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on the stability of the Pexiderized cubic functional equation
in multi-normed spaces

Mahdi Nazarianpoor'* and Ghadir Sadeghi®

ABSTRACT. In this paper, we investigate the Hyers-Ulam stability
of the orthogonally cubic equation and Pexiderized cubic equation
2
fka +y) + fkz —y) = g(z +y) + g(z —y) + Lg(kz) = 29(2),
in multi-normed spaces by the direct method and the fixed point
method. Moreover, we prove the Hyers-Ulam stability of the 2-
variables cubic equation

f@Rx+y,2z+1t)+ f(2z —y,22 — t)
=2f(z+y,z+t)+2f(x —y,z —t) + 12f(z, 2),

and orthogonally cubic type and k-cubic equation in multi-normed
spaces. A counter example for non stability of the cubic equation
is also discussed.

1. INTRODUCTION

The stability problem of functional equations originated from a ques-
tion of S.M. Ulam [I4] concerning the stability of group homomorphisms:
Given a group (1, a metric group (Ge,d) and a positive number &, does
there exist a number § > 0 such that if a mapping f : G; — G sat-
isfies the inequality d(f(zy), f(x)f(y)) < ¢ for all x,y € G then there
exists a homomorphism 7" : Gi — G2 such that d(f(x),T(z)) < ¢ for all
x € G17
D.H. Hyers [5] gave a first affirmative answer to the question of Ulam
for Banach spaces:

Let X be a normed space and Y a Banach space. Suppose that for some
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e > 0, the mapping f : X — Y satisfies || f(x +y) — f(x) — f(y)|| < e for
all z,y € X. Then there exists a unique additive mapping T': X — Y
such that || f(z) — T'(z)|| < e for all z € X.

Jun and Kim [6] introduced the following cubic functional equation

(1.1)  fRr+y)+ f2x—y)=2f(z+y) +2f(z —y) + 12f(z),

and they established the general solution and the generalized Hyers-
Ulam-Rassias stability for the functional equation (I).
Every solution of the cubic functional equation is said to be a cubic
mapping.

T.Z. Xu et al. [I5] proved the generalized Hyers-Ulam stability of the
general mixed additive-cubic functional equation

(1.2) f(kz+y)+ f(ke—y) = kf(z+y) +kf(z—y)+2f (kx) = 2k f(x),

in quasi-Banach spaces.
In 9], S. Ostadbashi and M. Soleimaninia considered the Pexiderized
cubic functional equation

(1.3) f(kx+y)+ f(kx —y) =g(z +y) +g(x —y) + %g(kw) —2g(x),

and they investigated the stability of the functional equation (IZ3) in
topological vector spaces.
The functional equation

(1.4)  fQRzx+y,2z+1t)+ f(2x —y,22 — 1)
=2f(x+y,z+t)+2f(xr —y,z —t) +12f(z, 2),

is called the 2-variables cubic functional equation.
It is easy to see that the function f(x,y) = 23 + y3 is a solution of
equation (I).
Every solution of the 2-variables cubic functional equation is said to
be a 2-variables cubic mapping.
Chang, Jun and Jung [0] introduced a cubic type functional equation
as follows:
(1.5)
fley+ @2+ 2x3) + f(21 + 22 — 223) + f(2201) + f(222) + 7[f(21) + f(—21)]
=2f(x1 + x2) +4[f (21 + 23) + fz1 — 23) + f(22 + 23) + f22 — 23)],

and they investigated the modified Hyers-Ulam-Rassias stability of this
equation by using the fixed point method. Moreover 1.S. Chang and
Y.S. Jung [?] established the generalized Hyers-Ulam-Rassias stability
problem for the functional equation (I=3).

It is easy to see that the function f(z) = 2® + C, where C € R is a
constant is a solution of the equation (I3).



PEXIDERIZED CUBIC FUNCTIONAL EQUATION 47

K. Ravi, M.J. Rassias, P. Narasimman, R.K. Kumar [[3] introduced
the k-cubic functional equation

2 _
M D+ 9)+ 1 )

+ (kK = 1) f(y) — 2k(k? = 1) f (@),

where k > 2 and they established the generalized Hyers-Ulam stability
problem for the functional equation (ICH).

Note that the function f(z) = z is a solution of the functional equa-
tion (ICH).

Every solution of the k-cubic functional equation is said to be a k-
cubic mapping.

During the last decades, several stability problems of functional equa-
tions have been investigated. The reader is referred to [3, 8, ] and ref-
erences therein for detailed information on stability of functional equa-
tions.

Pinsker [I0] characterized orthogonal additive functional equation on
an inner product space. The orthogonal Cauchy functional equation

fle+y)=flx)+ fly), =Lly,

in which L is an orthogonality relation, is first investigated by Gud-
der and Strawther [@]. In 1985, Ratz [I7] introduced a new defini-
tion of orthogonality by using more restrictive axioms than Gudder and
Strawther. Moreover, he investigated the structure of the orthogonally
additive mappings.

There are several orthogonality notations on a real normed space.
But here, we present the orthogonal concept introduced by Ratz. This
is given in the following definition.

(1.6)  kf(x+ky) — flkx+y) =

Definition 1.1. Suppose that X is a vector space (algebraic module)
with dimX > 2, and L is a binary relation on X with the following
properties:

(i) totality of L for zero: = L 0,0 L z for all z € X;
(ii) independence: if z,y € X — {0} and = L y, then = and y are
linearly independent;
(iii) homogeneity: if x,y € X and = L y, then ax L Sy for all
a,B eR;
(iv) Thalesian properity: if P is a 2-dimensional subspace of X,
x € P and A > 0 then there exists yg € P such that z L yg and
T+ yo L Ax — yp.
The pair (X, 1) is called an orthogonal space (resp., module). By an or-
thogonal normed space (normed module), we mean an orthogonal space
(resp., module) having a normed (resp., normed module) structure.
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Let (X, ].||) be a complex normed space, and let £ € N. We denote
by &, the group of permutations on k£ symbols.

Definition 1.2. A multi-norm on {X* : k € N} is a sequence

(-l = Ql-llw = & € N),

such that ||.||x is a norm on X* for each k € N, ||z||; = ||z| for each
x € X, and the following axioms are satisfied for each £ € N with k£ > 2:

(MN1)

Hl'g(l),... 7xa(k)Hk = Hl’l,.. . ;kalm (U € B, xq,...,TE € X);
(MN2)

|z, ..., apzgllr < (max|oy)) ||z, - . 2klk,
1€Ng

(1,...,0p € Cixy,... 21 € X);

(MN3)
et . oy 2k—1,0k = |1, -« oy 2h—1llk—1, (T1,...,2-1 € X);
(MN4)
le1, .. zk—1, Th—1llk = |21, s 2p—1llk—1, (21,..., 261 € X).

In this case, we say that ((X*,||.|[z) : k¥ € N) is a multi-normed space.
Example 1.3. Let (X, |.|]|) be a Banach lattice, and define
N1, . zklle = |[le| VooV aglll,  (z1,..., 2, € X).
Then ((X*,|.|x) : k € N) is a multi-Banach space.

Lemma 1.4. Let (X,d) be a complete generalized metric space and J :
X — X be a strictly contractive mapping, that is,

d(Jz,Jy) < ad(x,y), Vz,y€ X,
for some a < 1. Then for each element x € X, either
d(J"z, J" ) =00, (n >0),
or there exists ng > 0 such that:
(i) d(J"x, J"tx) < 0o, (n > ng);

(i) the sequence (J"x) converges to a fized point y* of J;
(iii) y* is the unique fized point of J in the set

U={yeX: d(J"z,y) < oo};
(iv) d(y,y*) < d(y, Jy) /(1 - a),(y € U).



PEXIDERIZED CUBIC FUNCTIONAL EQUATION 49

In this paper, we investigate the Hyers-Ulam stability of the orthog-
onally cubic equation and Pexiderized cubic equation

flkx +y) + f(kx —y) = g(z +y) +g(z —y) + %g(kx) —29(x),

in multi-normed spaces by the direct method and the fixed point method.
Moreover we prove the Hyers-Ulam stability of a 2-variables cubic equa-
tion
fRr+y22+4)+ f2r -y, 22 —t) =2f(x+y,z+1)
+2f($—y,2—t) + 12f(xaz)a

and orthogonally cubic type and k-cubic equation in multi-normed spaces.
Throughout this paper, assume that X is an orthogonal space (except
in Section 3, 4) and that Y is a Banach space. Let (Y™, ||.||») : n € N)
be a multi-Banach space.

2. STABILITY OF THE CUBIC FUNCTIONAL EQUATION

In this section, we prove the Hyers-Ulam stability of the orthogonally
cubic functional equation in multi-normed spaces. For convenience, we
use the following abbreviation for a given mapping f: X — Y,

Df(z,y) = f(2r +y) + fQ2z —y) - 2f(x +y) — 2f(z —y) — 12 (=),
for all x,y € X with = L y.

