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Categorical Properties of Down Closed Embeddings

Leila Shahbaz

Abstract. Let M be a class of (mono)morphisms in a category A.
To study mathematical notions, such as injectivity, tensor products,
flatness, one needs to have some categorical and algebraic informa-
tion about the pair (A,M).

In this paper, we take A to be the category Pos-S of S-posets
over a posemigroup S, and Mdc to be the class of down closed
embeddings and study the categorical properties, such as limits
and colimits, of the pair (A,M). Injectivity with respect to this
class of monomorphisms have been studied by Shahbaz et al., who
used it to obtain information about regular injectivity.

1. Introduction and Preliminaries

The category Pos-S of partially ordered sets with actions of a
pomonoid S on them have been studied in various papers (see [4–6,
9, 10, 13, 15, 17, 18]). While studying injectivity with respect to em-
beddings one gets that the subclass of embeddings which has natural
behaviour with regular injectivity is the subclass of down closed em-
beddings. Down closed embeddings and injectivity with respect to these
embeddings were first introduced and studied by the author and Mah-
moudi for S-posets over the pomonoid S. They gave a criterion for down
closed injectivity (briefly, dc-injectivity) and studied such injectivity for
S itself, and for its poideals (see [14]). In this paper, we take A to be
the category Pos-S of S-posets over a semigroup S, and Mdc to be the
class of down closed embeddings and study the categorical properties,
such as limits and colimits, of the pair (A,M).
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90 L. SHAHBAZ

First we briefly recall the definition and the categorical and alge-
braic ingredients of the category Pos-S of (right) S-posets needed in
the sequel. For more information see [7, 8, 11]. Recall that a monoid
(semigroup) S is said to be a pomonoid (posemigroup) if it is also a poset
whose partial order ≤ is compatible with its binary operation (that is,
for s, s′, t, t′ ∈ S, s ≤ t, s′ ≤ t′ imply ss′ ≤ tt′).

A (right) S-poset is a poset A which is also an S-act whose action
λ : A×S → A is order-preserving, where A×S is considered as a poset
with componentwise order.

An S-poset map (or morphism) is an action preserving monotone map
between S-posets. Moreover, regular monomorphisms (equalizers) are
exactly order embeddings (briefly, embeddings); that is, monomor-
phisms f : A → B for which f(a) ≤ f(a′) if and only if a ≤ a′, for all
a, a′ ∈ A.

Let A be an S-poset. A (right) S-poset congruence on A is a (right)
S-act congruence θ, that is, an equivalence relation on A which is closed
under S-action, with the property that the S-act A/θ can be made into
an S-poset in such a way that the canonical S-act map A → A/θ is
an S-poset map. For a binary relation β on A, define a relation ≤β on
A by a ≤β a′ if and only if a ≤ a1βa

′
1 ≤ · · · ≤ anβa

′
n ≤ a′ for some

a1, a
′
1, . . . , an, a

′
n ∈ A,n ∈ N. Then an S-act congruence θ on A is an

S-poset congruence if and only if for every a, a′ ∈ A, aθa′ whenever
a ≤θ a

′ ≤θ a. The S-poset quotient is then the S-act quotient A/θ with
the partial order given by [a]θ ≤ [a′]θ if and only if a ≤θ a

′. Clearly,
a ≤ a′ implies that a ≤θ a

′.
Recall that the product of a family {Ai}i∈I of S-posets is considered

as their cartesian product with the componentwise order and S-action.
The coproduct of a family {Ai}i∈I of S-posets is considered as their
disjoint union with the order given by x ≤ y in coproduct if and only if
there exists an S-poset Ai of a family with x, y ∈ Ai and x ≤ y in Ai,
and the S-action is as follows, for a ∈

⨿
i∈I Ai, s ∈ S there exists i ∈ I

such that a ∈ Ai. Now, define the action of a and s as as in Ai.
For a family {Ai : i ∈ I} of S-posets with a unique fixed element 0,

the direct sum
⊕

i∈I Ai is defined to be the sub S-poset of the product∏
i∈I Ai consisting of all (ai)i∈I such that ai = 0 for all i ∈ I except

a finite number. Recall from [14] that for a family {Ai}i∈I of S-posets
where I is a chain, the order sum, denoted by

⊎
i∈I Ai is defined to be

the disjoint union
∪̇

i∈IAi with the order given by x ≤ y if and only if
either x, y ∈ Ai for some i ∈ I and x ≤ y in Ai, or x ∈ Ai, y ∈ Aj and
i < j.

