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Woven g-Fusion Frames in Hilbert Spaces

Maryam Mohammadrezaee!, Mehdi Rashidi-Kouchi®*, Akbar Nazari®, and Ali
Oloomi*

ABSTRACT. In this paper, we introduce the notion of woven g-
fusion frames in Hilbert spaces. Then, we present sufficient condi-
tions for woven g-fusion frames in terms of woven frames in Hilbert
spaces. We extend some of the recent results of standard woven
frames and woven fusion frames to woven g-fusion frames. Also, we
study perturbations of woven g-fusion frames.

1. INTRODUCTION

Frames for a Hilbert space were first introduced by Duffin and Scha-
effer [I0] in 1952. Daubechies, Grossmann and Meyer [8] reintroduced
frames, in 1986 [8] and considered from then. Frame theory has ap-
plications in signal processing, image processing, data compression and
sampling theory.

Orthonormal bases are special case of frames in Hilbert space. Any
element in a Hilbert space can be present as an infinite linear combina-
tion, not necessary unique, of the frame elements. For more information,
readers can refer to [, [1].

Some new types and generalizations of frame were introduced by re-
searchers such as fusion frames, g-frames, woven frames, ... . Frame
of subspaces or fusion frames are a generalization of frames which were
introduced by Cassaza and Kutyniok [4] in 2003 and were investigated
in [, §, 12, 13]. Generalized frames or in abbreviation g-frames were
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introduced by Sun [I'7] in 2006. Most recently, g-fusion frames in Hilbert
space were introduced by Sadri et.al. [I6].

In other side, weaving frames were introduced by Bemrose et.al. [7]
and [6] in 2016. Weaving frames are powerful tools for pre-processing
signals and distributed data processing. Many researchers studied and
generalized weaving frames. Some of these generalizations are weaving g-
frames, weaving fusion frames [14], Weaving K-frames [4] and controlled
weaving frames [[3].

In this paper, motivated and inspired by the above-mentioned works
we introduce the concept of weaving g-fusion frame. This frame includes
weaving g-frames and weaving fusion frames. We extend some of the
recent results of standard woven frames and woven fusion frames to
woven g-fusion frames. Also, we study perturbations of woven g-fusion
frames.

The paper is organized as follows: Section B contains the basic defini-
tions about fusion frames, g-frames, g-fusion frames and woven frames.
Section B is devoted to introducing the woven g-fusion frames and inves-
tigating their structuers. In section B, we study perturbations of woven
g-fusion frames.

2. BASIC DEFINITIONS AND PRELIMINARIES

As a preliminary of frames, at the first, we mention fusion frames.
Also we review g-frames, g-fusion frames and woven frames . Through-
out this paper, I is the indexing set where it can be a finite or count-
ably infinite set, and [m] is the set consisting of the of natural numbers
{1,2,...,m}. Also, H and K are separable Hilbert spaces andB(#, K)
is the collection of all the bounded linear operators of H into K. If
H = K, then B(H,H) will be denoted by B(#H) and P is the orthogonal
projection.

2.1. Fusion Frames. In 2003, a new type of generalization of frames
were introduced by Cassaza and Kutyniok to the science world that
today we know them as fusion frames. In this section, we briefly recall
some basic notations, definitions and some important properties of fusion
frames that are useful for our study. For more detailed information one
can see [, @, B, 12, 13].

Definition 2.1. Let {v;};er be a family of real weights such that v; > 0
for all 7 € I. A family of closed subspaces {W;};cr of a Hilbert space H
is called a fusion frame (or frame of subspaces) for H with respect to
weights {v; }ier, if there exist constants C, D > 0 such that

(2.1) CIAP <Y o I1Pw: (NI < DIFIP, VfeH,

i€l
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where Py, is the orthogonal projection of H to W;. The constants C
and D are called the lower and upper fusion frame bounds, respectively.
If the right inequality in (Z0) holds, the family of subspace {W;};cr is
called a Bessel sequence of subspaces with respect to {v; };cr with Bessel
bound D. Also it is called a tight fusion frame with respect to {v; }ier,
if C = D and is called parseval fusion frame, if C = D = 1. We say
{Wi}ier an orthogonal fusion basis for H, if H = @,y W;.