Definition 2.1. A mapping f: X — Y is called an orthogonally cubic
mapping if

fQRr+y)+fQ2r—y) =2f(x+y) +2f(x —y) + 12f(2),
for all x,y € X with z L y.
Theorem 2.2. Leta >0 and f: X — Y be a mapping satisfying
(2.1) sup IDf(@1,y1), - D f (i, ye) Ik < o,

forall z1,..., 2k, y1,...,yp € X with x; L y;(i =1,...,k). Then there
exists a unique orthogonally cubic mapping C : X — Y such that

a
(2.2) sup || f(z1) — C(z1),. .., f(@r) — Clzp) |k <
keN 14
forall xq,...,x1 € X.
Proof. Let x1,...,x2, € X. Letting y; = --- =y, = 0 in (EXT), we get

i

(
(2.3) sup 1f(2x1) = 8f(21), ..., f(2x) — 8 (wn)|| <

N[ Q
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for all x1,...,2, € X, since 0 L x;, (i =1,...,k). Replacing x1, ...,z

by 2"x1,...,2"x;, in relation (Z3) and dividing by 8"*!, from relation
3) one gets

( g

(2.4)

Cf@te) @) f@m) @] e 1

keg 8n+1 |n rrnty 8n+1 {n % -9 8n+1 :

It follows from the last inequality that

f@mey) o f(2 ) fEvmay) o f(2ray)
{n+m 8{n LA {n+m |n

<a 1 1
_5 @_'_...—i_w )

It follows that (f 2"z )> is Cauchy and so is convergent in the complete

(2.5) sup
keN

k

forn,m € Nym > 1.

87L
multi-normed space Y.
Set
o f(2M)
C(x) == Tllggo P

Hence for each € > 0 there exists ng such that

f(an) f(2n+k—1x)
for all n > ng. Therefore we get
|| f(2") _
(2.6) nl;rglo e C(z)|| =0,
for all € X. Letting n = 0 in (Z3), we get
f(2m21) f(2may) ax
] o ik

Letting m tend to infinity and using Lemma [ and (IZ:E), we have

sup || f(z1) — C(w1),. .., fzr) — Clzp) |k < 7

keN
Let z,y € X and x L y. So we have 2"z | 2"y. Letting z1 = --- =
xp =2"z and y; = --- = yp = 2"y in (E0) and divide both sides by 8"

to obtain

1
87”Df(2"x,2” Y|l < 87

Taking the limit as n — oo, we get
DC(z,y) = 0.
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Hence C' is an orthogonally cubic mapping.
Let C’ be another orthogonally cubic mapping satisfying (23). It is easy
to see that every cubic mapping f : X — Y satisfies

flka) =k f(2),

for all positive integer k and z € X. So, we have
1
ICz = C'z|| = ZllC@2") — C'(2"2)]|
1 1
< G lI0@") = f2"2)l| + 1/ (2"2) = C'(2"a)|
<l(agm
— 8 \14 14/
Hence C = C’. This proves the uniqueness assertion. O

We prove the generalized Hyers-Ulam stability of the cubic functional
equation in multi-normed spaces by using the fixed point method.

Theorem 2.3. Let k € N and ¢ : X2 — [0,00) be a function such that

¢(2$1, .. '72'%.]6723/17 .. 72yk) S CL¢([I}1, oy Tl Y1,y - - '7yk)7

for some a > 0 with a < 8 and all x1,..., x5, y1,...,yx € X. Suppose
that f : X — Y is a mapping satisfying

(2.7) IDf(x1,91)s - s Df (@, )l < d(w1, - T, Y1, -+ -5 Yi),

forall xy,...,xp,y1,...,yx € X withx; Ly; (i=1,...,k). Then there
exists a unique orthogonally cubic mapping C : X — Y such that

(2.8)
[f(z1) — C(z1),. .., fzr) — Clzp)[lx <

forall xq,...,x1 € X.

1
16_2a¢($1,...,$k,0,...,0),

Proof. Let E = {f : X — Y}, and introduce the generalized metric d
defined on E by
d(g. ) = inf {c € (0.00)  llgla) — h(a). ... glwx) — bzl
<ep(xyy ..., x),VT1,..., 2 € X},

where ¢ : X¥ — [0, 00) is a mapping defined by
w(xl,...,xk):qﬁ(xl,...,xk,O,...,O).

Then, it is easy to show that d is a complete generalized metric on FE.
We now define a mapping J : E — E by

1
Jg(x) = gg(Zaf), Vo € X.
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We claim that J is a strictly contractive mapping. Given g,h € FE, let
¢ € (0,00) be an arbitrary constant with d(g,h) < c. It is easy to see
that

||g(.%'1) - h(x1)7 s ag(xk) - h(xk')Hk < C¢($17 cee )xk)a
for all x1,...,xr € X. Therefore,
[Jg(z1) = Jh(21), ..., Jg(zk) — Jh(z) ||k

_ ngml) — Sh(20),., So(2rg) — Sh(2a)

8 8 .

1
< gca¢(xla s 7'7;/{:)7
for all 21, ...,z € X. So we have d(Jg, Jh) < £ad(g,h) for all g, h € E.
Letting y; = - -+ = yx = 0 in (EZ2), we get
1
(2.9)  [If(221) = 8f(z1),-.., f(225) = 8f(zn)llk < J¥ (@1, 20),

for all 21, ..., zy, € X. It follows from (229) that d(J f, f) < . According
to Lemma [, we deduce the existence of a fixed point of J, that is,
the existence of a mapping C' : X — Y such that C'(2z) = 8C(x) for all
xz € X. It follows from the condition d(J" f,C) — 0 that

C(x) = lim (J"f)(x)

n—oo
2n
= lim 1 m)’ Ve € X.
n—oo &N

Moreover d(f,C) < 2

d(Jf, f), implies the inequality

1
d(f.€) < 16 — 2a’

0|9

So (ER) is satisfied.

Let z,y € X and z L y. So 2"z L 2"y. Letting ;1 = --- = a, = 2"z
and y; = -+ =y, = 2"y in (2220) and dividing both sides by 8", we to
get

HDf( 2"z, 2"y)|| < 5 gb( x,..., 2", 2%y, ..., 2"y)

(%) ey Ty Yy Y)e

Taking the limit as n — oo, we deduce that C' is an orthogonally cubic

mapping.
The uniqueness of C follows from the fact that C' is the unique fixed
point of J with the property that there exists A € (0,00) such that

[f(@1) = C(x1), ..oy flag) — Clap) |k < Az, zk),
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for all x1,...,2r € X. O

Corollary 2.4. Let k € N and p,a be real numbers with o > 0 and
p<3,andlet f: X =Y be a mapping satisfying

IDf(z1,91), - D (e ye)lle < allle[P+- -+ llzelP+ w7+ -+ llyelP),

forall xy,..., 25,91, .., yx € X with x; L y;(i =1,...,k). Then there
exists a unique orthogonally cubic mapping C' : X — 'Y such that

1f(@1) = Clan)s.., Fan) = Clan) i < gg—gprr (laall” + - + laa|P),

where x1,...,x, € X.

Proof. Let

P, Yo Yk) = ezl + A el + lyall? + -+ lluell?),
for all z1,..., 2, y1,...,yr € X and a = 2P in Theorem =3, we obtain
the desired result. O

The following example shows that the assumption p < 3 cannot be
omitted in Corollary Z4. We know from Example =3 that if

|lz1, ..., zkllx = sup{|z1], ..., |z},

then ((R¥,|.|[x) : k¥ € N) is a multi-normed space.

Example 2.5. Fix k£ € N. For ¢ > 0 put A := ﬁg. Let 9 : R — R be
defined by
A x € [1,00);
() = Ard oz e (—1,1)
- x € (—oo, —1].
Consider the function f: R — R to be defined by

fa) =3 ¢(§:5”’), zER.
n=0

Then f satisfies the following functional inequality
(2.10)

IDf (@1, 91)s- -y Df (e yp)lle < elan |+ g Py P+ ),
where x1,..., 25, y1,...,yr € X.
Proof. We claim that
IDf(a,y)| < el + [y°), =y €R.
We have
F@)] < 2,
for all x € R. Therefore we see that f is bounded.
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If [2[* + |y[> = 0 or |2[> + |y°| > §, then

LYE -
144
Al + 1)

<e(jal + Iy*)),

IN

for all z,y € R. Now, suppose that 0 < [z[*> + |y3| < 3. Then there
exists a nonnegative integer k such that

1 1
iz < P 1 <

Qk+2 Qk+1"
Hence,
2 2
2%z <2 and 2Fy < Z,
S R
and

2"2x +y),2"(2z —y),2" (x + y),2"(x — y),2"x € (—1,1),
forallm=0,1,...,k — 1. As a result, we get

D - 18X
o < S
o +1yP = = 87(]P + [43))

[e's)
18X\
<
= 2 5P + 1)
[eS)
18\
<
< L a7
[eS)
1152\
<2 &
n=0
9216
7

=¢&.

)64

A

So

IDf(z,y)| < e(la’ +|y°), z,yeR.
It is easy to see that f satisfies (210) for all z1,..., 2k, y1,...,yx € R.
Now, we claim that the cubic functional equation in Corollary P4 is

not stable for p = 3. Suppose on the contrary that there exists a cubic
mapping C : R — R and S > 0 such that

1f(z1) = C(x1), ..., f(ar) = Clag) e < B(lar|* + - + |axl?),
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where z1,...,2, € R. So |f(z) — C(z)| < §|x| for some constants § > 0
and all 2 € R. Then there exists a constant v € R for which C(z) = a3
for all z € Q. So we get

'fi‘lf)' <5+l zeQ

Let M € N with M > § + |y|. If z is a rational number in (0, QM%),
then we have 2"z € (0, 1) for each n =0,1,2,..., M — 1. Consequently,
for such an = we have

a3 ot 8ny3
R VU
T = 8ny3
=M\
> 6+,
which yields a contradiction. (|

Next, we prove the generalized Hyers-Ulam stability of the orthog-
onally cubic functional equation in the closed balls of X*. Assume
that N,(X*) is the closed ball in X* of radius r around the origin and
((X™||-|ln) : n € N) is a multi-normed space.

