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Woven g-Fusion Frames in Hilbert Spaces

Maryam Mohammadrezaee1, Mehdi Rashidi-Kouchi2∗, Akbar Nazari3, and Ali
Oloomi4

Abstract. In this paper, we introduce the notion of woven g-
fusion frames in Hilbert spaces. Then, we present sufficient condi-
tions for woven g-fusion frames in terms of woven frames in Hilbert
spaces. We extend some of the recent results of standard woven
frames and woven fusion frames to woven g-fusion frames. Also, we
study perturbations of woven g-fusion frames.

1. Introduction

Frames for a Hilbert space were first introduced by Duffin and Scha-
effer [10] in 1952. Daubechies, Grossmann and Meyer [8] reintroduced
frames, in 1986 [8] and considered from then. Frame theory has ap-
plications in signal processing, image processing, data compression and
sampling theory.

Orthonormal bases are special case of frames in Hilbert space. Any
element in a Hilbert space can be present as an infinite linear combina-
tion, not necessary unique, of the frame elements. For more information,
readers can refer to [7, 11].

Some new types and generalizations of frame were introduced by re-
searchers such as fusion frames, g-frames, woven frames, ... . Frame
of subspaces or fusion frames are a generalization of frames which were
introduced by Cassaza and Kutyniok [4] in 2003 and were investigated
in [1, 5, 12, 13]. Generalized frames or in abbreviation g-frames were
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introduced by Sun [17] in 2006. Most recently, g-fusion frames in Hilbert
space were introduced by Sadri et.al. [16].

In other side, weaving frames were introduced by Bemrose et.al. [2]
and [6] in 2016. Weaving frames are powerful tools for pre-processing
signals and distributed data processing. Many researchers studied and
generalized weaving frames. Some of these generalizations are weaving g-
frames, weaving fusion frames [14], Weaving K-frames [9] and controlled
weaving frames [15].

In this paper, motivated and inspired by the above-mentioned works
we introduce the concept of weaving g-fusion frame. This frame includes
weaving g-frames and weaving fusion frames. We extend some of the
recent results of standard woven frames and woven fusion frames to
woven g-fusion frames. Also, we study perturbations of woven g-fusion
frames.

The paper is organized as follows: Section 2 contains the basic defini-
tions about fusion frames, g-frames, g-fusion frames and woven frames.
Section 3 is devoted to introducing the woven g-fusion frames and inves-
tigating their structuers. In section 4, we study perturbations of woven
g-fusion frames.

2. Basic Definitions and Preliminaries

As a preliminary of frames, at the first, we mention fusion frames.
Also we review g-frames, g-fusion frames and woven frames . Through-
out this paper, I is the indexing set where it can be a finite or count-
ably infinite set, and [m] is the set consisting of the of natural numbers
{1, 2, ...,m}. Also, H and K are separable Hilbert spaces andB(H,K)
is the collection of all the bounded linear operators of H into K. If
H = K, then B(H,H) will be denoted byB(H) and P is the orthogonal
projection.

2.1. Fusion Frames. In 2003, a new type of generalization of frames
were introduced by Cassaza and Kutyniok to the science world that
today we know them as fusion frames. In this section, we briefly recall
some basic notations, definitions and some important properties of fusion
frames that are useful for our study. For more detailed information one
can see [1, 4, 5, 12, 13].

Definition 2.1. Let {vi}i∈I be a family of real weights such that vi > 0
for all i ∈ I. A family of closed subspaces {Wi}i∈I of a Hilbert space H
is called a fusion frame (or frame of subspaces) for H with respect to
weights {vi}i∈I, if there exist constants C,D > 0 such that

(2.1) C ∥f∥2 ≤
∑
i∈I

v2i ∥PWi(f)∥
2 ≤ D ∥f∥2 , ∀f ∈ H,
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where PWi is the orthogonal projection of H to Wi. The constants C
and D are called the lower and upper fusion frame bounds, respectively.
If the right inequality in (2.1) holds, the family of subspace {Wi}i∈I is
called a Bessel sequence of subspaces with respect to {vi}i∈I with Bessel
bound D. Also it is called a tight fusion frame with respect to {vi}i∈I,
if C = D and is called parseval fusion frame, if C = D = 1. We say
{Wi}i∈I an orthogonal fusion basis for H, if H =

⊕
i∈IWi.

Definition 2.2. The fusion frame {Wi}i∈I with respect to some family
of weights is called a Riesz decomposition of H, if for every f ∈ H, there
is a unique choice of fi ∈ Wi so that f =

∑
i∈I

fi.

For each family of subspaces {Wi}i∈I of H, the representation space:(∑
i∈I

⊕Wi

)
ℓ2

=

{
{fi}i∈I|fi ∈ Wi and

∑
i∈I

∥fi∥2 < ∞

}
,

with inner product

⟨{fi}i∈I, {gi}i∈I⟩ =
∑
i∈I

⟨fi, gi⟩ ,

is a Hilbert space. This space is needed in the study of fusion systems.

Definition 2.3. Let {Wi}i∈I be a fusion frame family for H with respect
to {vi}i∈I. Then the analysis operator for {Wi}i∈I with weights {vi}i∈I
is defined by:

UW,v : H →

(∑
i∈I

⊕Wi

)
ℓ2

, UW,v(f) = {viPWi(f)}i∈I .