Definition 2.2. The fusion frame {W;};cr with respect to some family
of weights is called a Riesz decomposition of H, if for every f € H, there

is a unique choice of f; € W; so that f=>_ f;.
1€l

For each family of subspaces {W;};c1 of H, the representation space:

(Z @Wi> = {{fz‘}ieﬂfz‘ e W;and Y _||fill* < 00} ;
e?

i€l i€l
with inner product
{fitier{gitier) =D (fir9i)
i€l
is a Hilbert space. This space is needed in the study of fusion systems.

Definition 2.3. Let {W;};c1 be a fusion frame family for H with respect
to {v;}ier. Then the analysis operator for {W;};er with weights {v; }ien
is defined by:

Uwop:H— (Z @Wi) o Uwpl(f) = {viPw, () }ier -
i€l 02
The adjoint of Uy, is called the synthesis operator, we denote Ty, =
U
By elementary calculation, we have

Tw, : (Z @Wi> =M,  Twu({fiie) =Y viPwfi-
icl 2 i€l

Like discrete frames, the fusion frame operator for {W;};cr with respect

to {v; }ier is the composition of analysis and synthesis operators,

Swe:H —H, Sw(f) = TwpUwo(f) = ZUZZPWi(f)7 VfeH.
el
The following theorem presents the equivalence conditions between
the fusion frames and their operators.

Theorem 2.4. Let {W;}icr be a family of subspaces in H and {v;}icr
be a family of weights. Then the following conditions are equivalent:



136 M. MOHAMMADREZAEE, M. RASHIDI-KOUCHI, A. NAZARI, A. OLOOMI

(i) {Wi}tier is a fusion frame with respect to {v;}ier.
(ii) The synthesis operator Ty, is bounded, linear and onto.
(iii) The analysis operator Uw.,, is a (possibly into) isomorphism.

2.2. Generalized Frames. Sun [I7] introduced g-frames which are
generalized frames and include ordinary frames and many recent gener-
alizations of frames.

Definition 2.5. Let {#;};cr be a family of Hilbert spaces. We call
A ={A; € B(H,H;), i €} a g-frame for H with respect to {H;}ic1, or
simply, a g-frame for H, if there exist two positive constants C, D such
that

(2.2) CIFIP <D INAIP < DIFIP, VfeH.

i€l

The positive numbers C' and D are called the lower and upper g-frame
bounds, respectively. We call A a tight g-frame, if C' = D and we call it
a parseval g-frame, if C = D = 1. If only the second inequality holds,
we call it g-Bessel sequence. If A is a g-frame, then the g-frame operator
Sy is defined by

Saf =) MAf, fen,
i€l
which is a bounded, positive and invertible operator such that
Al < Sy < BI,

and for each f € H, we have

f=8aSy"f
=S Saf
=Y S A
i€l
=> AIASLF

i€l

The canonical dual g-frame for A is defined by {A;S}'}ier with bounds
£, 5. In other words, {A;Sy Vier and {A;}icr are dual g-frames with

respect to each other.

It is easy to show that by letting H; = W;, A; = Py, and v; = 1, a
fusion frame is a g-frame.
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2.3. Generalized Fusion frames. Generalized fusion frames (g-fusion
frames) in Hilbert space were introduced by Sadri et.al. [I6].
Let

(Z @Hz) = {{fz‘}ieﬂfi € Hiand Y | fil” < OO} ;
EQ

i€l i€l
with the inner product defined by

{fitier {gitier) = > (firgi)
i€l

is a Hilbert space.