Theorem 2.6. Let ¢, : X2 —[0,00) (k € N) be a family of functions
such that ¢y (%,%) < agp(x,y) for some a > 0 with a < % and all
X,y € N.(X*) and k € N. Suppose that f : X — Y is a mapping

satisfying

(2.11) IDf(z1,91)s - Df(@r, yi) 6 < dr(x,y),
for all k € N and x = (z1,...,21),y = (y1,.-.,y) € N(XF) with
z; L yi(i = 1,...,k). Then there exists a unique orthogonally cubic

mapping C : X —'Y such that

sup 1f(z1) — C(z1),..., f(zk) — Clz)|ls < asugégleN_?a()X, 0)7

where X = (w1, ...,21) € N.(XF).

Proof. Let x = (z1,...,21) € N(X*). Replacing x,y in (ZI1) by %,0
respectively, we get

1) 59 (22) o ston 51 ()], < o (50

Sa0k(x,0),

IN
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since 0 L %IL‘z(’L =1,...,k). Letting x by 5 and multiplying with 8" in
(212) we have

81 (55) =84 (o) -8 (5) =847 (o),
< 5(80)"x(x, 0).

Therefore the sequence (8" f(57)) is Cauchy and so is convergent in the
complete multi-norm space Y. Set

C'(x) = lim 8" f (2%) . (ze N.(X)).

It is easy to see that

asu x,0
sup /(1) — €' (o), ., (i) = O (i) < T1PhNAOGO)
keN 2(1—8a)
where x = (21,...,71) € N.(XF).
Let x € N,(X). Then we have
(T _ n+1 ( T ) _
s’ (3) = Jim 81 (3s) = O’
So for all m € N we have 8™C’ (5%) = C’(x). Therefore we can define
the well-defined mapping C : X — Y by C(x) := 8"C’ (2%), where n
is the least non-negative integer such that 57 € N.(X), indeed n =
logy ||z||. It is clear that
— Tim &7 ﬁ)

C(z) _?’LIL)II;OS f (2n . (reX).
Let z,y € X and z L y. So 57 L 5. There exists a large enough n such
that o, % € No(X). Letting 21 = --- =2, = 55, y1 = - = Yp = 35 i

2m 21 2n
(213) and multiplying both sides with 8", we to get

8"Df %, % < (8a)"pr(x,...,x,y,...,y).
AL/

Taking the limit as n — oo, we conclude that C' is an orthogonally cubic

mapping.
The proof of the uniqueness assertion is similar to the ones of Theorem
2. O

Corollary 2.7. Let p,a be positive real numbers with p > 3, and let
f: X =Y be a mapping satisfying

IDf(z1,91), - D (e )k < allle [P+ -+ llzelP+ly P+ -+ llyelP),

for all k € N and x = (z1,...,21),y = (y1,...,yx) € N.(XF) with
x; Ly (i =1,...,k). Then there exists a unique orthogonally cubic



PEXIDERIZED CUBIC FUNCTIONAL EQUATION 57

mapping C : X =Y such that
Sup 1f(z1) = Cl21), ..., flar) — Clar) |k
< ot —gg (el + o ),
where X = (w1, ...,21) € N.(XF).
Proof. Letting ¢, (x,y) = a((lz1[” + -+ [lz& [P + llyall” +- -+ [lyell”)

forall k€ Nand x = (z1,...,21), y = (y1,...,yx) € X¥ and a = 2% in
Theorem 8, we obtain the desired result. O

3. STABILITY OF THE PEXIDERIZED CUBIC FUNCTIONAL EQUATION

In this section, we prove the Hyers-Ulam stability of the Pexiderized
cubic functional equation (I=3) in multi-normed spaces. For given f, g :
X =Y, we set

Df(z,y) = f(kx+y)+f(kz—y)—kf(z+y)—kf(z—y)—2f(kz)+2k f(x),
and
2

D(f,9)(z,y) = f(ka+y)+ f(kz—y)—g(a+y) —g(z—y) -1 g(kz)+29(2),
for all z,y € X. Suppose that & > 1. We need the following lemma.
The proof is found in [IH)].

Lemma 3.1. Let f : X — Y be a mapping with f(0) = 0 satisfying
(I22). Then the mapping G(x) := f(2x) —8f(x) is additive and H(x) :=
f(2x) — 2f(x) is cubic.

Theorem 3.2. Lett € N and ¢ : X — [0,00) be a function such that

¢(2$15 .- '>2$t72y1a .. '72yt) < CL¢(.’L‘1, sy Tty YLy e 7yt)7

for some a > 0 with a < 2 and all x1,...,x¢,y1,...,y: € X. Suppose
that f : X =Y is a mapping such that f(0) =0 and

(31) HDf(CCl,yl)7 e 7Df(xt7yt)‘|t S (;5(5[51, ey Tty Y1y - - 7yt)7

for all x1,...,x¢,y1,.-.,yr € X. Then there exists a unique additive
mapping A : X =Y such that

(3.2) 1f(221) = 8f(21) — A(z1),..., f(22¢) — 8f (2¢) — Azt
1

< mw(ffl, s xt)v
where ¢ : X' — [0,00) is a mapping defined by
(3.3)
1
Y(z1,...,2) = [(L+E)[p(z1, ...z, Rk 4+ D)y, ..., (2k + 1))

k3 —k
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+ oz, ..z, 2k — Dy, ..o, (26 — 1))
+ ¢(3x1, ..., 314,21, ..., Tt)
+ (14 8k2) (1, ..., @y 1, ... T4)
+ o(x1, ..., 2, 3kxe, ..., 3kay)
+ o(x1, ... 2, kxy, .. k)
+ k20(2x1, ..., 23,221, . . ., 204)
+ o221, . .., 2wy, 2kxq, . .., 2kxy)
+2¢(z1,. ..,z (B + Dy, ..oy (K4 1)ay)
+2¢(z1,. ..,z (K — Dy, ..., (k— 1)ay)
+2¢(221, ..., 2%, 21, .. ., X¢)
+ 20221, ..., 2w, kxy, ... kay)

T Ty ko kx;
TN

T xe (2k —1)x1 2k — 1y

2
_i_i(b(O’...,O,l‘l;"'?xt)

Z1 xr 3kxy 3kxy
+8¢<2,...,2, 5 Ty

k+1

+m¢(0,,0,(l€+1).’1}1,,(k+1)$t)
x1 ry (2k+ 1)z (2k + 1)z,

k| —,...,— ———, ..., ———
+8¢<27 ’2’ 2 M ) 2

1+ 8k?

T 00,0, (k= Dy (k= D)

k

+ ——¢(0,...,0,(3k — D)ay,...,(3k — 1)axy)

)

k2
+k_1¢(07’O’2<k_1)x1772(k_1)33t)

K +k—1

%gf)(o,...,O,Qkxl,...,Qkxt)

8k Bk — D)y (3k — 1)y
+k_1¢<0,...,0, R

8k (k+ D (k + 1)z
+ o ¢(0,...,0, Sy

)
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8k? + 2k — 8
+7¢(0,...,0,kx1,...,kxt)
k—1
forallxy,...,x € X.
Proof. Let x1,...,xy € X. Letting 1 = --- = ¢ = 0 in (B3), we obtain
(3.4)
1
||f(y1) + f(_yl)a s 7f(yt) + f(_yt)Ht < md)(oa s ,anl, s vyt)v

for all y1,...,2¢ € X. Letting y1 = x1,...,y = x; in (B), we get

(3.5) [f((k+1)z1) + f((k = D)a1) — kf(221) — 2f (k1)
+2kf(z1), ..., f((k+ Dxe) + f((k = 1)ay)
— kf(2xe) — 2f (kay) + 2k f (1) [|¢
< O(T1ye ey Tty Ty e vy Tt).
Hence
(3.6)  IFC(k+ D)+ f20— D) — kf (1) — 2f(2k1)
+2kf(2x1), .., f(2(E+ Day) + f(2(k — 1)xy)
— kf(4xy) — 2f (2kxy) 4 2k f(224) ]|+
< (21, ..., 2x4, 220, .., 20y).

Letting y1 = kx1,...,y; = kxy in (B), we get

(3.7) |f(2kz1) — kf((k+ 1) — kf(=(k — 1)z1) — 2f (k1)
+2kf(x1),. .-, f2kxy) — kf((k+ 1)xy)
= kf(=(k = D) — 2f(kxy) + 2k f (@) ||¢
< (a1, ... o, kxy, ... k).