The pullback of S-poset maps f : A → C and g : B → C is the sub
S-poset P = {(a, b) : f(a) = g(b)} of A×B, together with the restricted
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projection maps. The pushout of S-poset maps f : A→ B and g : A→
C is the quotient of the coproduct B ⊔ C = ({1} × B) ∪ ({2} × C) by
the congruence θ(H) generated by H = {((1, f(a)), (2, g(a))) : a ∈ A}.

Now, we introduce the class of down closed embeddings needed to
define down closed injectivity.
Definition 1.1. A possibly empty sub S-poset A of an S-poset B is
said to be down closed in B if for each a ∈ A and b ∈ B with b ≤ a we
have b ∈ A. By a down closed embedding (or briefly dc-embedding),
we mean an embedding f : A→ B such that f(A) is a down closed sub
S-poset of B.

2. Categorical Properties of Down Closed Embeddings

In this section we study some categorical and algebraic properties of
the category Pos-S with respect to the classMdc of down closed embed-
dings, mostly to do with the composition, limit, and colimit properties.

First, we investigate the composition properties of down closed em-
beddings of S-posets.
Lemma 2.1. (i) The composition of down closed embeddings is a

down closed embedding.
(ii) The class of down closed embeddings is isomorphism closed.

Proof. (i) Let f : A → B and g : B → C be two down closed
embeddings and c ≤ gf(a). Since g is down closed embedding
there exists b ∈ B such that c = g(b) and so g(b) ≤ gf(a). Then
b ≤ f(a) since g is regular. Now, b = f(a′) for some a′ ∈ A since
f is down closed embedding. Hence c = g(b) = g(f(a′)).

(ii) Since each isomorphism is a down closed embedding, (i) gives
the result. □

Proposition 2.2. The class of all down closed embeddings is left can-
cellable.
Proof. Let gf be a down closed embeddings for monomorphisms f :
A → B, g : B → C. First we show that f is an embedding. For,
let f(a) ≤ f(a′) for a, a′ ∈ A. Since g is order preserving one gets
gf(a) ≤ gf(a′), which implies that a ≤ a′ by regularity of gf . This
means that f is an embedding. To show that f is down closed, take
b ∈ B, a ∈ A with b ≤ f(a). Since g is order preserving one gets g(b) ≤
gf(a), which implies that there exists a′ ∈ A such that g(b) = (gf)(a′)
since gf is down closed. Since g is a monomorphism one gets b = f(a′)
as required. □
Remark 2.3. For every pomonoid S, the class Mdc is not right can-
cellable. For example, consider the inclusions 2

f
↪→ 2∪̇1

g
↪→ 1 ⊎ 3 with
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trivial actions of a pomonoid S on 2, 2∪̇1 and 1 ⊎ 3. Then gf ∈ Mdc

but g is not in Mdc. Also, for every pomonoid S, there always exists
a monomorphism that is not down closed and regular. To see this, it
suffices to take the inclusion i : 1∪̇1 ↪→ 1 ⊎ 2 with trivial actions of a
pomonoid S on 1∪̇1 and 1 ⊎ 2.
2.1. Limits of Down Closed Embeddings. In this subsection some
of the categorical properties of down closed embeddings related to limits
such as products and pullbacks are studied.
Proposition 2.4. (i) The class Mdc is closed under products.

(ii) Let {fi : A→ Bi | i ∈ I} be a family of down closed embeddings.
Then their product homomorphism f : A→

∏
Bi is also a down

closed embedding.
Proof. (i) Let (fi : Ai → Bi)i∈I be a family of down closed embed-

dings. Consider the commutative diagram∏
i∈I Ai

f //

pAi

��

∏
i∈I Bi

pBi

��
Ai

fi

// Bi

which f exists by the universal property of products. It is easily
proved that f is an embedding. So we show that f is down
closed. For, let b = (bi)i∈I ∈

∏
i∈I Bi, a = (ai)i∈I ∈

∏
i∈I Ai

and (bi)i∈I = b ≤ f(a) = (fi(ai))i∈I . Then bi ≤ fi(ai) for
each i ∈ I, and since each fi is down closed, there exists an
element a′i ∈ Ai with bi = fi(a