The adjoint of UW,v is called the synthesis operator, we denote TW,v =
U∗
W,v.
By elementary calculation, we have

TW,v :

(∑
i∈I

⊕Wi

)
ℓ2

→ H, TW,v({fi}i∈I) =
∑
i∈I

viPWifi.

Like discrete frames, the fusion frame operator for {Wi}i∈I with respect
to {vi}i∈I is the composition of analysis and synthesis operators,

SW,v : H → H, SW,v(f) = TW,vUW,v(f) =
∑
i∈I

v2i PWi(f), ∀f ∈ H.

The following theorem presents the equivalence conditions between
the fusion frames and their operators.

Theorem 2.4. Let {Wi}i∈I be a family of subspaces in H and {vi}i∈I
be a family of weights. Then the following conditions are equivalent:
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(i) {Wi}i∈I is a fusion frame with respect to {vi}i∈I.
(ii) The synthesis operator TW,v is bounded, linear and onto.
(iii) The analysis operator UW,v is a (possibly into) isomorphism.

2.2. Generalized Frames. Sun [17] introduced g-frames which are
generalized frames and include ordinary frames and many recent gener-
alizations of frames.

Definition 2.5. Let {Hi}i∈I be a family of Hilbert spaces. We call
Λ = {Λi ∈ B(H,Hi), i ∈ I} a g-frame for H with respect to {Hi}i∈I, or
simply, a g-frame for H, if there exist two positive constants C,D such
that

(2.2) C ∥f∥2 ≤
∑
i∈I

∥Λif∥2 ≤ D ∥f∥2 , ∀f ∈ H.

The positive numbers C and D are called the lower and upper g-frame
bounds, respectively. We call Λ a tight g-frame, if C = D and we call it
a parseval g-frame, if C = D = 1. If only the second inequality holds,
we call it g-Bessel sequence. If Λ is a g-frame, then the g-frame operator
SΛ is defined by

SΛf =
∑
i∈I

Λ∗
iΛif, f ∈ H,

which is a bounded, positive and invertible operator such that

AI ≤ SΛ ≤ BI,

and for each f ∈ H, we have

f = SΛS
−1
Λ f

= S−1
Λ SΛf

=
∑
i∈I

S−1
Λ Λ∗

iΛif

=
∑
i∈I

Λ∗
iΛiS

−1
Λ f.

The canonical dual g-frame for Λ is defined by {ΛiS
−1
Λ }i∈I with bounds

1
B , 1

C . In other words, {ΛiS
−1
Λ }i∈I and {Λi}i∈I are dual g-frames with

respect to each other.

It is easy to show that by letting Hi = Wi, Λi = PWi and vi = 1, a
fusion frame is a g-frame.
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2.3. Generalized Fusion frames. Generalized fusion frames (g-fusion
frames) in Hilbert space were introduced by Sadri et.al. [16].

Let (∑
i∈I

⊕Hi

)
ℓ2

=

{
{fi}i∈I|fi ∈ Hi and

∑
i∈I

∥fi∥2 < ∞

}
,

with the inner product defined by

⟨{fi}i∈I, {gi}i∈I⟩ =
∑
i∈I

⟨fi, gi⟩ ,

is a Hilbert space.

Definition 2.6. Let W = {Wi}i∈I be a family of closed subspaces of
H, {vi}i∈I be a family of weights, i.e. vi > 0 and Λi ∈ B(H,Hi) for all
i ∈ I. We say Λ := (Λi,Wi, vi) is a generalized fusion frame (or g-fusion
frame) for H, if there exist 0 < A ≤ B < ∞ such that for each f ∈ H

(2.3) A ∥f∥2 ≤
∑
i∈I

v2i ∥ΛiPWif∥
2 ≤ B ∥f∥2 .

We call Λ a parseval g-fusion frame, if A = B = 1. When the right hand
of (2.3) holds, Λ is called a g-fusion Bessel sequence for H with bound
B. If Hi = H for all i ∈ I and Λi = IH, then we get the fusion frame
(Wi, vi) for H. Throughout this paper, Λ will be a triple (Λi,Wi, vi)
with i ∈ I unless otherwise stated.

Definition 2.7. Let Λ be a g-fusion frame for H. Then, the analysis
operator for Λ is defined by

UΛ : H →

(∑
i∈I

⊕Hi

)
ℓ2

, TΛ(f) = {viΛiPWi(f)}i∈I .

The adjoint of UΛ is called the synthesis operator, and is denoted by
TΛ = U∗

Λ.
By the elementary calculation, we have

TΛ :

(∑
i∈I

⊕Hi

)
ℓ2

→ H, TΛ({fi}i∈I) =
∑
i∈I

viPWiΛ
∗
i fi.

The g-fusion frame operator Λ is the composition of analysis and syn-
thesis operators,

SΛ : H → H, SΛf = TΛUΛ(f) =
∑
i∈I

v2i PWiΛ
∗
iΛiPWif.

We have
⟨SΛf, f⟩ =

∑
i∈I

v2i ∥ΛiPWif∥
2 .



138 M. MOHAMMADREZAEE, M. RASHIDI-KOUCHI, A. NAZARI, A. OLOOMI

Therefore

CI ≤ SΛ ≤ DI.

This means that SΛ is bounded, positive and invertible operator (with
adjoint inverse). So, we have the reconstruction formula for any f ∈ H

f =
∑
i∈I

v2i PWiΛ
∗
iΛiPWiS

−1
Λ f

=
∑
i∈I

v2i S
−1
Λ PWiΛ

∗
iΛiPWif.