Letting y1 = (k + 1)x1,...,y: = (k + 1)a; in (B3), we have

(3.8)  [If(2k+1D)z1) + f(—a1) — kf((k + 2)21) — kf (—kz1)
—2f(kx1) +2kf(x1), ..., f(2k+ 1)ze) + f(—2¢)
— kf((k+2)x) — kf(—kxy) — 2f (kxy) + 2k f (1)
< (1, yxy, (B+ Dy, .oy (K4 1)ay).
Letting y1 = (k — 1)x1,...,y: = (k — 1)a; in (BX), we have

3.9) N2k =Dz — (k+2)f (k1) — kf(—(k — 2)21)
+ (Qk + 1)f(l’1), ce ,f((2]{2 — 1)1‘75 — (k’ + 2)f(k‘l‘t)
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— kf(—(k —2)x) + (2k + 1) f(20) [|¢
< (1, ..y, (k= Dy, .o (k= 1)xy).

Replacing x1 = 2x1, ..., 24 = 224, y1 = X1,...,Yyt = x¢ in (BI), we have

(3.10) |[f((2k + D)a1) + f((2k — V)a1) — 2f(2ka1) — kf(321)
+2kf(2x1) — kf(21), ..., f((2k + D)ay) + f((2k — 1)a)
—2f(2kxy) — kf(3xy) 4+ 2k f(2xy) — kf(x4)]|s
< o2z, ..., 2x, 21, ..., T).

Letting 1 = 3x1,...,2¢ = 3x4,y1 = T1,...,4% = x in (Bd), we
obtain

(3.11) [IF(Bk + Day + f((3k — D)ar) — 2f (Bka1) — kf(421)
—kf(2m1) +2kf(321), ..., f(Bk + D)y + f((3k — 1)xy)
— 2f(3kzt) — kf(dawy) — kf(2xe) + 2k f (3xy) ||
< P(3z1, ..., 3T, 21, ..., Tt).

Setting x1 = 2x1,...,2¢ = 2z, y1 = kx1,...,y = kzy in (B3), we
obtain

(3.12) |If(Bkx1) + f(kx1) — kf((k+2)x1) — kf(—(k —2)z1)
2 (2kar) + 2k (2w0), ., f(3kae) + flkae) — kf((k + 2)r)
—kf(—=(k = 2)xy) — 2f(2kxy) + 2k f(224) |4

Letting y1 = (2k + 1)x1, ...,y = (2k + 1)x¢ in (B), we have

(3.13)  [IF((Bk + D)a1) + f(=(k + Da1) — kf 2(k + 1)21)
— kf(—2kz1) — 2f(kx1) + 2k f(x1),. .., f((Bk + 1)zy)
+ f(=(k + V) = kf(2(k + 1))
— kf(=2kxe) = 2f (kxe) + 2k f (20) |ls
< P(xr,y ..oy m, 2k + Dy, ooy (25 + 1)ay).
Letting y1 = (2k — 1)x1,...,y: = (2k — 1)z in (B3), we have

(3.14)  [[f((Bk = D)a1) + f(=(k = )z1) — kf(=2(k — 1)z1)
— kf(2kz1) = 2f(kz1) + 2k f (1), ..., f((3k — 1)x4)
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+ f(=(k = D) = kf(=2(k — 1)z4)
= kf(2kay) — 2f(kay) + 2k f (2)||¢
< (1, ..y my, (28 — Dy, ..o, (26 — 1)ay).
Putting y; = 3kx1, ...,y = 3kx in (B), we have

(3.15)  [[f(4ka1) + f(=2ka1) — kf(Bk + 1)21) — kf(—(3k — 1)21)
—2f(kxy) + 2k f(x1), ..., f(4kzy) + f(—2kxy)
—kf((3k + L)z¢) — kf(—(3k — 1)z4)
= 2f (kat) + 2k f (@)
< é(w1, ..., xy, 3kx, . .., kay).
It follows from (B34), (83), (81), (B13) and (BT4) that

(3.16)  [kf(2(k + D)) + kf(=2(k — 1)x1) + 6 (k1) — 2f (k1)
—kf(4xy) +2kf(3x1) — 6k f(x1),..., kf(2(k + 1)x¢)
+ kf(=2(k — 1)z¢) + 6f(kay) — 2f(3kwe)
— kf(dxe) + 2k f(32e) — 6k f (0)]]¢
< P(x1y.. oy my, (2 + Dy, ..oy (28 + 1)ay)
+ oz, ..y, 2k — Dy, ..o, (26 — 1)ay)

+ (31, ..., 3x, 21, ) DO(XT1y e T Ty, Ty)

1
+m@%oa---»o’(k’*‘1)351,---7(]‘5‘1‘1)%)
1
><ki1¢(0,...,O,(k:—1)m1,...,(kz—l)xt)
k
+m¢(0,...,0,2k(1)1,...,QkZEt).

By using (84), (BR) and (89) we deduce that

(3.17) I f((2k + 1) + f((2k — Dx1) — kf((k +2)21) — kf(—(k — 2)z1)
—Af(kay) +4kf(21), ..., f((2k + D)xe) + f((2k — L)ay)
—kf((k+2)ze) — kf(=(k = 2)xe) — 4f(kay) + 4k f ()¢

< P(x1, .. xe, (k+ Dy, ..., (k+ Day)
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(3.18) ||kf((k+2)x1) + kf(—(k —2)x1) — 2f(2kx1) + 4f (kz1)
—kf(3x1) +2kf(2x1) — bk f(x1),...,kf((k+ 2)x¢)
+ kf(—(k—2)x) — 2f (2kaxy) + 4f (kay)
— kf(30) + 2K [ (2a1) - 5k f (a2)]l
< P(x1y.. .y, (k+ Dy, .oy (B4 1)ay)
+ oz, .. e, (B — Dy, .o, (K — D)ay)

1
—i—q§(2x1,...,Q:Et,:rl,...,xt)—i—mqb(o,...,O,xl,...,xt)
k

+ mqﬁ(o,...,o,k.ﬁl,. ..,]ff[ft).

From (BT2) and (BIX) we have

(3.19)  [[f(3kw1) — Af (hay) + 5f (k) — kf (Bay) + 4k f (22)
—5kf(x1),..., f(Bkay) — 4f(2kxy) + 5f (kxy)
— kf(3w) + 4k f(2z,) — 5k f (@) |le
< P(x1,. . e, (k+ Dy, ..., (k+ 1Day)
+ oz, .., xe, (K — D,y ..y (k—1)zy)

It follows from (B4), (813), (B14) and (BIH) that

(3:20) [|kf(=(k + L)1) = kf(=(k — Da1) — K2 f(2(k + 1)a1)
+ k2 f(=2(k — Day) + k°f(2ka1) — (K* — 1) f(—2ka1)
+ f(dkxzy) — 2f (kx1) + 2k f(21), ..., kf(—(k + 1)xy)
— kf(=(k = D)we) — k2 f(2(k + D)ae) + & f(=2(k — 1))
+ K2 f(2kxs) — (K% — 1) f(—2kx;) + f(4kay)
— 2f (kae) + 2k f (w0 |ls
<kp(xy,...,x, 2k + D)1, ..., (2k + 1)zy)
+ ko(xy, ... 2, 2k — V)aq, ..., (2k — 1)zy)
+ o(x1, ...,z 3kxy, ..., 3kxy)
k

+ 00,0, (3k = D1, (3k — Dzy).
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By (84), (BM), (872) and (B=20), we get

(3.21) || f(4kzy) — 2f (2kxy) — K3 f(4xy) 4+ 2K3 f(2x1), . . ., f(4kay)
— 2f (2kaxy) — k3 f(dxy) + 2k3 F(2x4) |4
< kéd(x1, ... xe, 2k + Vg, ..., (2k + 1)ay)
+ kd(x1, ... 2, (26 — Dy, .o, (26 — 1)xy)
+ ¢(z1, ..., x4, 3kx1, . .., Bkxy)
+ oz, .. 2 ke, .. k)
+ E2p(2x1, ..., 234, 221, . . ., 224)
k

+ ﬁ@b(o, ce ,0, (3](3 - 1):131, ey (Sk - ].)I‘t)
k

+ m¢(0,,0,(k+1)$1,,(k+ 1)1"15)
]@2

900, 0.2(k = Dn,. 2k - D)

+(k+1)6(0,...,0,2kxq,...,2kx;).

