for the uniqueness of the
solution of the quadratic functional integral equation (I2) and study
the continuous dependence of solution on the function f;.

4.1. Uniqueness of the solution. Let us assume the following as-
sumption

(A3) Let f; : JxR — R,j = 1,2, be a continuous functions satisfying
the Lipschitz condition and there exists two positive functions
©(t),0(t) with norms ||¢|| and ||6]|, such that

|f1(t, ) = fi(t,y)| < p(t)]z -yl
‘fg(t,l‘) - f2(ta y)‘ < Q(t)’.’ﬂ - y’?

with F| = sup,c s |f1(¢,0)|, and F = sup;c ;| f2(¢,0)].
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Theorem 4.1. Let the assumptions of Theorem B3 hold, with replace
assumption (Az2) by (A3), if

S [l + Kl + Il willr + H]
>

T
P I(vi+1)
a+p3 a a+8
Ma+8+4+1) T(a+1) Ila+B+1)

<1
Then the solution x € C[0,T] of FHDE(I2) is unique.

Proof. Firstly, we notice that condition (A3) implies condition (Asg) for
functions f;, j = 1,2. Let =,y be two solutions of (I2). Then

(1) —y(?)]

< Zk (t, 2( Zk i(t,y(1))
+1g(t, () f1(t, 17 fo(t, 2 (1)) — g(t y(O) T fr(t, 17 fa(t, y(1)))]
< Zki(t,x(t)) Zk hi(t, y(t))

m

D kit z()) 7 h(t y(t Zkty M7 Rt y(t))

i=1

+ gt z(t)) — g(t, y(t I/

+ |g(t, z(t) \/

< Z|k (t, ()| T hi(t, z(t)) — T h(t, y(t))]

+

\fl (5,17 fa(s, x(s))|ds

If E I"fz(s (s)) — fi(s, I° f2(s,y(s))|ds

+ Z i (t, 2(t)) — ki (£, y ()7 ha(E, y(2))]

+ L)) — y(t |/

L))+ C) / U

|f1 (5,1° fa(s,2(s)) — f1(5,0)| + | f1(s,0)|]ds

_ s)afl
I'(a)
(t—s)m !

< D Mkt @) = ka(t, 0)] + |ki(2,0) H/ i) Yi(s)|z(s) —y(s)lds

i=1

p(s)117 fa(s,2(s)) = 17 fa(s, y(s))|ds

SN0l ~y(0] [ EL L it u(6) — s, 0) + (s, )]s

(t—s)*t

Jrlll(t)\lw(t)—y(t)l/0 Ta) ()17 fa(s, ()] + Fi]ds

L] + 6 [T e fa(s,2(5) = als () ds
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< S INOle0]+ K %w@( Mla(s) ~ uls)lds

i Ol ol [ 2 () a(o) + s
+ Lz —y||||sou/ S [I"nfz(s 2(s)) = fa(5,0)| + |fa(5,0)[] + F1 | ds
+ LIl + Gl / T;Hﬂﬂx(s) ~y(s)lds
< lle ol St + e LT

i=1

+ZIIA IUsllll]l + Hilllz — yll( +1)

et =il [ CEE [P o)+ Rl + R ds

+||L||H:CH+G}llw|\ll9\|/ Wfﬂllz—yll

[ K| i i H;
§Z| =l + ]Iliﬁ(lﬂlll)\l[llw Il + }Tw Iz — o]l

o+ [e%

T
+ 1Ll = Il GHHer(aJrﬂ T2 T Tt

]

Ta+5
+ LIzl + Gl elllolz — yl\m-

Taking the supremum for ¢ € J, we have

F(% + 1)

ny H[THQHTWFQ o }
MNa+p8+1) TD(a+1)

< [Z Wl -+ El sl + Wl + ..,

lellol|Te+*
+ [[|L]|r ‘f‘G]m |z —y].
Then
Uil + Ballnll + Il + Ha), r|OI T+ F
P‘(LZI D+ 1) T+ [(+B+1)
T°F lellol| T+
trs |+ 0zl + 61 I o — )

<0
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Since
Z 1IRY ||7“+KH|¢Z|| Halllllillr + Hi] 1,
1L [TllGHT“*BFz B | re+ 6] lelllofTe+?
FNa+pg+1) T(a+1) Fla+p+1)
<1,
then, z(t) = y(t) and the solution of the FHDE (I2) is unique. O

4.2. Continuous dependence. Next, we prove the continuous depen-
dence of the unique solutions on the functions f;.

Definition 4.2. The solution of FHDE (IZ2) depends continuously on
the functions f; if Ve > 0, 36 > 0, such that

[f1(t,z(@) = fitz(®)[ <6 = [z —a"|<e

Theorem 4.3. Let the assumptions of Theorem [.1 hold. Then the
solution of FHDE (I22) depends continuously on the function f.