The following theorem gives the equivalence conditions between the
g-fusion frames and their operators.

Theorem 2.8 ([16]). Let Λ be the triple (Λi,Wi, vi) with i ∈ I. Then
the following conditions are equivalent:

(i) Λ is a g-fusion frame for H.
(ii) The synthesis operator TΛ is bounded, linear and onto.
(iii) The analysis operator SΛ is well-defined, bounded, surjectire.

2.4. Woven Frames. Woven frames in Hilbert spaces, were introduced
in 2015 by Bemrose et.al. [2, 3, 6], after that, Vashisht, Deepshikha, and
others. have done more research [9, 18–20]. They have studied a variety
of different types of generalized weaving frames, such as g-frame, K-
frame, and continuous frame. In the following, we mention the definition
of woven frames.

Definition 2.9. Let F = {fij}i∈I for j ∈ [m] (where [m] is the set
{1, 2, . . . ,m}) be a family of frames for separable Hilbert space H. If
there exist universal constants A′ and B′ such that for every partition
{σj}j∈[m], the family Fj = {fij}i∈σj is a frame for H with bounds A′

and B′, then F is said Woven frames and for every j ∈ [m], the frames
Fj are called Weaving frame.

3. Woven g-Fusion Frames and their Structures

In this section, we introduce woven g-fusion frames by extending and
improving the notions of g-fusion frames and weaving frames. We inves-
tigate the structure of woven g-fusion frames and characterize them.

Definition 3.1. A family of g-fusion frames {(Λij ,Wij , vij)}i∈I for j ∈
[m], is said woven g-fusion frames if there exist universal constants A and
B, such that for every partition {σj}j∈[m] of I, the family
{(Λij ,Wij , vij)}i∈σj ,j∈[m] is a g-fusion frame for H with lower and upper

frame bounds A and B. Each family {(Λij ,Wij , vij)}i∈σj ,j∈[m] is called
a Weaving g-fusion frame.
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The following theorem states the equivalence conditions between wo-
ven frames and woven g-fusion frames.

Theorem 3.2. Suppose {Λi ∈ B(H,Hi)}i∈I, {Γi ∈ B(H,Hi)}i∈I and
for every i ∈ I, Ji is a subset of index set I and νi, µi > 0. Let {fi,j}j∈Ji
and {gi,j}j∈Ji be frame sequences in Hi with frame bounds (Afi , Bfi) and
(Agi , Bgi), respectively. Define

Wi = span{Λ∗
i fi,j}j∈Ji , Vi = span{Γ∗

i gi,j}j∈Ji , ∀i ∈ I,

and choose orthogonal basis {ei,j}j∈Ji for subspace Hi. Suppose that

0 < Af = inf
i∈I

Afi ≤ Bf = sup
i∈I

Bfi < ∞,

and

0 < Ag = inf
i∈I

Agi ≤ Bg = sup
i∈I

Bgi < ∞.

Then the following conditions are equivalent:

(i) {νiΛ∗
i fi,j}i∈I,j∈Ji and {µiΓ

∗
i gi,j}i∈I,j∈Ji are woven frames in H.

(ii) {νiΛ∗
i ei,j}i∈I,j∈Ji and {µiΓ

∗
i ei,j}i∈I,j∈Ji are woven frames in H.

(iii) {(Λi,Wi, νi)}i∈I and {(Γi, Vi, µi)}i∈I are woven g-fusion frames
in H with respect to {Hi}i∈I.

Proof. Since for every i ∈ I, {fi,j}j∈Ji and {gi,j}j∈Ji are frames for Hi

with frame bounds (Afi , Bfi) and (Agi , Bgi), then for σ ⊂ I;

Af

∑
i∈σ

ν2i ∥ΛiPWi(f)∥
2 +Ag

∑
i∈σc

µ2
i ∥ΓiPVi(f)∥

2

≤
∑
i∈σ

Afiν
2
i ∥ΛiPWi(f)∥

2 +
∑
i∈σc

Agiµ
2
i ∥ΓiPVi(f)∥

2

=
∑
i∈σ

Afi ∥νiΛiPWi(f)∥
2 +

∑
i∈σc

Agi ∥µiΓiPVi(f)∥
2

≤
∑
i∈σ

∑
j∈Ji

|⟨νiΛiPWi(f), fi,j⟩|
2 +

∑
i∈σc

∑
j∈Ji

|⟨µiΓiPVi(f), gi,j⟩|
2

≤
∑
i∈σ

Bfi ∥νiΛiPWi(f)∥
2 +

∑
i∈σc

Bgi ∥µiΓiPVi(f)∥
2

≤ Bf

∑
i∈σ

∥νiΛiPWi(f)∥
2 +Bg

∑
i∈σc

∥µiΓiPVi(f)∥
2 .