Therefore we have

(3.22) | f(2kzy) — 2f (kx1) — 3£ (221) + 2K3 f(21), . . ., f(2kay)
— 2f (kmy) — K f(2w0) + 2k° f (1) |

TS R
% — 1 % — 1
+k¢(?wujﬁ,( 2)“,”,( 2)”>
3k 3k
+¢(?“”’?’2?“'” ;v
k k
+¢<?,“,?,gﬂnw£?>

+ k2¢(x1, R T P 7y
k (0 0 (3k — 1) (3k — l)xt>

k—1 2 T 2
k (k+ 1)z (k4 1)y
+m¢ (0’-..’0’ 2 PICEEIEIY 2
]{72
+ #0,...,0,(k—Dx1,...,(k—1)ay)
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+ (k+1)6(0,...,0,kxq, ... kxy).
By using (B77), we obtain

(3.23)  |f(4kw1) — kf2(k + Dz1) — kf(=2(k - 1)961)
—2f(2kx1) + 2k f(221), ..., f(4kxy) — kf(2(k 4+ 1)ay)
—kf(=2(k = D) - 2f(2kxt) + 2k f (2z4)|¢
< ¢(2w1, ..., 2wy, 2k, . . ., 2ky).
It follows from (B8721) and (8=23) that

(324)  [[kf(2(k + D)z1) +kf(=2(k — Da1) — k° f(day)
+ (2K% — 2k) f(221), ..., kf(2(k + 1)x)
+Ef(=2(k = D)ay) — K f () + (2k% — 2k) f(22) |4
<kp(xr,...,x, (2k + D)y, ..., (2k + 1)zy)
+ Ekp(x1, ...z, (2 — D)y, ..oy (2k — 1)xy)
+ ¢(x1,. .., x4, k21, ..., 3ky)
+ o(x1, ...z ke, .. k)
+ E2p(2x1, ..., 234, 221, . . ., 224)
+ o221, ..., 20y, 2k, . .., 2kxy)

+%¢(o,...,o, 3k — Day,...,(3k — 1)ay)
k

+m¢(0,,0,(k‘+1)$1,,(k—f‘l)ﬂ?t)
k‘2

+ k_1¢(0,...,0,2(l<:—l)ml,...,Q(k:—1):vt)

+ (E+1)6(0,...,0,2kx1, ..., 2kx,).
Using (BI8) and (B=2), we deduce that

(3.25)  |27(3ka1) — 6F (k) + (k — K¥)f (4ar) — 2K (301)
+ (2k3 — 2K) f(221) + 6k f (1), ..., 2f (3kxy)
— 6 (kxy) + (k — k%) f () — 2k f (32¢)
+ (2K — 2k) f (220) + 6k f ()
<1+ K)[p(z1,...,ze, 2k + Dzq, ..., (2k + 1))
+ oz, ..z, 2k — Dy, ..o, (26 — 1))
+o(3x1,...,3x, 21, ... ) + d(T1, .. X, T, L, T)
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+ qb(l’l, co, oy, 3kx, .. ,3kl't)

+ qb(:nl, e, T, kT, L .,k‘:L‘t)

+ K22z, ..., 2my, 221, . . ., 204)
1

T 0(0, 0, (b= D, (k= 1)
k41
60,0, (R D (o 1)
+ o221, ..., 2x, 2k, . .., 2k2y)
2 _
wqﬁ(o, 0,2k, .. . 2kay)
k-1
k
+ mgb(o, e ,O, (3k' — 1)1'1, ey (3]€ — 1)3}})
ki2

+ #(0,...,0,2(k — Day,...,2(k — 1)x¢).

k—1
Moreover from (BT9) and (B=2H), we have

(3.26)  ||8f(2kx1) — 16 (kz1) + (k — k) f(4z1) + (2k* — 10k) f (221)
+ 16k f(x1), ..., f(2kxy) — 16f(kxy) + (k — k) f (4ay)
+ (2k% — 10k) f (21) + 16k f (1)

<A +E)[p(z1,.. . 2, 2k + Dy, ..., (2k + 1)xy)
+ (1, .. e, (26 — Dy, ..o, (28 — 1)ay)]
+ ¢(3x1, ..., 3T, 21, .., 1)
+od(z1, .., T x1, e, Ty
+ ¢(z1, ..., x4, 3k21, . .., Bkxy)
+ oz, .. 2 ke, .. k)
+ k2221, ..., 234, 221, . .., 224)
+ o2z, ..., 224, 2kxy, . . ., 2kay)
+20(x1, ..y, (K + Dy, ooy (B4 1)ay)
+2¢(x1, ..y, (k= Dy, ooy (K= 1)ay)
+ 202z, ..., 20,21, ..., Ty)
+20(2x1, ..., 2xy, ka1, . .. kTy)
+i¢(0,...,0,x1,...,xt)

+ ——¢(0,...,0,kz1, ..., kxy)
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k+1
+m¢(0,,0,(k+1)3§1,,(l€+1)$t>
1
+m¢(0,,0,(]€—1).’L'1,,(k—1)$t)
k2 +k—1
+7¢(0,...,O,Qkxl,...,2kzazt)
k—1
k
+ﬁ¢(0,,0, (3]43—1){1;‘1,,(3]{3—1)33)
]62
+ k_1¢(0,...,0,2(k—1)x1,...,2(kz—1)xt).

So by (B=22) and (B28), we get

| f(4z1) = 10f(221) + 16f (1), ..., f(4we) — 10f(22¢) 4+ 16 f (¢) |
< d}(xl)"'axt)a

for all 1,...,2; € X. Let g : X — Y be the mapping defined by
g(x) == f(2x) — 8f(x). Therefore we have

lg(2x1) — 2g(z1), ..., 9(2x¢) — 29(z)|le < Y(21, ..., 2¢),

for all z1,...,z; € X. It is easy to see that the mapping A : X — Y
given by

~—

A(z) := lim 92"

n—oo 20 '

satisfies
1
lg(z1) = A(z1),..., g(ze) = Alze)lle < 5—W(@1,..,2),

for all z1,...,2; € X. So (B2), is satisfied. Moreover the mapping A
satisfies (IT2) and A(2zx) = 2A(z) for all x € X. By Lemma B the
mapping A is additive. The uniqueness assertion is easy and we omit
its proof. O

Theorem 3.3. Lett € N and ¢ : X' — [0,00) be a function such that

d(2z1, ..., 204, 2y1, ..., 2y) < ad(x, ..., T, Y1, .-, Yt)s

for some a > 0 with a < 8 and all x1,...,x¢,y1,...,y: € X. Suppose
that f : X =Y is a mapping such that f(0) =0 and

||Df($1,?/1)a o 7Df(xt7yt)Ht S QS(IEl,. ey Lty Y1, - '7yt)7

forall xy,...,x¢,y1,...,yt € X. Then there exists a unique cubic map-
ping C : X =Y such that

(3.27)  [If(2z1) = 2f(21) — C(21),- -+, f(224) — 2f (1) — C(24) |t
(z1, ..., ),

<
“8—ua
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where ¥ : Xt — [0,00) is a mapping defined by (833) for all x1,..., 24 €
X.

Proof. We know from Theorem B2 that
| f(4x1) — 10f(2z1) + 16f(x1), ..., f(4xy) — 10f (2x¢) + 16 f (z4) ||

<(x1,...,T4),
for all 1,...,2; € X. Let h : X — Y be the mapping defined by
h(z) := f(2z) — 2f(x). Therefore, we have
||h(2l‘1) - 8h(.73‘1), SRR h(2xt) - Sh(:l:t)”t < ¢($1, s 7$t)7

for all z1,...,2¢ € X. It is easy to see that the mapping C : X — Y
given by

271

C(z) := lim M2"z)

nsoco 8n

satisfies
1
|h(x1) — C(x1),..., h(xy) — C(ay) || < 3 a aw(z:l, ceey ),

for all z1,...,z; € X. So (B=ZD), is satisfied. Moreover the mapping C
satisfies (I'2) and C'(2z) = 8C(z) for all x € X. By Lemma B the
mapping C' is cubic. The uniqueness assertion is easy and we omit its
proof. O

Theorem 3.4. Lett € N and ¢ : X' — [0,00) be a function such that

¢(2$17 .. -,2337&»23/1, .. '72yt) < aqb(l‘la sy Tty YLy - 7yt)7

for some a > 0 with a < 2 and all x1,...,x¢,y1,...,y: € X. Suppose
that f: X =Y is a mapping such that f(0) =0 and

”Df(xhyl)a e 7Df<mt7yt)Ht S (25(.%'1,. ey Tty Y1y - - '7yt)7

for all x1,...,xe,91,...,y+ € X. Then there exists a unique additive
mapping A : X =Y and a unique cubic mapping C : X =Y such that
(3.28) [ f(z1) = A(z1) = C(z1), ..., f(20) — Aze) — Clz0)|le
1 1 1
< — ...
_6<2_a+8_a)w(x17 71"75)7

where 1 : Xt — [0,00) is a mapping defined by (B33) for all x1,..., 2 €
X.

Proof. By Theorems B2 and B=3, there exist a unique additive mapping
Ap : X — Y and a cubic mapping Cy : X — Y such that

1f(221) = 8f(21) — Ao(21), -, f(21) — 8F (1) — Ao(we)|s

1
>~ 2_a¢($17 ,.’L‘t),
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and
1f(221) = 2f(21) = Co(x1), - -, f(220) = 2f (2) — Co(4)]]¢
S 8 _ ad}(‘rly cee )xt)a
for all x1,...,2: € X. Hence

17G1) + g Aowr) = 5Co(a) - f(a) + g Ao(w) = GColan)

1 1 1
< —
=56 (2—CL+8—CL> ’l/)(.'lfl, 7:1:t)7

for all z1,...,2; € X. Letting A(z) = —1Ap(z) and C(z) = £Co(z),
we obtain (BZR). For the uniqueness assertion, let A;,Cy be another
additive and cubic mapping satisfying (BZ8). Let A’ = A — A; and
C'=C-C1. So

(3.29)

14" (z) + C' (@)l < |1

—

z) = A(z) = C(@)[| + [|f () — As(z) — Cr(2)]

1 1
(525 +50g ) vl
forallz € X. So

1, , ayn [ 1 1 1

— " " <= - ..

sl sceals(5)"(3) (555 + 525 ) ¥ o
for all z € X. Hence C' = 0. It follows from (B=2) that

1 1 1
4@l <5 (505 + 52y ) o)

for all x € X. Hence A’ = 0. O

<

Wl =

Following the same idea as in the proof of Theorems B2, B33 and B4,
we get the following corollary.