Proof. Let x,z* be two solutions of the FHDE (I2).
Let 6 > 0 be given such that |fi(t,z(t)) — fi(t,z(t))] < J, ¥o > 0.
Then

[2() — 2" (8)]
<13kt o) hulta(®) = Y kilta” () hilt. " (9)

) / %ﬁ(s,ﬂfa(w(s»ds

—g(t,as*(t))/0 %f{*(s,fﬁh(s,x*(s))ds|

<Z|k (2O it x(t)) — I ha(t, 27 (1))

+ Z ki (t, 2()) — kit ()] 117 h(t, " (1)

1 lg(t, (1) |/ (S) (17 fo(s.(s))ds
otz (1)) / To@f (5, 17 fa(s, 2(5))ds|
T lg(t 2" (1)) / %ﬁ(s,fﬂﬁ(s,x(t»ds

~gtta’©) [ SR 1 (s (0)ds

Z'k (o (t fki(t,O)\+|ki(t,0)|]/0 %wi(t)\m(s)fx*(s)lds
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®)la(t) - 2" |/
+lg(t, z(t)) — g(t, =" ( |/
+ |g(t, =" (¢ |/

< Z[I/\i(t)llw(t)
+ Z Aa(@)[(t) — 27 (¢)

+ L(t)|x(t) — z* |/

+ (1L 2 >|+G>[ / “‘S)a Fu(5. 1 fols, 2(5))) — a5, 1 fols, 2" (5))|ds

|h s,27(8)) — hi(s,0)| + hi(s,0)|]ds

\fl (5,17 fa(5,2(s))|ds

\fl s, Iﬁfz(s w(s)) = fi (5,17 fo(s,a" (s))|ds

Iwi(S)llw(S) — " (s)|ds

—li(s) | ()] + Hilds

|f1 (5,17 fa(s,2(s)) = fi(s,0)| + |f1(s,0)[]ds

I'(e)
+/0 : }d) 1(, 1% fa(s, 27 (5))) — f1 (5, 1 fals,a" (s)))|ds
- IIszIT - il
<H$—$||Z[H)\ I+ Kil oy ( +ZHA Wil + Hillz = 2| 52—y

()11 f2(s,2(5))| + Fa]ds

+ (e ||+G)[ / (t ()) (I s, () — I° fals 2" () s
=zl +6) [ ET s

: Y7 T
< e == Ll + K t +Z||A Il + B s
sl =l [ S e 06 o(s)] + Bl + Filds
(Ll +6) [ ‘ Ff;) eI 18)la(s) — 2 (5) s
+ (Ll + O
ol Il T
<l =l St + K +;||A Al + H s
" T T8
+ Ll == el g g gy LIeNlell + P2l + 7
. T 77 . . T°
+ (LIl + ) Tt )lel T3+ )Hellllex I+ (L[]l H+G)5m
: il & T
< o= 21| Sl + e LT 1y 2 Wl + Bl s

=1
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T T°
+ IILIIIIsD\IF(a+1)[F(ﬂ+1)|[|\9llllwll+Fz]\+F1]
. T T8 . T
+ (LIl ||+G)F(a+1)|\¢IIF(ﬂ+1)H9II} + (1Ll +G>‘5r(a+1)‘
Taking the supremum t € J, we have
[l — 2%
- [l T e
< (1-— i K; A i H|—/—
< ( [;m I+ K +Z|| sl + Hl
T 5
L 0 F: F
Il gy g IOl + 2ol + F)
T T5 -1 5T
I + Oy el 1)!!9”]) (12 + &) gy
<.

This means that the solution of the FHDE () depends continuously
on f1. This completes the proof. O

By a similar way as done above, the continuous dependence of the
solution of the FHDE (I2) on functions k;, hi, i =1,2,...,m, fo and g
can be studied.

5. CONCLUSION

It is known that, various forms of fractional differential equations
model most natural phenomena. This variety in the study of compli-
cated fractional differential equations increases our ability to model var-
ious phenomena precisely. That helps develop modern software that
allows us to allow more cost-free testing and less consumption of mate-
rials. In this work, we have proven an auxiliary lemma related to the
linear variant of the FHDEs (I2) and stated sufficient conditions that
guarantee the existence of solutions in a Banach algebra due to Dhage
[6], some particular cases, remarks are added. Results on the existence
and continuous dependence of solutions for FHDE (I2) on function f;
were also studied. In the same way, the reader can get the continuous
dependence of solutions on the other functions.
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