Definition 2.6. Let W = {W;};cr be a family of closed subspaces of
H, {vi}icr be a family of weights, i.e. v; > 0 and A; € B(H,H,;) for all
i €l. Wesay A := (A;, W;,v;) is a generalized fusion frame (or g-fusion
frame) for H, if there exist 0 < A < B < oo such that for each f € H
(233) ANFIP <07 1APw fI2 < B FIIP.

i€l
We call A a parseval g-fusion frame, if A = B = 1. When the right hand
of (233) holds, A is called a g-fusion Bessel sequence for H with bound
B. If H; = H for all ¢ € T and A; = I3, then we get the fusion frame
(Wi, v;) for H. Throughout this paper, A will be a triple (A;, W;, v;)
with ¢ € I unless otherwise stated.

Definition 2.7. Let A be a g-fusion frame for H. Then, the analysis
operator for A is defined by

Urn:H— (Z @Hz‘) o Ia(f) = {vihiPw, (f) }ier -
1€l 02
The adjoint of Uy is called the synthesis operator, and is denoted by
Th =Uj.
By the elementary calculation, we have

Ty : (Z 697'[1') — H, Ta({fi}ier) =Y viPw,Aff;.
1€l 02 i€l

The g-fusion frame operator A is the composition of analysis and syn-

thesis operators,

SniH =M, Saf=TaUs(S) =Y v}Pw,AjAiPw, .
i€l
We have
(Safs £y =" vl |APw, f]*.

i€l
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Therefore
CI < Sy <DI.

This means that S, is bounded, positive and invertible operator (with
adjoint inverse). So, we have the reconstruction formula for any f € H

f=> viPw AN Py, Sy f
1€l
=> 7S P, AT A Py, f.
i€l
The following theorem gives the equivalence conditions between the
g-fusion frames and their operators.

Theorem 2.8 ([16]). Let A be the triple (A, Wi, v;) with i € 1. Then
the following conditions are equivalent:
(i) A is a g-fusion frame for H.
(ii) The synthesis operator Tx is bounded, linear and onto.
(iii) The analysis operator Sy is well-defined, bounded, surjectire.

2.4. Woven Frames. Woven frames in Hilbert spaces, were introduced
in 2015 by Bemrose et.al. [2, B, ], after that, Vashisht, Deepshikha, and
others. have done more research [9, I8-20]. They have studied a variety
of different types of generalized weaving frames, such as g-frame, K-
frame, and continuous frame. In the following, we mention the definition

of woven frames.

Definition 2.9. Let F' = {f;;}icr for j € [m] (where [m] is the set
{1,2,...,m}) be a family of frames for separable Hilbert space H. If
there exist universal constants A’ and B’ such that for every partition
{0j}jeim), the family Fj = {fij}ico, is a frame for H with bounds A’
and B’, then F is said Woven frames and for every j € [m], the frames
F} are called Weaving frame.

3. WOVEN ¢-FUSION FRAMES AND THEIR STRUCTURES

In this section, we introduce woven g-fusion frames by extending and
improving the notions of g-fusion frames and weaving frames. We inves-
tigate the structure of woven g-fusion frames and characterize them.

Definition 3.1. A family of g-fusion frames {(A;;, Wij, vi;) }ien for j €
[m], is said woven g-fusion frames if there exist universal constants A and
B, such that for every partition {oj}jcpny of I, the family
{(Aij, Wij, vij) Yieo, jem) is a g-fusion frame for H with lower and upper
frame bounds A and B. Each family {(Ai;, Wij, vij) }ico, jepm) 18 called
a Weaving g-fusion frame.
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The following theorem states the equivalence conditions between wo-
ven frames and woven g-fusion frames.