Corollary 3.5. Let « > 0 and f : X — Y be a mapping such that
f(0) =0 and

Sujl\:]) HDf(xlvyl)v .. ')Df(xtayt)nt <,
te

for all x1,...,x¢,y1,...,y+ € X. Then there exist a unique additive
mapping A : X = Y and a unique cubic mapping C : X = Y such that

sup [f(z1) = Alr) = C(@n),. flae) = Alwe) = COla)e

4 o! ) 18k% + 21k — 5
< — 1 1+—
<5 <k3_k> [% + 18k + 31 + 1 ,
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forall x1,..., 0y € X.

Theorem 3.6. Let o > 0 and f,g: X — Y be two mappings such that
f(0) =g(0) =0 and

sup [|D(f, 9)(z1,91), - -, D(f, 9)(zt, y0)|lt < v,
teN

for all x1,...,z¢,y1,...,9+ € X. Then there exist a unique additive
mapping A : X =Y and a unique cubic mapping C : X — Y such that

sup [f(z1) = An) = C(@), flae) = Alwe) = COla)e

4 20 18k2 + 21k — 5
< —(— ) |9K* +18k +31 + — =~
21<k(k—1)>[ L R }
and

sup ||g(z1) — kA(x1) — kC(21),...,9(x¢) — KA(zy) — kC(x4)||¢

teN
4 2 18k% 4+ 21k —5
§< a >[9k2+18k+31++ ]

k—1
where x1,...,x: € X.

Proof. 1t is easy to see that
(330) Df(z.) = DS, 9)(r,5) ~ D(f,)(z,0) ~ 5 D(f,0) (w s, 0)
k T—y
- 50t (7 00)
+kD(f.9) (%70) :

for all z,y € X. Using (8330), we get
Sug ||Df($1,y1), v 7Df(xt,yt)”t < Q(k + 1)0[,
te

for all z1,...,x¢,y1,...,y: € X. It follows from Theorem B3 that there
exist a unique additive mapping A; : X — Y and a unique cubic map-
ping C1 : X — Y such that

sup [ f(z1) = A1(21) — Ci(21), .. ., fl@e) — Ar(xe) — Cr(we)l]e
c
4 2
<o <k:(k:—1)) [9k2 + 18k + 31 +

for all x1,...,zy € X. Moreover we see that

B30 Dyleay) = KD(9)w) — 5D() (52 0)

18k2 + 21k — 5
E—1 ’
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k kx —y

for all z,y € X. It follows from (B=3T) that

Sull\l) HDg(:C1,y1), R Dg(l’t,yt)Ht < 2]€Oé,
te

for all x1,...,2¢,y1,---,yt € X. Again using Theorem B, we conclude
that there exist a unique additive mapping As : X — Y and a unique
cubic mapping Co : X — Y such that

sup [|g(z1) — Aa(w1) — Ca(x1), .. -, g() — Aa(me) — Ca(2t) |2

teN
4 [ 2a ) 18k% + 21k — 5
< — 1 1+—
21<k2_1> [9k+ 8k + 31 + — ,

for all x1,...,2: € X.
We show that As = kA;. To this end we have

gp(f,g) (3:0) = kf(@) - gla).

for all z € X. Therefore, we get
1\ /1 k 2ty
_ <[z im —
i)~ sl < () () Jim 5 | 00 (2550) |

e (523

So Ay = kKA. Similarly Cy = kC4. The proof of the uniqueness assertion
is similar to the ones of Theorem B4. O

We prove the generalized Hyers-Ulam stability of the Pexiderized cu-
bic functional equation in multi-normed spaces

Theorem 3.7. Let t € N and ¢ : X' — [0,00) be a function such that

¢(2CC1, .. -,2%723/1, .- '52yt) S CLQZ)(,I]_, e Tty Yty - 7yt)7

for some a > 0 with a < 2 and all x1,...,x¢,y1,...,y: € X. Suppose
that f,g: X —Y are two mappings such that f(0) = g(0) =0 and

HD(fag)(‘Thyl)a cee 7D(f7g)('rtayt)”t < ¢(‘T17 s Tt Yy - 7yt)7
and ¢1, ¢z : X' — [0,00) are two mappings defined by

GL(X1y e T Y1y Y) = ATy Ty YLy - Yt)
+ ¢(z1,...,24,0,...,0)

k
+2¢<x1+y1 xt+yt,0,...,0>

ko7 k
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k. (x1—wn Tt — Yt
— 0,....0
+2¢< k ) ) k b )

+k¢(%,...,%,0,...,0),

and

¢2(x17"'7xt7y17"'7yt) = k¢($17"'7xt7y17"'7yt)
k k k
+2qﬁ< oty xtJ“yt,o,...,o)

k k
k (kry—y kxy — y
— . 0,...,0
+ 2¢ ( k ) 9 k 9y ) ) Y
for all x1,...,z¢,y1,...,9+ € X. Then there exist a unique additive

mapping A : X =Y and a unique cubic mapping C : X — Y such that
1f (1) = A(z1) = Cla1), - .-, f(@e) — Alze) = Cla) It

1 1 1
< < +8—a> @Z)l(ll)l,...,l't),

“6\2—a
and
lg(z1) — kA(z1) — kC(21), ..., 9(z1) — kA(2e) — kC(20) |2
1 1 1
< — e
<5 <2—a + 8—a> Y1, .., Tt),
for all z1,...,2; € X where 11,97 : Xt — [0,00) are two mappings

defined similar to the definition of ¥ in Theorem with this differ-
ence that ¢ (in the definition of 1) is replaced by ¢1 and ¢y anywhere
respectively.

Proof. Tt follows from (8230) that

||Df(l’1,y1),. . 'an($tayt)”t < ¢1(‘T1a s Tty Yty e ayt)a

for all x1,...,2¢,91,...,y: € X. Using Theorem B4, we conclude that
there exist a unique additive mapping A; : X — Y and a unique cubic
mapping C7 : X — Y such that

[ f(z1) — A1(z1) — C1(21), - -, f(2e) — Ar(we) — Cr()]]e

1 1 1
< — —_—
=56 (2_a + 8—a> 1/)1@1, 7:Ct))

for all x1,...,2y € X. Moreover, using (B331), we get

”Dg(xl')y1)7' . '7Dg(xt7yt)”t S ¢2(3§'1,. ey Tty Y1y - - '7yt)7
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for all x1,...,x¢,y1,...,y: € X. Using Theorem B2 again, we deduce
that there exist a unique additive mapping As : X — Y and a unique
cubic mapping Cy : X — Y such that

| f(w1) — Aa(z1) — Ca(21), - - -, f21) — Aa(z1) — Co() |2

1 1 1
< — —_—
=56 <2_a + 8—CL> ¢2($1, axt))

for all x1,...,2: € X.

Similar to the proof of Theorem B8, we have Ay = kA1 and Cy = kC4.
The proof of the uniqueness assertion is similar to ones proof of Theorem
B, O

4. STABILITY OF THE 2-VARIABLES CUBIC FUNCTIONAL EQUATION

In this section, we prove the Hyers-Ulam stability of the 2-variables,
cubic functional equation

(4.1)
fRx+y,2z24+t)+ f2x —y,22 —t) =2f(x +y,z + t)
+2f(xr—y,z—t)+ 12f(z,2),

in multi-normed spaces. Throughout this section, assume that X is a
vector space.

Lemma 4.1. If f : X?> — Y is a 2-variables cubic mapping, then
f(2"z,2"y) = 8" f(x,y) for all z,y € X and n € N.

Proof. Letting y = t = 0 in (E), we get f(2x,2z) = 8f(x,2) for all
xz,z € X. So by induction we have f(2"z,2"y) = 8" f(z,y) for all
z,y € X and n € N. O

Given a mapping f : X2 — Y, we set
Df(z,y,z,t) = f2r +y,2z2+t)+ f(2x —y,22 —t) — 2f(x + y, 2 + t)
—2f(x —y,z —t) — 12f(z, 2),
for all z,y, 2,t € X.
Theorem 4.2. Let a > 0 and f: X — Y be a mapping satisfying
(4.2) sup IDf(z1, 91,21, t1)5 - D f (@, Yooy 210 t) [ < v,

forall x1,..., %k, Y1, Yk, 21, - - » 2k, b1, ..., tp € X. Then there exists
a unique 2-variable cubic mapping C : X — Y such that

(43)  sup || f(x1, 1) — Clan, 1), s F@e un) — Clar v Ik < —,
keN 14

fO'f’ allxlv"'yxkayla"'ayk €X.
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Proof. Let z1,...,2k,y1,...,yr € X. Letting z1 = y1,20 = ¥2,..., 2 =
ypand y1 =---=yp=t1=---=t, =01n (D)jweget

8]
zug Il f(2x1,2y1) — 8f (21, 91), .-+, [ 22k, 2u) — 8 (zr, yn) |k < Px
S

for all x1,..., 2Tk, y1,.-.,9yr € X.
Replacing x1, ..., 25, y1,.. .,y by 221, ..., 22, 2"y1, ..., 2"y, and
dividing the last enequality by 8"*!, one gets

fE iz 2ntly) o f(20a,2%y) f@m ey, 2nty, )

s e
2”a:k,2” k « 1
_ u”k < 5 ( ) ‘

{n 8n+1
It follows that (%

plete multi-normed space Y. Set

> is Cauchy and so is convergent in the com-

C(z,y) := lim w

n— 00 8N

It is easy to see that

(6%
21111\)] ||f(xlay1) - C(xhyl)a e f(xlwyk) - C(mkayk)Hk < —
S

14
Let z,y,2,t € X. Replacing 1 = --- = ap = 2"z, y1 = -+ = yp =
My zg =+ =z, =2"2,t1 = -+ =t = 2™ in (E2) and dividing the
both sides by 8", we obtain
1 «
8—nHDf(2”a;,2"y, 2"z, 2| < g

Taking the limit as n — oo, we get
DC(z,y,z,t) =0.