(i) ⇒ (iii) Let {νiΛ∗
i fi,j}i∈I,j∈Ji and {µiΓ

∗
i gi,j}i∈I,j∈Ji be Woven

frames for H, with universal frame bounds C and D. The above calcu-
lation shows that for every f ∈ H,∑
i∈σ

ν2i ∥ΛiPWi(f)∥
2 +

∑
i∈σc

µ2
i ∥ΓiPVi(f)∥

2



140 M. MOHAMMADREZAEE, M. RASHIDI-KOUCHI, A. NAZARI, A. OLOOMI

≤ 1

A

∑
i∈σ

∑
j∈Ji

|⟨ΛiPWi(f), νifi,j⟩|
2 +

∑
i∈σc

∑
j∈Ji

|⟨ΓiPVi(f), µigi,j⟩|2


=
1

A

∑
i∈σ

∑
j∈Ji

|⟨f, νiΛ∗
i fi,j⟩|

2 +
∑
i∈σc

∑
j∈Ji

|⟨f, µiΓ
∗
i gi,j⟩|

2


≤ D

A
∥f∥2 ,

where A = min{Af , Ag}. For lower frame bound,∑
i∈σ

ν2i ∥ΛiPWi(f)∥
2 +

∑
i∈σc

µ2
i ∥ΓiPVi(f)∥

2

≥ 1

B

∑
i∈σ

∑
j∈Ji

|⟨ΛiPWi(f), νifi,j⟩|
2 +

∑
i∈σc

∑
j∈Ji

|⟨ΓiPVi(f), µigi,j⟩|2


=
1

B

∑
i∈σ

∑
j∈Ji

|⟨f, νiΛ∗
i fi,j⟩|

2 +
∑
i∈σc

∑
j∈Ji

|⟨f, µiΓ
∗
i gi,j⟩|

2


≥ C

B
∥f∥2 ,

for every f ∈ H, B = max{Bf , Bg}.This calculations implies (iii).
(iii) ⇒ (i) Let {(Λi,Wi, νi)}i∈I and {(Γi, Vi, µi)}i∈I be woven g-

fusion frames with universal frame bounds C and D. Then for every
f ∈ H, we have∑

i∈σ

∑
j∈Ji

|⟨fiνiΛ∗
i fi,j⟩|

2 +
∑
i∈σc

∑
j∈Ji

|⟨f, µiΓ
∗
i gi,j⟩|

2

=
∑
i∈σ

∑
j∈Ji

|⟨νiΛiPWi(f), fi,j⟩|
2 +

∑
i∈σc

∑
j∈Ji

|⟨µiΓiPνi(f), gi,j⟩|
2

≥
∑
i∈σ

Afiν
2
i ∥ΛiPWi(f)∥

2 +
∑
i∈σc

Agiµ
2
i ∥ΓiPVi(f)∥

2

≥ A

(∑
i∈σ

ν2i ∥ΛiPWi(f)∥
2 +

∑
i∈σc

µ2
i ∥ΓiPVi(f)∥

2

)
≥ AC ∥f∥2 ,

and similarly∑
i∈σ

∑
j∈Ji

|⟨f, νiΛ∗
i fi,j⟩|

2 +
∑
i∈σc

∑
j∈Ji

|⟨f, µiΓ
∗
i gi,j⟩|

2 ≤ BD ∥f∥2 .
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So (i) holds. (ii) ⇐⇒ (iii) since {ei,j}j∈Ji is an orthonormal basis for
subspace Hi, then for f ∈ H, we have :∑

i∈σ
ν2i ∥ΛiPWi(f)∥

2 +
∑
i∈σc

µ2
i ∥ΓiPVi(f)∥

2

=
∑
i∈σ

ν2i

∥∥∥∥∥∥
∑
j∈Ji

⟨ΛiPWif, ei,j⟩ ei,j

∥∥∥∥∥∥
2

+
∑
i∈σc

µ2
i

∥∥∥∥∥∥
∑
j∈Ji

⟨ΓiPVi(f), ei,j⟩ ei,j

∥∥∥∥∥∥
2

=
∑
i∈σ

ν2i
∑
j∈Ji

|⟨ΛiPWi(f), ei,j⟩|
2 +

∑
i∈σc

µ2
i

∑
j∈Ji

|⟨ΓiPVi(f), ei,j⟩|
2

=
∑
i∈σ

∑
j∈Ji

|⟨f, νiΛ∗
i ei,j⟩|

2 +
∑
i∈σc

∑
j∈Ji

|⟨f, µiΓ
∗
i ei,j⟩|

2 .

So (ii) is equivalent to (iii). □

In the following theorem, we show that the intersection of components
of a woven g-fusion frames with the other subspace, is a woven g-fusion
frames for the smaller space.

Theorem 3.3. Let K be a closed subspace of H and let {(Λi,Wi, νi)}i∈I
and {(Γi, Vi, µi)}i∈I be woven g-fusion frames for H with respect to {Hi}i∈I
with woven bounds A and B. Then {(Λi,Wi ∩ K, νi)}i∈I and {(Γi, Vi ∩
K, µi)}i∈I are woven g-fusion frames for H with universal bounds A and
B.

Proof. Let the operators PWi∩K = PWi(PK) and PVi∩K = PVi(Pk) be
orthognal projections of H onto Wi ∩ K and Vi ∩ K, respectively. Then
for every f ∈ K, we can write:∑

i∈σ
ν2i ∥ΛiPWi(f)∥

2 +
∑
i∈σc

µ2
i ∥ΓiPVi(f)∥

2

=
∑
i∈σ

ν2i ∥ΛiPWi(PK(f))∥2 +
∑
i∈σc

µ2
i ∥ΓiPVi(PK(f))∥2

=
∑
i∈σ

ν2i ∥ΛiPWi∩K(f)∥
2 +

∑
i∈σc

µ2
i ∥ΓiPVi∩K(f)∥

2 ,

which implies the result. □

The next proposition shows that every weaving of g-fusion Bessele,
automatically has upper Bessel bound.
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Proposition 3.4. Let {(Λij ,Wij , νij)}i∈I be a g-fusion Bessele sequence
of subspaces for H with bounds Bj for all j ∈ [m]. Then every weaving
of this sequence is a Bessel sequence.