′
i) for each i ∈ I. Therefore,

b = (bi)i∈I = (fi(a
′
i))i∈I = f(a′) which proves that f is down

closed.
(ii) It is similar to the proof of (i). □

Recall that a class of morphisms of a category is called pullback stable
if pullbacks transfer those morphisms. In the next result, we study this
property for down closed embeddings of S-posets.
Proposition 2.5. The class of down closed embeddings is pullback sta-
ble.
Proof. Consider the pullback diagram

P

pA
��

pB // B

g

��
A

f
// C
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where P is the sub S-poset {(a, b) : f(a) = g(b)} of A×B, and pullback
maps pA : P → A, pB : P → B are restrictions of the projection maps
and f is a down closed embedding. We want to show that pB is a down
closed embedding. By [12], it is known that pB is an embedding so it
is enough to show that it is down closed. For, let b′ ≤ pB(a, b) = b, a ∈
A, b, b′ ∈ B. Then g(b′) ≤ g(b) = f(a) since (a, b) ∈ P . Now, since f is
down closed one gets g(b′) ∈ f(A) which means that g(b′) = f(a′) for
some a′ ∈ A. Hence (a′, b′) ∈ P and b′ = pB(a

′, b′) ∈ pB(P ). □

Proposition 2.6. The class of down closed embeddings is closed under
Mdc-pullbacks.

Proof. Consider the pullback diagram

P

pA
��

pB // B

g

��
A

f
// C

where g, f are down closed embeddings. Then by the above proposition
pA, pB are down closed embeddings and thus since the class of all down
closed embeddings is closed under composition, one gets that fpA and
gpB are down closed embeddings. □

Now, we mention the construction of the general limits which we need
in the following proposition.

Definition 2.7. Let A : I → Pos − S be a diagram in Pos-S de-
termining the S-posets Aα, for α ∈ I = ObjI, and S-poset maps
gαβ : Aα → Aβ, for α → β in MorI. Recall that the limit of this dia-
gram is A = lim←−αAα :=

∩
α∈I Eα, where Eα = {a = (aα)α∈I ∈

∏
αAα :

gαβpα(a) = pβ(a)} and pα, pβ are the α, βth projection maps of the
product. Also, the limit S-poset maps are qα =: pα |A: lim←−αAα → Aα.

Proposition 2.8. The class of down closed embeddings is closed under
limits.

Proof. Let A,B : I → Pos − S be diagrams in Pos-S determining the
S-posets Aα, Bα, for α ∈ I = Obj(I), and S-poset maps gαβ : Aα →
Aβ, g′αβ : Bα → Bβ, for α → β in Mor(I). Consider limits of these
diagrams with limit maps qα : lim←−Aα → Aα, q′α : lim←−Bα → Bα. Let
{fα : Aα → Bα : α ∈ I} be a family of down closed embeddings such
that g′αβfα = fβgαβ. Let f denote lim←−fα : lim←−Aα → lim←−Bα which exists
by the universal property of limits. We show that f is a down closed
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embedding. Consider the diagram

lim←−Aα

lim←−fα
��

qα // Aα

gαβ //

fα

��

Aβ

fβ

��
lim←−Bα

q′α

// Bα
g′αβ

// Bβ.

First, we show that f is an embedding. For, let f(a) ≤ f(a′) for
a = (aα)α, a

′ = (a′α)α ∈ lim←−Aα. For each α ∈ I, we have fα(a) =

pαf(a) ≤ pαf(a
′) = fα(a

′). Since fα is an embedding by the assump-
tion, a ≤ a′. Thus f is an embedding. To show that f is down
closed, let b = (bα)α ≤ f((aα)α) = (fα(aα))α, a = (aα)α ∈ (aα)α ∈
lim←−Aα, b = (bα)α ∈ lim←−Bα. Thus For each α ∈ I, we have bα ≤
fα(aα). Now, since each fα is down closed, for each α ∈ I there ex-
ists a′α ∈ Aα such that bα = fα(a

′
α). If we show that a′ = (a′α)α

belongs to lim←−Aα then b = (bα)α = f((a′α)α) which completes the
proof. It is enough to show that gαβpα(a

′) = pβ(a
′). One knows

that g′αβfα(a′α) = g′αβp
′
α((fα(a

′
α))α) = g′αβp

′
α((bα)α) = p′β((fα(a

′
α))α) =

fβ(a
′
β). Thus fβgαβ(a′α) = g′αβfα(a

′
α) = fβ(a

′
β), which implies that

gαβpα(a
′) = gαβ(a

′
α) = a′β = pβ((a

′
α)α) = pβ(a

′) since fβ is an embed-
ding. Therefore, f is an order embedding. □

2.2. Colimits of Down Closed Embeddings. This subsection is de-
voted to the study of the categorical properties of down closed embed-
dings related to colimits such as coproducts, direct sums, pushouts and
directed colimits.

