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Modified Inertial Algorithms for a Class of Split Feasibility
Problems and Fixed Point Problems in Hilbert Spaces

Montira Suwannaprapa

ABSTRACT. In this work, we introduce an iterative algorithm for
solving the split feasibility problem on zeros of the sum of monotone
operators and fixed point sets and also solving the fixed point prob-
lem of a nonexpansive mapping. This algorithm is a modification of
the method based on the inertial and Mann viscosity-type methods.
By assuming the existence of solutions, we show the strong conver-
gence theorems of the constructed sequences. Finally, we also apply
the proposed algorithm to related problems in Hilbert spaces.

1. INTRODUCTION

The split feasibility problem (SFP) was introduced by Censor and
Elfving [8]. This is the problem of finding a point z* € R™ such that

(1.1) * e CNLQ,

where C and @) are nonempty closed convex subsets of R”, and L is an nx
n matrix. There are many applications of the problem ([L.1]), in various
fields of science and technology such as in signal processing, medical
image reconstruction, and intensity-modulated radiation therapy; see
[, 6, B, 9] and the references therein. The popular iterative algorithm
for solving the problem (@) is the following CQ algorithm, suggested
by Byrne [p]: for arbitrary z; € R",

(1.2) 1 = Po (a;n LT - PQ)an) ., VneN,
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where v € (0, 2/ ||LH2>, L is a real m x n matrix and LT is the transpose

of the matrix L. Subsequently, in 2010, Xu [38] considered SFP in
infinite-dimensional Hilbert spaces and proposed the CQ algorithm by
using a bounded linear operator L : H; — Hy instead of the matrix L
and also used L* (the adjoint operator of L). In addition, by considering
the algorithm (@), Lépez et al. [16] suggested to use the stepsizes 7,
without the norm of operator L,

_ 9l = Po) L
2||L*(I = Po) Lan[*

where 0 < 9, < 4 and L*(I — Pg)Lx, # 0. They point out that the
higher dimensions of L may be hard to compute the operator norm and
it may affect the computing in the iteration process. For example, the
CPU time, and the algorithm with stepsizes @) gives faster results.

For a Hilbert space H, let B : H — 2/ be a set-valued operator.
Martinet [21] introduced the variational inclusion problem (VIP), the
problem of finding a point * € H such that

(1.4) 0 € Bz*.

(1.3) Yn

The popular method for solving the problem (@) is called the proximal
point algorithm: for a given z1 € H,

(1.5) Tpy1 = Jﬁxn, Vn € N,

where {)\,} C (0,00) and J{ is the resolvent of the maximal monotone
operator Bj; see [14, 20, B7] for more details. Later, by the concept of
SFP and VIP, Byrne et al. [[] proposed the split null point problem
(SNPP): let By : Hy — 21 and By : Hy — 22 be set-valued mappings.
The SNPP is the problem of finding a point

(1.6) z* € By'on LBy o.

They considered the following iterative algorithm: for A > 0 and an
arbitrary 1 € Hi,

L7z =J5 (xn s (I — Jf?) an) . WneN,

where v € (0,2/ ||L||2) Under suitable control conditions, they ob-
tained the weakly convergence results. Moreover, by considering a more
general problem, Takahashi et al. [B3] studied the problem as follows:
find * € Hy such that

(1.8) z* € B'on L™ F(T),

where B : H; — 21 ig a maximal monotone operator and T : Hy — Hy
is a nonexpansive mapping. They proposed the following algorithm: for
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any x1 € Hy,
(1.9) Tnp1 = I (@ = L*(I = T)Lz,), Vne€N,

where {\,} and {7, } satisfy some suitable control conditions, and pro-
vide the weak convergence theorem of the algorithm (@) to the solution
set of the problem (@)

A type of generalization of (@) is the following problem: find z* € H
such that

(1.10) 0 € Az* + Bz™,

where A : H — H is a single-valued operator and B : H — 2 is a set-
valued operator. When A and B are monotone operators, the elements
in the solution set of the problem ([L.10) are called the zeros of the sum of
monotone operators. There are many kinds of real world problems that
arise in the form of problem ([1.10); see [4, 22, 28, B5] and the references
therein. In 2018, Zhu et al. [40] considered a problem of finding a point
x* € H such that

(1.11) * € F(S)N(A+B)'0oNL'F(T) = Q,

where S : Hi — Hy and T : Hy — H» are nonexpansive mappings.
They proposed the following method by using the viscosity algorithm
[23]: for any = € Hj,

up = JY (I = MA) =7 L*(I = T)L) zp,
(1.12) Tny1 = anf(xn) + (1 — ap)Su,, VneN,

when f: Hy — H; is a contraction mapping, and showed that, by some
suitable conditions, the sequence {z,} converges strongly to a point
z € Q, where z = Pof(z). Recently, there are many authors who have
studied the problems related to the fixed point and inclusion problems;
see [11-13, B6] for more imformation.