Proof. For every partition {σj}j∈[m], such that σj ⊂ I for j ∈ [m] and
for f ∈ H, we have

m∑
j=1

∑
i∈σj

ν2i
∥∥ΛijPWij (f)

∥∥2 ≤ m∑
j=1

∞∑
i=1

ν2i
∥∥ΛijPWij (f)

∥∥2
≤

m∑
j=1

Bj ∥f∥2 .

□
Next theorem is a generalization of Lemma 4.3 in [2], for g-fusion

frames.

Theorem 3.5. Suppose that {(Λi,Wi, νi)}i∈I and {(Γi, Vi, µi)}i∈I are g-
fusion frames for H and also let for every two disjoint finite sets I, J ⊆ I
and every ϵ > 0, there exist subsets σ, δ ⊆ I (I ∪ J) such that the
lower g-fusion frame bound of {(Λi,Wi, νi)}i∈(I∪σ) ∪ {(Γi, Vi, µi)}i∈(J∪δ)
is less than ϵ. Then there exists M ⊆ I such that {(Λi,Wi, νi)}i∈M ∪
{(Γi, Vi, µi)}i∈Mc is not a g-fusion frame. Hence {(Λi,Wi, νi)}i∈I and
{(Γi, Vi, µi)}i∈I are not woven g-fusion frames.

Proof. Let ϵ > 0 be arbitrary. By hypothesis, for I0 = J0 = ∅, we can
choose σ1 ⊂ I, so that if δ1 = σc

1, then the lower g-fusion frame bound
of {(Λi,Wi, νi)}i∈(I∪σ) ∪ {(Γi, Vi, µi)}i∈(J∪δ) is less than ϵ. Thus there
exists f1 ∈ H, with ∥f1∥ = 1 such that∑

i∈σ1

ν2i ∥ΛiPWi(f1)∥2 +
∑
i∈δ1

µ2
i ∥ΓiPVi(f1)∥2 < ϵ.

Since{(Λi,Wi, νi)}i∈I and {(Γi, Vi, µi)}i∈I are g-fusion frames, so
∞∑
i=1

ν2i ∥ΛiPWi(f1)∥2 +
∞∑
i=1

µ2
i ∥ΓiPVi(f1)∥2 < ∞,

therefor there is a positive integer k1 such that
∞∑

i=k1+1

ν2i ∥ΛiPWi(f1)∥2 +
∞∑

i=k1+1

µ2
i ∥ΓiPVi(f1)∥2 < ∞.

Let I1 = σ1
∩
[k1] and J1 = δ1

∩
[k1]. Then I1

∩
J1 = ∅ and I1

∪
J1 =

[k1]. By assumption, there are subsets σ2, δ2 ⊂ [k1]
c with δ2 = [k1]

c σ2
such that the lower fusion frame bound of

{(Λi,Wi, νi)}i∈(I∪σ) ∪ {(Γi, Vi, µi)}i∈(J∪δ),
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is less than ϵ
2 , so there exists a vector f2 ∈ H with ∥f∥2 = 1, such that∑

i∈I1∪σ2

ν2i ∥ΛiPWi(f2)∥2 +
∑

i∈J1∪δ2

µ2
i ∥ΓiPVi(f2)∥2 <

ϵ

2
.

Similarly, there is k2 > k1 such that
∞∑

i=k2+1

ν2i ∥ΛiPWi(f2)∥2 +
∞∑

i=k2+1

µ2
i ∥ΓiPVi(f2)∥2 <

ϵ

2
.

Set I2 = I1
∪
(σ2
∩
[k2]) and J2 = J1

∪
(δ2
∩
[k2]). Note that I2

∩
J2 = ∅

and I2
∪

J2 = [k2]. Thus by induction, there are:

(i) a sequence of natural numbers {ki}i∈I with ki < ki+1 for all
i ∈ I,

(ii) a sequence of vectors {fi}i∈I from H with ∥fi∥ = 1 for all i ∈ I,
(iii) subsets σi ⊂ [ki−1]

c, δi = [ki−1]
c \ σi, i ∈ I and

(iv) Ii = Ii−1
∪
(σi
∩
[ki]), Ji = Ji−1

∪
(δi
∩
[ki]), i ∈ I which are abid-

ing both:∑
i∈In−1∪σn

ν2i ∥ΛiPWi(fn)∥2 +
∑

i∈Jn−1∪δn

µ2
i ∥ΓiPVi(fn)∥2 <

ϵ

n
,

and
∞∑

i=kn+1

ν2i ∥ΛiPWi(fn)∥2 +
∞∑

i=kn+1

µ2
i ∥ΓiPVi(fn)∥2 <

ϵ

n
.