Proposition 2.9. The class of down closed embeddings is closed under
coproducts and direct sums.

Proof. Consider the diagram

Ai

ui

��

fi // Bi

u′
i

��⨿
i∈I Ai

f
/ /
⨿

i∈I Bi

in which {fi : Ai → Bi : i ∈ I} is a family of down closed embed-
dings. Let f =

⨿
i∈I fi :

⨿
i∈I Ai →

⨿
i∈I Bi be the S-poset map sat-

isfying f(ui(ai)) = u′ifi(ai), for ai ∈ Ai, which exists by the universal
property of coproducts; in fact, f(ai, i) = (fi(ai), i). We have to show
that f is a down closed embedding. By [12], it is obvious that f is
an embedding so it is enough to show that f is down closed. For, let
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(a, i) ∈
⨿

i∈I Ai, (b, i) ∈
⨿

i∈I Bi and (b, i) ≤ f(a, i) = (fi(a), i). Then
b ≤ fi(a) and hence there exists a′ ∈ Ai such that b = fi(a

′), since for
each i ∈ I, fi is down closed. Therefore, (b, i) = f(a′, i) and the proof is
complete.

Now, let {fi : Ai → Bi : i ∈ I} be a family of down closed em-
beddings. Then, by Proposition 2.4, one gets that f =

⊕
i∈I fi =∏

i∈I fi :
⊕

i∈I Ai →
⊕

i∈I Bi is a down closed embedding. More pre-
cisely, if (ai)i∈I ∈

⊕
i∈I Ai, (bi)i∈I ∈

⊕
i∈I Bi and (bi)i∈I ≤ f((ai)i∈I) =⊕

i∈I fi((ai)i∈I) = (fi(ai))i∈I , then, for each i ∈ I, bi ≤ fi(ai) and since
each fi is down closed we get that there exists a′i ∈ Ai with bi = fi(a

′
i).

Hence (bi)i∈I = f((a′i)i∈I) and the result holds. □

The category A is said to satisfy the M-transferability property, for
a subclass M of monomorphisms, if for all f ∈ A and m ∈ M with
common domain there is a commutative diagram

•
m

��

f // •
u

��
• g

// •

with u ∈M.
The notion of M-transferability property is used by universal alge-

brists whereas category theorists prefer “M’s are preserved by pushouts”
or “pushouts transfer M’s” which is the same, provided pushouts exist
and M is left cancellable.

Recall the following lemma from [14].

Lemma 2.10. In the category of S-posets, pushouts transfer down closed
embeddings.

Proof. It is known that in the category Pos-S, pushouts transfer regu-
lar monomorphisms. To show that pushouts transfer down closed em-
beddings, we should show that if f is a down closed embedding, then
so is qC . Let [x]θ ∈ (B ⊔ C)/θ, [(2, c)]θ ∈ qC(C) for some c ∈ C
and [x]θ ≤ [(2, c)]θ, then either [x]θ = [(1, b)]θ for some b ∈ B, or
[x]θ = [(2, c′)]θ for some c′ ∈ C. In the latter case, we have [x]θ =
[(2, c′)]θ ∈ qC(C) and so the result holds. In the former case, we have
[(1, b)]θ ≤ [(2, c)]θ. Now, (1, b) ≤ (2, c) (which is not possible by the
definition of order on coproducts), or there exist s1, s2, . . . , sn ∈ S such
that (1, b) ≤ c1s1, d1s1 ≤ c2s2, d2s2 ≤ c3s3, ..., dnsn ≤ (2, c) where
(ci, di) ∈ H ∪ H−1, i = 1, 2, . . . , n. Thus there exist a1, . . . , an ∈ A
such that (1, b) ≤ (1, f(a1))s1, (2, g(a1))s1 ≤ (2, g(a2))s2, (1, f(a2))s2 ≤
(1, f(a3))s3, ..., (1, f(an−1))sn−1 ≤ (1, f(an))sn, (2, g(an))sn ≤ (2, c).
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So b ≤ f(a1s1). Since f is down closed, b ∈ f(A). So there exists a′ ∈
A such that b = f(a′). Thus [(1, b)] = qB(b) = qB(f(a