On the other hand, the study of the inertial technique was first pre-
sented by Polyak in 1964, to speed up the rate of convergence; see [27].
This technique is a two-step iterative method, in which each iteration
involves the previous two iterates. Recently, many authors used the in-
ertial method because of the faster convergence rate of the algorithm;
see [2, 26, 29, B4| for more information.

In 2001, Alvarez and Attouch [1] proposed the following inertial prox-
imal point method for finding the solution of the problem ([L.4): for
arbitrary zg, r1 € H,

Yn = Tpn + ,Un(wn - $n71)a
(1.13) Tnt1 = JL Yn, Y EN,
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where {\,} and {p,} satisfy some suitable conditions with

o0
ZMonn - xn—l”Q < o0,
n=1
and present the weakly convergence results.
In 2015, Lorenz and Pock [17] considered the monotone inclusion
problem () and proposed the inertial forward-backward algorithm
for solving the problem () for arbitrary xg, z1 € H,

Yn = Ty + ,Un(xn - xn—l);
(1.14) Tni1 = Ji (I = AA)yn, YneN,
where A and B are monotone operators. By suitable conditions of {\,}
and {u,}, they proved that the sequence {z,} converges weakly to the
zeros of A+ B.
Recently, Anh et al. [@roposed the following iterative algorithm
)

for solving the problem ([L.6), by combining the inertial method, the
algorithm ([l.7) and Mann iteration [19]: for arbitrary z¢, x1 € Hi,

Zn = Tp + /Ln(xn - l‘nfl),

— (zn — yL* (I _ Jf?) LG) ,

(1.15) Tnt1 = (1 =0, —ap)zy + 0pyn, YneN,

where {u,} C [0,p) for some pu > 0, {6,} C (a,b) C (0,1 — ay,) and

{ay,} satisfies 1i_>m " \lzy — p_1]|| = 0. They proved that the sequence
n—00 Qip,

{z,} converges strongly to a solution of the problem (IE)

Very recently, Tan et al. [B4] introduced the modified inertial Mann
viscosity algorithm for solving fixed point problems. Let T" be nonex-
pansive mapping, for arbitrary xg, z; € H,

Zn = Tp + Mn(xn - xnfl)a
Yn = Bnzn + (1 - ﬁn)TZna
(1.16) Tnt1 = anf(xn) + (1 —apn)yn, VneN,

where {a,} and {8,} in (0,1), and {a,} satisfies lim Bz — 2 || =
n—00 (lp,

0 and some suitable conditions. They showed that the sequence {z}
converges strongly to z = Pr(7) f(2).

In this paper, motivated and inspired by the above literature, we
are going to consider a problem (j) We aim to suggest a modified
iterative algorithm, which is generated by using the inertial method and
Mann viscosity-type algorithm, for solving the considered problem. In
our results, we provide some suitable conditions to guarantee that the
constructed sequence {x,} converges strongly to a point in (2.
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2. PRELIMINARIES

Throughout this paper, we denote by N and R for the set of natural
numbers and real numbers, respectively. Let H be a real Hilbert space
with the inner product (-,-) and the norm ||-||. Let {x,} be a sequence
in H, we denote the strong convergence and weak convergence of the
sequence {z,} to x by z, — x and x,, — z, respectively.

Let T': H — H be a mapping. Then, T is said to be a Lipschitz
mapping if there exists o > 0 such that

Tz —Ty|| < allr —yl|, Vz,yeH.

The number « is called a Lipschitz constant. If « € [0,1), then T is
a contraction mapping, and 7" is a nonexpansive mapping if a = 1.
Moreover, we say that T is firmly nonexpansive if

The set of fixed points of a self-mapping 7" will be denoted by F(T),
that is F'(T) = {# € H : Tx = x}. We note that if T' is nonexpansive,
then F(T) is closed and convex.

Let A : H — H be a single-valued mapping. For a positive real
number 3, we will say that A is S-inverse strongly monotone (/3-ism) if

<A$—Ay,.’I;—y> 25”1433—142/“27 ViﬁayGH-
Now, we collect some important properties for our proof.

Lemma 2.1 ([4, B9]). We have
(i) If A: H — H is B-ism and A € (0,5], then T := I — \A is
firmly nonexpansive.
(ii) A mapping T : H — H is nonexpansive if and only if I — T is
1 -
5-ism.

Let B : H — 2" be a set-valued mapping. The effective domain of B
is denoted by D(B), that is, D(B) = {x € H : Bx # ()}. Recall that B
is said to be monotone if

(x —y,u—v) >0, Vx,ye€ D(B),u€ Bx,v e By.

A monotone mapping B is said to be maximal if its graph is not
properly contained in the graph of any other monotone operator. To a
maximal monotone operator B : H — 2H and A > 0, its resolvent .J /{3 is
defined by

JZ = (I +\B)"': H— D(B).