By construction Ii
∩

Ji = ∅ and Ii
∪

Ji = [ki], if we suppose that M =∪∞
i=1 Ii then Mc =

∪∞
i=1 Ji such that M

∪
Mc = I, then we conclude

from the above inequalities:

∑
i∈M

ν2i ∥ΛiPWi(fi)∥2 +
∑
i∈Mc

µ2
i ∥ΓiPVi(fi)∥2

=

(∑
i∈In

ν2i ∥ΛiPWi(fn)∥
2 +

∑
i∈Jn

µ2
i ∥ΓiPVi(fn)∥

2

)

+

 ∑
i∈M∩[kn]c

ν2i ∥ΛiPWi(fi)∥
2 +

∑
i∈Mc∩[kn]c

µ2
i ∥ΓiPVi(fi)∥

2


≤

 ∑
i∈In−1∪σn

ν2i ∥ΛiPWi(fn)∥
2 +

∑
i∈Jn−1∪δn

µ2
i ∥ΓiPVi(fn)∥

2


+

 ∞∑
i=kn+1

ν2i ∥ΛiPWi(fi)∥
2 +

∞∑
i=kn+1

µ2
i ∥ΓiPVi(fi)∥

2





144 M. MOHAMMADREZAEE, M. RASHIDI-KOUCHI, A. NAZARI, A. OLOOMI

<
ϵ

n
+

ϵ

n

=
2ϵ

n
.

Therefore the lower g-fusion frame of

{(Λi,Wi, νi)}i∈M
∪

{(Γi, Vi, µi)}i∈Mc ,

is zero, that is a contradiction. Thus {(Λi,Wi, νi)}i∈I
∪
{(Γi, Vi, µi)}i∈I

can not be a woven g-fusion frame. □

This section is concluded by showing that the upper bound in Propo-
sition 3.4 can not be optimal for woven g-fusion frames.

Proposition 3.6. Suppose that {(Λi,Wi, νi)}i∈I and {(Γi, Vi, µi)}i∈I are
g-fusion frames for H with optimal upper g-fusion frame bounds B1 and
B2 such that they be woven g-fusion frames. Then B1 + B2 can not be
the optimal upper woven bound.

Proof. Assume on the contrary, which is B1 + B2 is the smallest upper
weaving bound for all possible weavings. Then by definition of optimal
upper bound, we can choose σ ⊂ I and ∥f∥ = 1, such that

sup∥f∥=1

(∑
i∈σ

ν2i ∥PWi(f)∥
2 +

∑
i∈σc

µ2
i ∥PVi(f)∥

2

)
= B1 +B2.

Using of supreme property, for every ϵ > 0, there exists f ∈ H, such
that ∑

i∈σ
ν2i ∥ΛiPWi(f)∥

2 +
∑
i∈I

µ2
i ∥ΓiPVi(f)∥

2 ≥ B1 +B2 − ε,

and using of upper fusion frame property, we have∑
i∈σ

ν2i ∥ΛiPWi(f)∥
2 +

∑
i∈I

µ2
i ∥ΓiPVi(f)∥

2 ≤ B1 +B2.

So: ∑
i∈I\σ

ν2i ∥ΛiPWi(f)∥
2 +

∑
i∈I\σc

µ2
i ∥ΓiPVi(f)∥

2 ≤ ε.

Now, if we assume σ1 = I \ σ, then σc
1 = I \ σc. Therefore∑

i∈σ1

ν2i ∥ΛiPWi(f)∥
2 +

∑
i∈σc

1

µ2
i ∥ΓiPVi(f)∥

2 ≤ ε,

and this shows that there is a weaving for which the lower frame bound
approaches zero. Theorem 3.5 gives that {(Λi,Wi, νi)}i∈I and
{(Γi, Vi, µi)}i∈I are not woven g-fusion frame, which is a contradiction.

□
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Proposition 3.7. Let {(Λi,Wi, νi)}i∈J and {(Γi, Vi, µi)}i∈J be g-fusion
frames, such that J ⊂ I. Then {(Λi,Wi, νi)}i∈I and {(Γi, Vi, µi)}i∈I are
woven g-fusion frames.

Proof. Let the positive constants A be the lower woven bound for
{(Λi,Wi, νi)}i∈J and {(Γi, Vi, µi)}i∈J . Then for every σ ⊂ I and f ∈ H,
we have

A ∥f∥2 ≤
∑

i∈σ∩J
ν2i ∥ΛiPWi(f)∥

2 +
∑

i∈σc∩J
µ2
i ∥ΓiPVi(f)∥

2

≤
∑
i∈σ

ν2i ∥ΛiPWi(f)∥
2 +

∑
i∈σc

µ2
i ∥ΓiPVi(f)∥

2

≤ (BΛ +BΓ) ∥f∥2 ,

where BΛ and BΓ are upper fusion frame bounds for {(Λi,Wi, νi)}i∈J
and {(Γi, Vi, µi)}i∈J respectively. □

Proposition 3.8. Suppose {(Λi,Wi, νi)}i∈I and {(Γi, Vi, µi)}i∈I are g-
fusion frames for H with universal woven bounds A and B. For some
constants 0 < D < A and J ⊂ I, if we have:∑

i∈J
ν2i ∥ΛiPWi(f)∥

2 ≤ D ∥f∥2 , ∀f ∈ H.

Then {(Λi,Wi, νi)}i∈I\J and {(Γi, Vi, µi)}i∈I\J are g-fusion frames for
H and are woven g-fusion frames with universal lower and upper woven
bounds A−D and B, respectively.