′)) = qC(g(a
′)),

and then [(1, b)] ∈ qC(C). Therefore, qC is down closed. □
Note that since the composition of down closed embeddings is a down

closed embedding, we have the direct corollary of the above proposition.
Proposition 2.11. The pushout of down closed embeddings belongs to
Mdc.
Proof. Applying the notations of Lemma 2.10, with a similar argument
to its proof, one gets that when f and g in the pushout diagram are
down closed embeddings, then so is kf = hg. □

For a class E of morphisms of a category, we say that multiple pushouts
transfer E-morphisms if in the multiple pushout (Q, (Ai

qi→ Q)i∈I) of a
family {fi : A→ Ai| i ∈ I} of E-morphisms, qi ∈ E , for every i ∈ I.

Analogously to the pushouts, the following theorem is obtained.
Theorem 2.12. Multiple pushouts transfer down closed embeddings.
Proof. Assume that (Q, (Ai

qi→ Q)i∈I) is the multiple pushout of a
family {fi : A→ Ai| i ∈ I} of down closed embeddings. Recall that
Q = (

⨿
Ai)/θ(H), where θ = θ(H) is the S-poset congruence on

⨿
Ai

generated by H = {(ui(fi(a)), uj(fj(a)))| a ∈ A, i, j ∈ I}, and qi = πui,
where π :

⨿
Ai → Q is the natural map and ui : Ai →

⨿
Ai, i ∈ I

are the coproduct injections. We prove that for each i ∈ I, qi is a
down closed embedding. In [12], it is shown that each qi is an em-
bedding. So we show that for each i ∈ I, qi is down closed. Let
[x]θ ≤ qi(ai) = [(i, ai)]θ where [x]θ ∈ (

⨿
Ai)/θ, [(i, ai)]θ ∈ qi(Ai) for

some ai ∈ Ai, then either [x]θ = [(j, aj)]θ for some aj ∈ Aj , j ̸= i,
or [x]θ = [(i, a′i)]θ for some a′i ∈ Ai. In the latter case, we have
[x]θ = [(i, a′i)]θ ∈ qi(Ai) and so the result holds. In the former case, we
have [(j, aj)]θ ≤ [(i, ai)]θ. Now, (j, aj) ≤ [(i, ai)] (which is not possible by
the definition of order on coproducts), or there exist s1, s2, . . . , sn ∈ S
such that (j, aj) ≤ c1s1, d1s1 ≤ c2s2, d2s2 ≤ c3s3, ..., dnsn ≤ (i, ai)
where (ci, di) ∈ H ∪H−1, i = 1, 2, . . . , n.

Thus there exist a1, . . . , an ∈ A such that (j, aj) ≤ (j, fj(a1))s1,
(j1, fj1(a1))s1 ≤ (j1, fj1(a2))s2, (j2, fj2(a2))s2 ≤ (j2, fj2(a3))s3, ...,
(jn−1, fn−1(an−1))sn−1 ≤ (jn−1, fn−1(an))sn, (i, fi(an))sn ≤ (i, ai).

So aj ≤ fj(a1s1). Since fj is down closed, there exists a′ ∈ A such
that aj = fj(a

′). Thus [(j, aj)] = qj(aj) = qj(fj(a
′)) = qi(fi(a

′)), and
then (j, aj) ∈ qi(Ai). Therefore, qi is down closed. □
Corollary 2.13. Every multiple pushout of down closed embeddings
(the diagonal maps on the multiple pushout diagram) is a down closed
embedding.
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Proof. Since the composition of down closed embeddings is a down closed
embedding, the proof is clear by the above theorem. □
Definition 2.14. Let M be a class of morphisms of a category C. We
say that C has:

(i) M-bounds if for every small and non-empty family {hi : A →
Bi}i∈I of M-morphisms, there is an M-morphism h : A → B
which factorizes through all hi’s.

(ii) M-amalgamation property if in (i), h factorizes through all hi’s
by M-morphisms.

Since, by Proposition 2.12, multiple pushouts transfer down closed
embeddings, the following is immediate:
Proposition 2.15. The category of S-posets has Mdc-amalgamation
property and so also has Mdc-bounds.