Theorem 3.2. Suppose {A; € B(H,H;)}ier, {Ti € B(H,H;)}ier and
for everyi € 1, J; is a subset of index set I and v;, u; > 0. Let {fm}jeji
and {gi ;}jey, be frame sequences in H; with frame bounds (Ay,, By,) and
(Ag,, Bg,), respectively. Define

Wi =span{A; fi;}jer, Vi =span{l7gi;}jen, Vi€l
and choose orthogonal basis {e; ;}jey, for subspace H;. Suppose that
0<Af=inf Ay, < By =sup By, < oo,
i€l icl

and
0< Ay, =inf Ay, < B, = sup By, < oo.

iEH ie]l

Then the following conditions are equivalent:
(i) {wil\] fijierjen, and {1l gijtierjen, are woven frames in H.
(ii) {vilJeijticrjes, and {pil} e j}tier jen, are woven frames in H.
(iii) {(As, Wi, v4) bier and {(T's, Vi, i) }ier are woven g-fusion frames

in H with respect to {H;}ier.

Proof. Since for every i € I, {f;;}jey, and {gi;} ey, are frames for H;
with frame bounds (Ay,, By,) and (Ay,, By, ), then for o C I

A VI Pw, (DI + Ag Y w2 TPy, ()]
1€0 i€oc

<N AR NP, (NP + Y Ag 2 [IT:Py, ()]
1€E0 1€0¢

= " Ap ki Pw, (P + > Ag, 1T Pr, ()]
i€0 1€0¢

<Y WP, (), Fi )P+ DD Wi Py (), 9ig)|?
1€o jEI; i€o€ jET;

< By [vihiPw,(HN* + D By TP ()1
1€0 1€0¢

< B> lvilhi P, (H)I” + By Y lmliPy, ()]

1€0 1E0C

(Z) = (ZZ’L) Let {ViA:fi,j}ie]I,jeJi and {uil“;‘gi,j}ieweji be Woven
frames for H, with universal frame bounds C and D. The above calcu-
lation shows that for every f € H,

DI Pw (O + Y bE TPy ()1

1€0 1€0°¢
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ZZ|APW f).vifig) | +ZZ’PPV Nigi7j>|2

i€o jEJ; i1€0€ jE;
* 2 * 2
SO KA fi) P4+ YD 1 il )]
i€o jE; 1€0€ jE;
D 2
<
< =17,

where A = min{Ay, Ay}. For lower frame bound,

S VM Pw (OIF+ > wf TPy ()]

i€o 1€0°
ZZ’APW@ Vlfl,j’ +ZZ‘FPVZ Uzgmﬂ
i€o j€J; 1€0°¢ jE€J;
SO KL vil i fi )P4+ D D maligig)
i€o jEJ; i€oc jel;
C 2
>
> 1P,

for every f € H, B = max{By, By}.This calculations implies (iii).

(i4i) = (i)  Let {(Ai, Wi,vi)}ier and {(I's, Vi, pi) ier be woven g-
fusion frames with universal frame bounds C' and D. Then for every
f € H, we have

SO WA £ )P D0 I wT g

€0 jEJ; i€oc jel;
=SS 1P, (), )P+ 30 [P, (), 9i)]
€0 jel; €0 jE];
> Ay AP, (AP + ) Ag,sd ITi Py ()]
i1€0 1€0¢
> A (Z v NP, (DI + ) IIFiPw(f)II2>
i€o 1€0¢
> AC|£]1?,

and similarly

SOS LA £ )P+ Y0 S T wlgi) P < BDIfIP

i€o jel; i€oc jel;
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So (i) holds. (ii) <= (dii) since {e;;};ecy, is an orthonormal basis for
subspace H;, then for f € H, we have :

> v IIAPw, (NI + D 4f 1T Py (D1

1€o i€oc
2
= Z%Z Z (NiPw, [, eij)eij
i€o Jj€l;
2
+ Z I Z (LiPv,(f) €ij) €i
1€0° J€d;
=> v APw,(f),ei)”+ ) pi Y KLiPy(f).eis)l
€0 7€d; 1€0¢ J€l;
* 2 * 2
=2 D [fwilfei) P+ > [(f wleig)
i€o jEJ; 1€0¢ jE;
So (it) is equivalent to (7i1). O

In the following theorem, we show that the intersection of components
of a woven g-fusion frames with the other subspace, is a woven g-fusion
frames for the smaller space.