Hence C' is a 2-variables cubic mapping. Let C” be another 2-variables
cubic mapping satisfying (£=3). So by Lemma BT we have

1

87’L
1
1
+ g llf (272, 2%) — C'(2"z,2"y)||

<1(a+a)
— 8 \14  14/°

Hence C' = C’. This proves the uniqueness assertion. O



74 M. NAZARIANPOOR AND GH. SADEGHI

We prove the generalized Hyers-Ulam stability of the 2-variables cubic
functinoal equation in multi-normed spaces by using the fixed point
method.

Theorem 4.3. Let k € N and ¢ : X** — [0,00) be a function such that
D2x1, ., 20k, 2U1, - - o 2Uky 220, - oy 22k, 21, - . o, 28)
S ad(X1y e Ty YLy e oy Yky 21y e vy Zhs b1y -+ o5 Tl )s
for some a > 0 with a < 8 and all
TlyenwnyThyYlyevvsYky Zlynv-yZhytly--.,tk € X.
Suppose that f : X — Y is a mapping satisfying
(4.4) Df(@1, 91,21, t1), - Df (@, Yk 265 te) |6

S Qs('rla“'7xk7y17'"7yk7217"'7zk7t17”'7tk)7
forall x1,...,z,y1,...,yx € X. Then there exists a unique 2-variable
cubic mapping C : X — 'Y such that

(4.5)
||f($1)yl) - C(Ilayl)a v 7f($kayk) - C(xkvyk)nk
é(xry .o 2k, 0,0.,0,y1, -+, Yk, 0, ..., 0),

<
— 16 — 2a
forall xq,...,x1 € X.

Proof. Let E = {f : X2 — Y}, and consider the generalized metric d
defined on E by

d(gv h) = inf {C > 07 ||g(951,?/1) - h(ﬂfl,?/l), .. g(xk)yk) - h(l‘]ﬁyk)nk

SCw(xla"kavyla'"7yk)>vx17"'7xk7y11"'7ykeX}v
where ¢ : X2 — [0, 00) is a mapping defined by

w(xlv"'axkaylw"ayk):qb(xl:"'axkaov"'707y17"'7yk>0>"'70)7

for all x1,...,2k,y1,...,yx € X. Then, it is easy to show that d is a
complete generalized metric on E. We now define a mapping J : £ — F
by

1
Jg(xvy)zgg(Q‘T?Qy)a VfUa?JGX-

We claim that J is a strictly contractive mapping. Given g,h € F, let
¢ € (0,00) be an arbitrary constant with d(g,h) < c. It is easy to see
that

lg(z1,y1) — h(z1,91)5 -+ -5 9(Ths Yk) — P(@hs Yi) |k
S 01/1(331: vy Tl Yty - - '7yk)7
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for all x1,...,2k,y1,-..,yr € X. Therefore,
IJg(z1,91) = Jh(z1,91)5 - - Jg(Tks Yi) — Jh(2k, Yr) ||k

1 1 1 1
= H8g(2x1, 2y1) — éh(2x1,2y1), . gg(2xk,2yk) — gh(2xk,2yk)

k
1 1
< §c¢(2$1,...,2xk,2y1,...,2yk) < éaczp(xl,...,xk,yl,...,yk),
for all x1,..., 2k, y1,-..,ux € X. So d(Jg,Jh) < gd(g,h). Letting

21 = Y1, 22 = Y2y .- 2k = Yk andyl ::yk:tl ::tk:OIH
(E2), we get

1
< §¢($1,~--»$kay1,--o ayk‘)v

for all x1,...,2k,y1,...,yx € X. It follows from (EH) that d(Jf, f) <
%. According to Lemma 4, we deduce the existence of a fixed point of
J, that is, the existence of a mapping C' : X — Y such that C'(2z,2y) =
8C(z,y) for all z € X. It follows from the condition d(J" f,C') — 0 that

Clz,y) = lim (J"f)(z,y)
_ iy (272,2%)

n—00 {n ’

Moreover d(f,C) < 1_1 d(Jf, f), implies the inequality

Vo € X.

oo|g)

d(f,C) < .

(£,0) < 16 — 2a

So (E3) is satisfied.

Let z,y,2,t € X. Letting 1 = --- = o = 2"z,y1 = -+ = yp =
My zg =0 =z = 22,81 = -+ =t = 2™ in (EQ) and dividing the

both sides by 8", we obtain
1 1
8—nHDf(2":1;, 2%y, 2"z, 2" < 87(1)(2”36, o2, 2%y, 2 My,

2%z, .0, 22,2, ..., 2"
a

n
<§> DXy Yy Yy 2y, 2yt ).

Taking the limit as n — oo, we get
DC(z,y,z,t) =0.

Hence C' is a 2-variables cubic mapping.
The uniqueness of C follows from the fact that C is the unique fixed
point of J with the property that there exists A € (0,00) such that

”f(:Eh yl) - C($lay1)7 SERE) f($k7yk) - C(xk7yk)||k;

IN
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< Aw(xla"'vxkayla'--ayk)v
for all z1,..., 2z, y1,...,yr € X. O

5. STABILITY OF THE CUBIC TYPE FUNCTIOAL EQUATION

In this section, we prove the Hyers-Ulam stability of the orthogonally
cubic type functional equation in multi-normed spaces. Given a mapping
f: X =Y, weset

Df(x1,x2,23) = f(x1 4+ 22 + 223) + f(x1 + x2 — 223)
+ f(2x1) + f(222) + T[f (21) + f(—21)] — 2f (21 + 22)
—4[f(z1 + x3) + flz1 — 23) + f(22 + 23) + f(22 — 23)],
for all x1, 29,23 € X with z; L x;(i,j = 1,2,3).

We need the following lemma. The proof is found in [2].

Lemma 5.1. Let X and Y be an orthogonal space and a real vector
space, respectively. If a mapping f : X — Y satisfies the functional
equation (IC3) for all x1,x9,23 € X with x; L x;(i,5 = 1,2,3), then
C' is orthogonally cubic, where C' : X — Y is a mapping defined by
C(z) = f(x) — f(0) for allx € X.

Theorem 5.2. Let a >0 and f: X — Y be a mapping satisfying

(5.1) Sup IDf(z11, 221, 231),5 - - - Df (21, B2k T31) I < v,

€
fOT‘ all x11,..., 216,221y, Lok, L31, ..., T3k € X with x; L xjn(i,j =
1,2,3,n=1,...,k). Then there exists a unique orthogonally cubic map-

ping C : X =Y such that
e
(5.2) sup 1f (@11) = Cla1n) = f(0),...., f(@a) = Clawk) = FO) < =
€
for all x11,..., 21 € X.

Proof. Let x11,...,z11 € X. Let F be a function on X defined by

F(z) = f(z) — f(0),
for all z € X. Then we have F'(0) = 0. Note that = L 0 for all x € X.
Letting w11 = -+- =@y =231 = - - = 23x = 0 and z21 = 711, ..., T2k =
x1y in (B), we get
sup HF(2x11) - 8F<1‘11), v ,F(?l’lk) - SF(xlk)Hk < a.
keN

Following the same approach as in the proof of Theorem E2, we can
define a mapping C' : X — Y by setting

C(z) = lim F(2n$)

n—oo &N
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Moreover, we have

(e}
sup |F(z11) — C(z11), ..., F(zw) — Clew) |k < =,
keN 7

which implies the inequality (B732).

Let z1,20,23 € X and z; L z; (4,5 = 1,2,3). So we have 2"z; L
2n$]’(i,j = 1,2,3). Letting 11 = = T1k = 2“171, T2l = =+ = Tk =
2"z and 31 = -+ = x3; = 2"x3 in (BJl) and dividing by 8", then it
follows that

1 1
87||Df(2n$172"$2,2n563)|| < it

Taking the limit as n — oo we get DC(z1, x2, 23) = 0. Since C'(0) = 0,
by Lemma BT we conclude that C' is an orthogonally cubic mapping.
Let C’" be another orthogonally cubic mapping satisfying (62). Then
we have

() ') = grlo@') - (2]
< Sinucmx) — f(2"x) + f(O)]]
n 8%”]0(2%) —C'(2"z) — £(0)]]

5 (3+9)

Hence C' = C’. This proves the uniqueness assertion. O

Corollary 5.3. Let a« > 0 and f : X — Y be a mapping satisfying
(60) for all x11,...,T1k, @21, . - ., T2k, T31, ..., T3 € X with xp L xjy,
(i,j = 1,2,3,n = 1,...,k). Then there exists a unique orthogonally
cubic mapping C : X —Y such that

a+ 7| f(0)]]

sup || f(z11) — C(x11),-- -, f(z1k) — Clzw)|k < 7
keN

Proof. In view of Theorem B2, there exists a unique orthogonally cubic
mapping C : X — Y such that (63) is satisfied. We have

Sup 1 f(z11) — C(x11), - -, f(z1K) — C(218) ||R
<sup || f(211) — C(w11) — f(0),..., f(z1x)
keN

— Clzk) = FO)ll + [1£(0), ..., f(O) Ik
_ a+71f0)]
= 7 )
for all z11,...,z11 € X. O
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We prove the generalized Hyers-Ulam stability of the orthogonally
cubic type functional equation in multi-normed spaces by using the fixed
point method.