Recall that a directed system of S-posets and S-poset maps is a family
(Ai)i∈I of S-posets indexed by an up-directed set I endowed by a family
(ψij : Ai → Aj)i≤j∈I of S-poset maps such that given i ≤ j ≤ k ∈ I,
ψik = ψjkψij and ψii = id. Also the pair (lim←−Ai, {αi : Ai → lim←−Ai}) or
in abbreviation, lim←−Ai is called the directed colimit (or direct limit) of
the directed system ((Ai)i∈I , (ψij)i≤j) if for every i ≤ j ∈ I, αjψij = αi,
and for every (B, fi : Ai → B) with fjψij = fi, i ≤ j ∈ I, there exists a
unique S-poset map ν : lim←−Ai → B such that ναi = fi, for every i ∈ I.

Recall from [6] that the directed colimit of any up-directed system
((Ai)i∈I , (ψij)i≤j) of S-posets exists, and may be represented as (A/θ, (ψi :
Ai → A/θ)i∈I), where

(1) A =
⨿
Ai;

(2) aθa′(a ∈ Ai, a
′ ∈ Aj) if and only if ∃k ≥ i, j : ψik(a) = ψjk(a

′);
(3) [a]θ ≤ [a′]θ(a ∈ Ai, a

′ ∈ Aj) if and only if ∃k ≥ i, j : ψik(a) ≤
ψjk(a

′);
(4) for each i ∈ I and a ∈ Ai, ψi(a) = [a]θ.

Theorem 2.16. Let I be an up-directed set and {hα : Aα → Bα | α ∈
I} be a directed family of down closed embeddings. Then the directed
colimit homomorphism induced by h : lim←−Aα → lim←−Bα is a down closed
embedding.
Proof. Let (lim←−Aα, fα), (lim←−Bα, gα) be directed colimits of the directed
systems ((Aα)α∈I , (ψαβ)α≤β) and ((Bα)α∈I , (ϕαβ)α≤β), respectively. Sup-
pose {hα : Aα → Bα | α ∈ I} is a directed family of down closed em-
beddings such that for every α ≤ β, fβψαβ = fα and gβϕαβ = gα.
Then gβhβψαβ = gβϕαβhα = gαhα. Thus h = lim←−hα exists by the uni-
versal property of colimits. Consider lim←−Aα =

⨿
αAα/ρ and lim←−Bα =
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′. Recall from [12] that h is an embedding. So, it is enough
to prove that h is a down closed map. Let [bj ]ρ′ ≤ h([ai]ρ) = [hi(ai)]ρ′ .
Therefore, bj ≤ρ′ hi(ai) and hence there exists k ∈ I such that k ≥ i, j
and ϕjk(bj) ≤ ϕikhi(ai) = hkψik(ai). Now, since hk is a down closed em-
bedding by hypothesis, we get ϕjk(bj) = hk(ak). Therefore, hkfk(ak) =
h([ak]ρ) = gkhk(ak) = gkϕjk(bj) = gj(bj) = [bj ]ρ′ which shows that h is
a down closed embedding. □
Corollary 2.17. Pos-S has Mdc-directed colimits.

Proof. Assume that (lim←−Bi, gi) is the directed colimit of the directed
system ((Bi)i∈I , (ϕij)i≤j), and {hi : A→ Bi | i ∈ I} is a directed family
of down closed embeddings such that gjϕij = gi, for every i ≤ j. Let
h : A → lim←−Bi be the directed colimit of embeddings hi : A → Bi,
i ∈ I. Recall that h = lim←−hi = gihi = gjhj = gkhk = . . .. By [12],
h is an embedding so we prove that h is down closed. Since each hi is
a down closed embedding and since each surjective map is down closed
embedding, in view of Lemma 2.1 (i), h is a down closed embedding. □
Definition 2.18. Let M be a class of morphisms of a category C. We
say that C fulfills the M-chain condition if for every directed system
((Ai)i∈I , (ϕij)i≤j∈I) whose index set I is a well-ordered chain with the
least element 0, and ϕ0i ∈ M for all i, there is a (so called “upper
bound”) family (gi : Ai → A)i∈I with g0 ∈M and gjϕij = gi.

Proposition 2.19. Pos-S fulfills the Mdc-chain condition.

Proof. Take A = lim←−Ai and let gi : Ai → A be the colimit maps. Then,
using Corollary 2.17, one gets the result . □
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