Theorem 3.3. Let K be a closed subspace of H and let {(A;, Wy, v4) }ier
and {(T';, Vi, i) Yie1 be woven g-fusion frames for H with respect to {H,; }icr
with woven bounds A and B. Then {(Ai, W; NIC,v4) bier and {(T;, Vi N
IC, i) Yier are woven g-fusion frames for H with universal bounds A and

B.

Proof. Let the operators Pw,nx = Pw,(Px) and Py,nx = Py,(Pr) be
orthognal projections of H onto W; N IC and V; N K, respectively. Then
for every f € K, we can write:

S VM Pw, (OIF+ > wf TPy ()]

1€0 i€0¢
= > 2 AiPw, (PO + D wf 1Ty (Pe(£)]1?
i€0 i1€0¢
=V INPwioc (DI + D ITiPriac (I,
i€o 1€0¢
which implies the result. O

The next proposition shows that every weaving of g-fusion Bessele,
automatically has upper Bessel bound.
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Proposition 3.4. Let {(Ayj, Wij, vij) biel be a g-fusion Bessele sequence
of subspaces for H with bounds Bj for all j € [m]. Then every weaving
of this sequence is a Bessel sequence.

Proof. For every partition {o;} e[, such that o; C I for j € [m] and
for f € H, we have

m
Z Z v HAiiPWz'j

j=1ico,

Z HA’LJPWZJ )H2

Ms i MS

B;[If]1*.

<.
Il
—

g

Next theorem is a generalization of Lemma 4.3 in [2], for g-fusion
frames.

Theorem 3.5. Suppose that {(A;, Wi, v;) Yier and {(1's, Vi, i) Yier are g-
fusion frames for H and also let for every two disjoint finite sets I, J C 1
and every € > 0, there exist subsets 0,0 C I (I U.J) such that the
lower g-fusion frame bound of {(Ai, Wi, vi) bie(rue) U{(Ls, Vi, pi) Yie(us)
is less than €. Then there exists M C I such that {(Ai, Wi, vi) biem U
{(Ts, Vi, i) Yieme s not a g-fusion frame. Hence {(A;, Wi, v;)}icr and
{(Ts, Vi, ;) }icr are not woven g-fusion frames.
Proof. Let € > 0 be arbitrary. By hypothesis, for Iy = Jy = (), we can
choose o1 C I, so that if §; = of, then the lower g-fusion frame bound
of {(Ai, Wi, vi) Yie(rue) U {(Li; Vis 11:) bie(sus) 18 less than e. Thus there
exists f1 € H, with || f1]| = 1 such that

N Pw (FOIP + D i ITs Py (f)° < e

i€oy i€d1

Since{(A;, Wi, v;) }ier and {(T';, Vi, i) i are g-fusion frames, so

Z 2|8 B (P + S 2 TP (F)] < oo,

=1
therefor there is a positive integer k1 such that

[o¢] o0
> NP (MIP+ Y # TPy (f1)]? < oo
i=k1+1 i=k1+1

Let I = 01 ﬂ[k)l] and J; = 61 m[lﬁ] Then IlﬂJl = () and 11UJ1 =
[k1]. By assumption, there are subsets 09,02 C [k1]¢ with dy = [k1]¢ 09
such that the lower fusion frame bound of

{(Ais Wi, vi) e (1uo) Y {4, Vi, ) Yie (gus)
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is less than §, so there exists a vector fo € H with ||f||? = 1, such that

€
> AlAiPw(R)IP+ ) w TPy ()l < 5

1€l1Uo2 1€J1Uda
Similarly, there is k3 > k1 such that
oo o €
o AlAPw ()12 + Y mEITiPy(f))? < 3
i=ko+1 i=ko+1