Proof. Assume σ ⊂ I \ J. Then for all f ∈ H∑
i∈σ

ν2i ∥ΛiPWi(f)∥
2 +

∑
i∈(I\J)\σ

µ2
i ∥ΓiPVi(f)∥

2

=

( ∑
i∈σ∪J

ν2i ∥ΛiPWi(f)∥
2 −

∑
i∈J

ν2i ∥ΛiPWi(f)∥
2

)
+

∑
i∈(I\J)\σ

µ2
i ∥ΓiPVi(f)∥

2

=

 ∑
i∈σ∪J

ν2i ∥ΛiPWi(f)∥
2 +

∑
i∈I\(J∪σ)

µ2
i ∥ΓiPVi(f)∥

2


−
∑
i∈J

ν2i ∥ΛiPWi(f)∥
2

≥ (A−D) ∥f∥2 .
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For upper woven bound, we have∑
i∈σ

ν2i ∥ΛiPWi(f)∥
2 +

∑
i∈(I\J)\σ

µ2
i ∥ΓiPVi(f)∥

2

≤
∑

i∈σ∪J
ν2i ∥ΛiPWi(f)∥

2 +
∑

i∈I\(σ∪J)

µ2
i ∥ΓiPVi(f)∥

2

≤ B ∥f∥2 .

Thus {(Λi,Wi, νi)}i∈I\J and {(Γi, Vi, µi)}i∈I\J are woven g-fusion frames.
Now, if we take σ = I and σc = ϕ, then {(Λi,Wi, νi)}i∈I\J is a g-fusion
frame:∑

i∈I\J

ν2i ∥ΛiPWi(f)∥
2

=
∑
i∈I

ν2i ∥ΛiPWi(f)∥
2 −

∑
i∈J

ν2i ∥ΛiPWi(f)∥
2

=
∑
i∈σ

ν2i ∥ΛiPWi(f)∥
2 +

∑
i∈σc

µ2
i ∥ΓiPVi(f)∥

2 −
∑
i∈J

ν2i ∥PWi(f)∥
2

≥ (A−D) ∥f∥2 .

Similar to above, we can demonstrate that {(Γi, Vi, µi)}i∈I\J is a g-fusion
frame with same bounds. □

4. Perturbation of Woven g-fusion Frames

In this section, we show that those of g-fusion frames that are small
perturbations of each other, constitute woven g-fusion frame. We start
this section with Paley-Wiener perturbation of weaving g-fusion frames
and continue two results of perturbations in the sequel.

Theorem 4.1. Let {(Λi,Wi, νi)}i∈I and {(Γi, Vi, µi)}i∈I be g-fusion frames
for H with respect to {Hi}i∈I with g-fusion frame bounds (AΛ, BΛ) and
(AΓ, BΓ), respectively. If there exist constants 0 < λ1, λ2, µ < 1 such
that:

2

AΛ

(√
BΛ +

√
BΓ

)(
λ1

√
BΛ + λ2

√
BΓ + µ

)
≤ 1

and

(4.1) ∥TΛ(f)− TΓ(f)∥ ≤ λ1 ∥TΛ(f)∥+ λ2 ∥TΓ(f)∥+ µ,

where TΛ, TΓ are the analysis operators for these g-fusion frames, then
{(Λi,Wi, νi)}i∈I and {(Γi, Vi, µi)}i∈I are woven g-fusion frames.
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Proof. For each σ ⊂ I, we define the bounded operators

T σ
Λ :

(∑
i∈σ

⊕Hi

)
→ H, T σ

Λ(f) =
∑
i∈σ

νiPWiΛ
∗
i fi,

and

T σ
Γ :

(∑
i∈σ

⊕Hi

)
→ H, T σ

Γ (f) =
∑
i∈σ

µiPViΓ
∗
i fi,

for every f = {fi}i∈I ∈
(∑

i∈σ
⊕Hi

)
. Note that ∥T σ

Λ(f)∥ ≤ ∥TΛ(f)∥,

∥T σ
Γ (f)∥ ≤ ∥TΓ(f)∥ and ∥T σ

Λ(f)− T σ
Γ (f)∥ ≤ ∥TΛ(f)− T σ

Γ (f)∥ because

for f = {fi}i∈I ∈
(∑

i∈σ
⊕Hi

)
,

∥T σ
Λ(f)∥

2 =
∑
i∈σ

ν2i ∥PWiΛ
∗
i fi∥

2

≤
∑
i∈I

ν2i ∥PWiΛ
∗
i fi∥

2

= ∥TΛ(f)∥2 .

Using statement (4.1), for every f ∈ H and σ ∈ I, we have

∥T σ
ΛU

σ
Λ(f)− T σ

ΓU
σ
Γ (f)∥ = ∥T σ

ΛU
σ
Λ(f)− T σ

ΛU
σ
Γ (f) + T σ

ΛU
σ
Γ (f)− T σ

ΓU
σ
Γ (f)∥

≤ ∥T σ
Λ (U

σ
Λ − Uσ

Γ )(f)∥+ ∥(Tσ
Λ − T σ

Γ )U
σ
Γ (f)∥

≤ ∥T σ
Λ∥ ∥Uσ

Λ − Uσ
Γ ∥ ∥f∥+ ∥T σ

Λ − Tσ
Γ ∥ ∥Uσ

Γ ∥ ∥f∥
≤ ∥TΛ∥ ∥TΛ − TΓ∥ ∥f∥+ ∥TΛ − TΓ∥ ∥TΓ∥ ∥f∥
= ∥TΛ − TΓ∥ (∥TΛ∥ − ∥TΓ∥) ∥f∥

≤
(
λ1

√
BΛ + λ2

√
BΓ + µ

)(√
BΛ +

√
BΓ

)
∥f∥

≤ AΛ

2
∥f∥ .