Theorem 5.4. Let k € N and ¢ : X3% — [0,00) be a function such that

(2211, - -+, 221k, 2221, - - -, 220k, 2231, - - -, 223k)
S a(b(xlla ey L1k, X215 -+ -y L2k X315 - - - 7x3k)7
for somea > 0 witha < 8 and all x11, ..., T1k, 21, - - -, Tk, T31, - - - , T3k €

X. Suppose that f : X = Y is a mapping satisfying
(5.3)  [IDf(zin, 2o, 231), - - Df(x1g, ok, T3k 1k

S Qb(xlla ey L1y X211y« v+ y L2ky 31y - - - 7x3k)7
fOT‘ all x11, ..., 1%, 21, -+, Ty T31, - - -, X3 € X with x4, L Tjn (Z,] =
1,2,3,n=1,...,k). Then there exists a unique orthogonally cubic map-

ping C : X =Y such that
If(z11) — C(z11) — £O), ..., flz) — Clz1x) — f(O)||x
1
S m¢(0)~."07$117“-,I1k707...,O)’
for all zyy, ...,z € X.

Proof. Let E = {f : X — Y}, and consider the generalized metric d
defined on E by

d(g. h) = int {e > 0, llg(ars) = h(wn), . glzwe) = h(zw)x
<ep(zin, .. 21k), Vo1, .., g € X},
where ¢ : X¥ — [0, 00) is a mapping defined by

w(l‘n,...,l‘lk) :qﬁ(O,...,O,xH,...,xlk,O,...,O),

for all x11,...,21 € X. Then, it is easy to show that d is a complete
generalized metric on E. We now define a mapping J : £ — E by

1
Jg(x) = gg(Zaf), Vo e X.
Let F be a function on X defined by
F(z) = f(z) — f(0),

for all x € X. Letting 11 = -+ = 21 = 231 = --- = 23 = 0 and
21 = T11y.-.yL2k = T1k in (EH), we get

||F(2:L‘11) — SF(QJ‘H), N ,F(Qxlk) — 8F(l’1k)”k S ¢(:U11, . ,l‘lk),
for all z11,...,z1x € X. The rest of the proof is similar to the ones of

Theorem P3. O
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6. STABILITY OF THE k-CUBIC FUNCTIOAL EQUATION

In this section, we prove the Hyers-Ulam stability of the k-cubic func-
tional equation in multi-normed spaces. For a given mapping f : X —
Y, we set

2 _
Df(%y)Zkf(a:+ky)—f(kx+y)_w

— (K1 = 1) f(y) + 2k(k* = 1) f(x),
for all z,y € X with z L y.

[f(z+y)+ flz—y)

Definition 6.1. A mapping f : X — Y is called an orthogonally k-cubic
mapping if

2 _
Bt k) — Sk ) = D) 4 s )+ - 105)

— 2k(k* — 1) f(2),
for all z,y € X with z L y.
We state the following lemma. The proof is obvious.

Lemma 6.2. If k> 2 and f : X — Y is a k-cubic mapping then we
have f(kx) = k3f(z) for all z € X.

Theorem 6.3. Let « > 0 and k > 2 and f : X — Y be a mapping
satisfying

(61) SupHDf(':Ulayl)w"7Df(xt7yt)”t SO&,
teN

orallxy,...,T¢,y1,..., Yt € with x; L y;(1=1,...,¢).
for all X hx, Ly(i=1 If
(k+1)(k*+1)

K2+k+1 7

then there exists a unique orthogonally k-cubic mapping C : X — Y
such that

(6.2)

sup /(1) =€) = AJ(O), . f () = Cla) = MO, < 15

A=

forall x1,...,0y € X.

Proof. Let 1,...,2; € X and f =k* — 1. Lettingy; = --- =y =0 in
(B0), we obtain

sup 1 f(kz1) =k f (1) + BFO) ... flkwe) — K f(aze) + BFO)]e < a,
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since 0 L x;(i =1,...,t). So the sequence <%) is Cauchy and so is

convergent in the complete multi-normed space Y. Set

Clz) = Hm =

Similar to the proof of Theorem P, we can conclude the inequality
(62).

Let z,y € X and =z 1L y. Letting x1 = --- =z = k"z, y1 = --- =
y; = k™y in (E1) and dividing the both sides by k3", we obtain

1 «
kﬁHDﬂk%,k”y)H <

Taking the limit as n — oo, we get

DC(z,y) = 0.

So (' is an orthogonally k-cubic mapping.
Let C’ be another orthogonally k-cubic mapping satisfying (62). So
by Lemma B2 and induction, we have

C(k"z) = k*"C(z),  C'(k"z) = k*"C'(x),
for all z € X and n € N. So we have
]‘ n n
1C(z) — C'(2)]| = 0K ) — C'(k")]|

< k% |C (k") — f(K"z) + Af(0)]]

N k% € (k"z) — f(kmz) + AF(O)|

<L @
S\ -1 B —1)

Hence C' = C’. This completes the proof. O

Corollary 6.4. Leta >0 and k> 2 and f : X = Y be a mapping sat-
isfying (B) for all x1,..., x4, y1,..., 9 € X withx; Ly, (i=1,...,t).
Then there exists a unique orthogonally k-cubic mapping C : X — Y
such that

o 4_
wupl() = Clon) ., ) = Clal < 25— DO

Proof. By Theorem B23, we conclude the existence of an orthogoally k-
cubic mapping C': X — Y such that (63) is satisfied. If

\ (k+1)(k*+1)
k24 k+1
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then we have

ilelg [ f(z1) = C(x1), ..., f(ze) — Cae) e
< sup || f(z1) = C21) = Af(0),..., flwe) = Clan) = AFO)],

te

+AI£(0), -, F(O)]e

_at E =10
- k3 —1 '
for all x1,...,2: € X. O

We prove the generalized Hyers-Ulam stability of the k-cubic func-
tional equation in multi-normed spaces by using the fixed point method.

Theorem 6.5. Let k > 2 andt € N and ¢ : X*' — [0,00) be a function
such that

¢(kl‘1, ceey lﬁﬂl’t, kyb SRR} kyt) < a¢($1> ces Tty YLy e 7?Jt)7

for some a > 0 with a < k* and all x1,...,2¢,y1,...,y: € X. Suppose
that f : X =Y is a mapping such that f(0) =0 and

(63) ”Df(J:l?yl)? e an(l’t,yt)Ht S ¢($1, ey Tty Y1y - e 7yt)7

for all x1,..., x4, y1,. ..y € X with x; L y;(i = 1,...,t). Then there
exists a unique orthogonally k-cubic mapping C : X — Y such that
(6.4)

[£G1) = Clan) o Fla) = Clan)l < g blan.o o 0....,0),

forallxy,...,2¢ € X.

Proof. Let E = {f : X — Y}, and consider the complete generalized
metric d defined on F by

d(g,h) = inf {c € (0,00) : ||lg(x1) — h(x1),...,9(z) — h(xy)]:
< (..., x), V21, ..., 2y EX},

where 1 : Xt — [0, 00) is a mapping defined by
Y(xy, .., x) = @(x1, ..., 24,0,...,0).
We now define a mapping J : £ — E by
1
Jg(z) = Fg(k:x), Vo e X.

It is easy to see that J is a strictly contractive mapping with the Lipschitz
constant ;5. Letting y; = - =y, = 0 in (633), we get

(6.5)  ||f(kzy) — K3 f(x1), ..., flkx) — B3 f(ze)||s < (z1, ..., x),
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for all x1,...,2¢ € X. Tt follows from (633) that d(Jf, f) < k—lg Accord-
ing to Lemma [, we deduce the existence of a fixed point of J, that is,
the existence of a mapping C' : X — Y such that C(kx) = k3C(z) for
all x € X. It follows from the condition d(J" f,C) — 0 that

Cla) = lim (J"f)(x)
f(k"z)

:nh_>nolo TR Vo € X.
Moreover
1
d(f,C) < A S, f),
=15
implies the inequality
1
d(f,C) < ——
(5,C) < 5
So (B32) is satisfied.
Let z,y € X and « L y. Lettingx1 =--- =z, =k"zand y; =--- =
y; = k™y in (63) and dividing the both sides by k3", we get
1 n n 1 n n n n
a n
< <E) oz, x,y, .., Y).

Taking the limit as n — oo, we deduce that C is an orthogonally k-cubic

mapping.
The uniqueness assertion is similar to the proof of Theorem 2=3. U
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