Set 12 = Il U(O’Q ﬂ[k‘g]) and JQ = J1 U(52 ﬂ[k‘g]) Note that 12 ﬂJQ = @
and Iy |J Jo = [k2]. Thus by induction, there are:
(i) a sequence of natural numbers {k;};cr with k; < k;11 for all
i €1,
(ii) a sequence of vectors { f;}ier from H with || fi|| =1 for all ¢ € I,
(iii) subsets o; C [ki—1]¢, 0; = [ki—1]®\ 04,7 € I and
(iv) L,=1,1 U(O’Z ﬂ[kl]), Ji=Ji—1 U((Sz ﬂ[kz]),l € 1 which are abid-

ing both:
€
Yo RlINPw(F)IP+ D TPy ()l < e
i€lp_1Uon i€Jn_1Udp
and
o0 o0
€
Yo N Pw)IP+ D wE TPy (fa)llP < —
i=kn+1 i=kn+1

By construction I; () J; = 0 and I; |J J; = [k;], if we suppose that M =
U2, I; then M© = (J;2, J; such that M|JM® = I, then we conclude
from the above inequalities:

> AP, (P + Y kTP, (f:)]

1eEM ieMe

= (Z Vi2 ”AZPWz(fn)HQ + Z M? HFZ’PW(fn)H)

i€ln i€Jn

+ D AlNPw IR+ Y w TPy ()

ieMnlkn)® i€Men[kn]e

<| Y AlINPv(f)IP+ Y mE TPy ()l

1€l _1Uon 1€Jn—1Udn

o0

+ Y AlAPw ()IP+ Y wE TPy (i)l

i=knp+1 i=kn+1
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€
e
n o n
_26
=

Therefore the lower g-fusion frame of
{(As, Wi, i) Yieamd | L@, Vi i) Yt
is zero, that is a contradiction. Thus {(A;, Wi, v;) bier U{(Ti, Vi, 1) bier

can not be a woven g-fusion frame. U

This section is concluded by showing that the upper bound in Propo-
sition B can not be optimal for woven g-fusion frames.

Proposition 3.6. Suppose that {(A;, W;,v;)}ier and {(Ty, Vi, i) }ier are
g-fusion frames for H with optimal upper g-fusion frame bounds B1 and
Bs such that they be woven g-fusion frames. Then By 4+ Bs can not be
the optimal upper woven bound.

Proof. Assume on the contrary, which is By + Bs is the smallest upper
weaving bound for all possible weavings. Then by definition of optimal

upper bound, we can choose o C I and || f|| = 1, such that
2 2
5“p||f||1<ZVz‘2 1w (AP + 3 I Pw ()] ) = Bi + By.
€0 1€0°

Using of supreme property, for every € > 0, there exists f € H, such
that

D v INPw, (HIP + D if TPy (I = By + Bz — e,
1€o i€l
and using of upper fusion frame property, we have
D v IAPw, (NIP + D wf TPy (F)II* < Bi+ Ba.
i€o i€l
So:
> IAPw (D12 + D wf ITiPy (P <e.
i€l\o i€l\o°
Now, if we assume o1 =1\ o, then ¢f =1\ ¢¢. Therefore
v IAPw, (HIP+ D i ITiPy ()] < e,
1€01 i€y
and this shows that there is a weaving for which the lower frame bound
approaches zero. Theorem BE gives that {(A;, Wi, v;)}ier and

{(Ts, Vi, ;) }icr are not woven g-fusion frame, which is a contradiction.
O
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Proposition 3.7. Let {(A;, Wi, v;) }ics and {(Ty, Vi, i) }ies be g-fusion
frames, such that J C 1. Then {(A;, W;,v;) }icr and {(Ty, Vi, ps) bier are
woven g-fusion frames.