Now by using above calculation, we have

Sσc

Λ + Sσ
Γ = SΛ + Sσ

Γ − Sσ
Λ

≥ AΛI − ∥Sσ
Λ − Sσ

Γ∥ I

≥ AΛI −
AΛ

2
I =

AΛ

2
I.

This shows that
AΛ

2
is the universal lower woven bound. Finally, for

universal upper bound, we have∑
i∈σc

ν2i ∥ΛiPWif∥
2 +

∑
i∈σ

µ2
i ∥ΓiPVif∥

2 ≤
∑
i∈I

ν2i ∥ΛiPWif∥
2 +

∑
i∈I

µ2
i ∥ΓiPVif∥

2
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≤ (BΛ +BΓ) ∥f∥ .
□

Theorem 4.2. Let {(Λi,Wi, νi)}i∈I and {(Γi, Vi, µi)}i∈I be g-fusion frames
for H with respect to {Hi}i∈I and g-fusion frame bounds (AΛ, BΛ) and
(AΓ, BΓ), respectively. If there exist constants 0 < λ, µ, γ < 1, such that
λBΛ + µBΓ + γ

√
BΛ < AΛ. We have

Sσ
Λ < λSσ

Λ + µSσ
Γ + γUσ

Λ ,

where SΛ, UΛ are g-fusion frame operators of {(Λi,Wi, νi)}i∈I. Then
{(Λi,Wi, νi)}i∈I and {(Γi, Vi, µi)}i∈I are woven g-fusion frame with uni-
versal woven bounds(

AΛ − λBΛ − µBΓ − γ
√
BΛ

)
,

(
BΓ + λBΛ + µBΓ + γ

√
BΛ

)
.

Proof. First, for lower frame bound, we have

Sσ
Λ + Sσc

Γ = SΛ + Sσc

Γ − Sσc

Λ

= SΛ −
(
Sσc

Λ − Sσc

Γ

)
≥ AΛI −

(
λSσc

Λ + µSσc

Γ + γUσc

Λ

)(
AΛ − λBΛ − µBΓ − γ

√
BΛ

)
I.

Also, for upper frame bound, we have

Sσ
Λ + Sσc

Γ = SΓ + Sσ
Λ − Sσ

Γ

≤
(
BΓ + λBΛ + µBΓ + γ

√
BΛ

)
I.

Therefore g-fusion frames {(Λi,Wi, νi)}i∈I and {(Γi, Vi, µi)}i∈I are woven
g-fusion frame with considered bounds. □
Theorem 4.3. Let {(Λi,Wi, νi)}i∈I and {(Γi, Vi, νi)}i∈I be g-fusion frames
of H with respect to {Hi}i∈I and g-fusion frame bounds (AΛ, BΛ) and
(AΓ, BΓ), respectively. Also, if there exists a constant K > 0, such that
for every σ ⊆ I :∑
i∈σ

ν2i ∥ΛiPWif − ΓPνif∥ ≤ Kmin

{∑
i∈σ

ν2i ∥ΛiPWif∥ ,
∑
i∈σ

ν2i ∥ΓiPνif∥

}
,

then {(Λi,Wi, νi)}i∈I and {(Γi, Vi, νi)}i∈I are woven g-fusion frame.

Proof. Let σ ⊆ I be an arbitrary set. By hypothesis for every f ∈ H,
we have

(AΛ +AΓ) ∥f∥2

≤
∑
i∈II

ν2i ∥ΛiPWi(f)∥
2 +

∑
i∈II

ν2i ∥ΓiPVi(f)∥
2
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=

(∑
i∈σ

ν2i ∥ΛiPWi(f)∥
2 +

∑
i∈σc

∥ΛiPWi(f)− ΓiPVi(f) + ΓiPVi(f)∥
2

)

+

(∑
i∈σ

ν2i ∥ΓiPVi(f)− ΛiPWi(f) + ΛiPWi(f)∥
2 +

∑
i∈σc

ν2i ∥ΓiPνif∥
2

)
≤
∑
i∈σ

ν2i ∥ΛiPWi(f)∥
2 + 2

∑
i∈σc

ν2i ∥ΛiPWi(f)− ΓiPVi(f)∥
2

+ 2
∑
i∈σc

ν2i ∥ΓiPVi(f)∥
2 + 2

∑
i∈σ

ν2i ∥ΛiPWi(f)− ΓiPVi(f)∥
2

+ 2
∑
i∈σ

ν2i ∥ΛiPWi(f)∥
2 +

∑
i∈σc

∥ΓiPVi(f)∥
2

≤
∑
i∈σ

ν2i ∥ΛiPWi(f)∥
2 + 2

(
K
∑
i∈σc

ν2i ∥ΓiPVi(f)∥
2 +

∑
i∈σc

ν2i ∥ΓiPVi(f)∥
2

)

+ 2

(
K
∑
i∈σ

ν2i ∥ΛiPWi(f)∥+
∑
i∈σ

ν2i ∥ΛiPWi(f)∥
2) +

∑
i∈σc

ν2i ∥ΓiPVi(f)∥
2

)

× (2K + 3)

(∑
i∈σ

ν2i ∥ΛiPWi(f)∥
2 +

∑
i∈σc

ν2i ∥ΓiPVi(f)∥
2

)
,

then

AΛ +AΓ

2K + 3
∥f∥2 ≤

∑
i∈σ

ν2i ∥ΛiPWi(f)∥
2 +

∑
i∈σc

ν2i ∥ΓiPVi(f)∥
2

≤ (BΛ +BΓ) ∥f∥2 .

□
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