Proof. Let the positive constants A be the lower woven bound for
{(Ai, Wi, v) bies and {(T'y, Vi, pi) }ics. Then for every o C I and f € H,

we have

AlFIP< Y v INPw, (NP + Y ITPy ()]

iconJ i€ocnJ
2 2
<Y INPw (NI + D f TPy ()
1€0 1€0°¢

< (Ba+ Br) |IfII%,

where By and Br are upper fusion frame bounds for {(A;, Wi, v;) bies
and {(I';, Vi, ;) }ics respectively. O

Proposition 3.8. Suppose {(A;, Wi, v;) bier and {(Ty, Vi, i) bier are g-
fusion frames for H with universal woven bounds A and B. For some
constants 0 < D < A and J C 1, if we have:

DV INPw (DI < DIIFI*, VfeH.
i€J

Then {(Ai, Wi, vi) Yieng and {(Ts, Vi, i) Yien s are g-fusion frames for
H and are woven g-fusion frames with universal lower and upper woven
bounds A — D and B, respectively.

Proof. Assume o C I'\ J. Then for all f € H

YV INPw,(HIP+ Y wd TPy (DI

€0 i€(I\J)\o
= ( > N Pw (O =D vF 1A Pw, (£l )
i€oUJ ieJ
+ > w TP
ie(I\J)\o

=| X dlINPw(NIP+ Y wd TPy (NI

i€oUJ €I\ (JUo)
=Y v AP ()]
ieJ
> (A= D)|If|I*.
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For upper woven bound, we have

DV INPw (OIP+ Y HE TPy (I

i€o ie(I\J)\o
< > INPwOIP+ DD i TPy (N
i€oUJ i€\ (aUJ)
< BIIfII*.

Thus {(As, Wi, vi) bien\ s and {(T's, Vi, 1) }ien\ s are woven g-fusion frames.
Now, if we take 0 = I and o¢ = ¢, then {(A;, Wi, v4) }ien s is a g-fusion
frame:

> v lAiPw ()]

1€\J
=> VP IAPw, (N7 =D v 18 Pw, ()]
i€l ieJ
= P IAPw, (D12 + Y wd ITPv,(H12 =D v [1Pw, ()P
i€o i€oc e
> (A-D)|f1*.

Similar to above, we can demonstrate that {(I';, V;, 11;) }ier\ s is a g-fusion
frame with same bounds.

4. PERTURBATION OF WOVEN G-FUSION FRAMES

In this section, we show that those of g-fusion frames that are small
perturbations of each other, constitute woven g-fusion frame. We start
this section with Paley-Wiener perturbation of weaving g-fusion frames
and continue two results of perturbations in the sequel.

Theorem 4.1. Let {(A;, Wi, v;) bier and {(Ty, Vi, ps) bicr be g-fusion frames
for H with respect to {H;}ic1 with g-fusion frame bounds (Ax, Br) and
(Ar, Br), respectively. If there exist constants 0 < Ai,Aa,pu < 1 such
that:

AQA (\/BiA‘F Br) (Al\/BiA‘F)\Q\/BiF"F,U) <1
and

(4.1) ITA(f) = To(HI < M (ITACHI+ A2 ([T () + 1,

where Ty, It are the analysis operators for these g-fusion frames, then
{(Ai, Wi, vi) bier and {(Ty, Vi, pi) Yicr are woven g-fusion frames.
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Proof. For each o C I, we define the bounded operators

1% (Z @%Z) —H,  TR(f) =) viPwAlf;
€0
and

7 - <Z @Hz) —H,  TR(f) =Y mPylifi,

i€o

for every f = {fiher € (M) Note that [T(7)] < ITa()L
1€0

ITECOI < 1 Te ()] and [TR(f) = TE(OI < I1Ta(f) = TE(f)[| because
for f = {fi}ie1 € <Z @%;),

€0
TR (O =D vi |1 PwA; fil®
1€0
<> v Pw AL
i€l
= |ITa(H)II*.
Using statement (B71), for every f € H and o € I, we have
ITRUR(f) = TRUR (NI = ITRUR(f) = TRUR (f) + TXUR (f) = TR UR (f)l
< TRWUR = UR) (NI + (TX = T2)UE ()
< TRINUR = ORI+ TR = TR HIUE A
STl NTs = Tel LA+ ITa = TolHITe [ A1
= Ta — Tl (NTall = (17T [1£]

(MVBx+22V/Br + 1) (VBx+ VBr) If]

A
=
Now by using above calculation, we have
ST° + S = Sy + 5% — 5%
> AN — ||SX = SPl I

A A
> ———J]=—1.
ApT 5 I 5

IN

IN

A
This shows that = is the universal lower woven bound. Finally, for
universal upper bound, we have

SOV Pw IR+ i TPy fI? <Y v IAPw, F12+ > pd ITePy, f11?

1€0¢ 1€0 i€l i€l
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< (Ba+ Br) |l
U
Theorem 4.2. Let {(A;, Wi, v;) Yier and {(Ti, Vi, i) Yier be g-fusion frames
for H with respect to {H;}icr and g-fusion frame bounds (A, Bp) and

(Ar, Br), respectively. If there exist constants 0 < X\, u,y < 1, such that
ABA + uBr + v Bax < Ax. We have

S% < AS§ + uSg +US,

where Sn,Up are g-fusion frame operators of {(Ai, Wi, vi)Yier. Then
{(Ai;, Wi, vi) bier and {(T, Vi, i) Yier are woven g-fusion frame with uni-
versal woven bounds

(AA — ABj — uBr — BA) , (Br ¥ ABa + uBr + fy\/B*A) .
Proof. First, for lower frame bound, we have
SE 45 =Sa+ S8 — 5%

= Sr— (S5 = S7)

> ApI — (ASS + pSE +UR)

(AA ~ ABx — uBr —~ BA) I.
Also, for upper frame bound, we have

SS + 89" = Sp + ST — 52
< (BF + ABa + pBr +7¢Bj> I.

Therefore g-fusion frames {(A;, Wi, v;) }ier and {(I's, Vi, i) }ier are woven
g-fusion frame with considered bounds. O
Theorem 4.3. Let {(A;, Wi, v;) bier and {(Ty, Vi, v4) bier be g-fusion frames
of H with respect to {H;}ier and g-fusion frame bounds (A, Bp) and

(Ar, Br), respectively. Also, if there exists a constant K > 0, such that
for every o C1:

> VAP, f — TP, f|| < K min {Z v |APw, £, D vi IIFiPuifH} ;
1€0 1€0 €0

then {(As, Wi, vi) Yier and {(Ty, Vi, vi) bier are woven g-fusion frame.
Proof. Let o C 1 be an arbitrary set. By hypothesis for every f € H,
we have

(An + Ap) || f]1?
< AP, (HIP + D v TPy ()

iell iell
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= (Z v | AP, ()P + D 1A Pw, (f) = TiPy, () + FiPw(f)||2)

1€0 1€0°¢

+ (Z v ITiPy,(f) = AP, (f) + APw, (I + D 07 HTz'PuifH2>

€0 €0

<D A Pw (NI +2 Y v |AiPw, (f) = DaPy ()|

1€0 1€0°¢
+2 3 TPy (N2 +2 v 1P, (f) = Ti Py (/)]

i€c€ i€0
+2) NP, (HIF+ D TPy ()

1€0 1€0°¢

< VP AP, ()P +2 <K Y ITPuOIP+ ) v HFz‘Pw(f)HQ>
i€o 1€0€ 1€0°¢
+2 (sziz IAPw, (AN + D v 1MPw, (HI) + > v} HFiPw(f)Hz)
i€0 i€o €0
(2K +3) <Z v AP, (AP + ) v} IITz'Pvi(f)HQ) ,
€0 1€0C
then
.AA-+.AF

IFIP < Y v? AP, () + Y w2 TPy ()1

1€0 1€0°

< (Ba+ Br) [I£II*.

2K +3
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