Notice that the resolvent J f is a single-valued and firmly nonexpan-
sive mapping, and F(Jf) =B 0={x € H:0¢c Bx},V\A > 0; see
B2, B3].
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Lemma 2.2 ([3]). Let C' be a nonempty, closed, and convex subset of a
real Hilbert space H and A : C — H be an operator. If B : H — 2H s
a mazimal monotone operator, then F (JP(I — NA)) = (A + B)~10.

The following fundamental results are needed in our proof.

Let C be a nonempty closed convex subset of H. For every point
x € H, there exists a unique nearest point in C, denoted by Pox, such
that

le — Pox|| < e —yll, VyeC.

Pc is called a metric projection of H onto C; see [31]. The following
property of Pg is well known and useful:

(x — Pox,y — Pox) <0, Vxe H,yeC.

For each z,y,z € H, the following facts are valid for inner product
spaces,

2 2 2 2
(2.1) Jlaz+ (1 —a)ylI” = allz]|"+ (1 —a) lylI" — ol —a) |z -y,
and
(2.2) llaz + By + 72| = allz)* + Byl + |2l
—afllz -yl — avllz — 21> = By lly — 2017,

for any «, 3,7 € [0, 1] such that a + 5 + v = 1; see [25, B2].
We also use the following lemmas for proving the main theorems.

Lemma 2.3 ([30]). Let C be a closed convex subset of a Hilbert space
H and T : C — C be a nonexpansive mapping. Then, U := 1 — T is
demiclosed, that is, x,, — x¢ and Uz, — yo imply Uxg = yo.

Lemma 2.4 ([15, B7]). Let {a,} be a sequence of nonnegative real num-
bers satisfying the following relation:

ant1 < (1 —apn)an + anby + ¢, Yn eN,
where {an}, {bn} and {c,} are sequences of real numbers satisfying

oo

(1) {O[n} C [Oa ]-]7 Z Op = 005
i=1

(ii) limsup,,_,o0 bn < 0;

oo
(iii) ¢, >0, > ¢y < 0.

i=1
Then, a, — 0 as n — oo.
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3. MAIN RESULTS

In this section, we start by introducing the assumptions and the mod-

ified inertial algorithm that will be used to provide our main results.
(A1) A: Hy — H; is a n-inverse strongly monotone operator;

) B : H; — 21 is a maximal monotone operator;

3) L: H; — Hs is a bounded linear operator;

4) T : Hy — Ho is a nonexpansive mapping;

5) S: Hy — H;j is a nonexpansive mapping;

6) f : HA — H; is a contraction mapping with coefficient v €

0,1).

Algorithm 3.1. Let {a,}, {dn}, {#n} and {5,} be sequences in (0, 1)
with oy, + 0, + 6, = 1 and the initial 2o, 21 € Hy be arbitrary, define

—

Zp = Xp + Nn(xn - xn—l)v

wy, = JP(I = MA) (2, — yL*(I — T)Lz,),
Yn = Bnzn + (1 - Bn)wm

Tnt1 = nf(xn) + Onxn + 0,5y, Vn €N,

where {u,} C [0,u) with g € [0,1), A € (0,n) and {~,} is depend on
¥n € [a,b] C (0,1) by
¢nH(I—T)LG”2 : * — ML .
v = 4 IL*I=T)Lan?? if L*(I = T)Lazn 7 0;
v, if otherwise,

where v is any nonnegative value.
Remark 3.2. The sequence {~,} is bounded; see [26] for more detail.

Now, we will present the strong convergence theorem, by using the
above assumptions and Algorithm B.1l.

Theorem 3.3. Let Hy and Hy be two real Hilbert spaces. Let {x,} be
generated by Algorithm . Suppose that the assumptions (A1)-(A6)
hold, 2 # () and the following control conditions are satisfied:

(i) lim o, =0 and Y, a, = oo;
n—00 n=1

(i) 0<a<dy, and 0 < a < 6O,;
(ifl) 0 < by < Bn < by < 1;

(iv) lim 2%z — 2| = 0.
n—00 (lp,

Then, {x,} converges strongly to p € Q, where p = Pof(p).

Proof. First, we prove that the sequence {z,} is bounded. Let z € Q.
Then z € F(S), z € (A+ B)~'0 and z € L~'F(T), imply that Sz = z,
JP(I —AA)z =z and TLz = Lz.
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Since T is nonexpansive, by Lemma @(ii) we have (I —T) is 3-ism.
That is,

(I -T)Lz, — (I —T)Lz,Lz, — Lz) > % (I = T)Lz, — (I —T)Lz|?,
for each n € N. By T'Lz = Lz, the inequality is reduced to
(3.1) (Lzy — TLzp, Lz, — Lz) > % (I —=T) Lz,|*.
By using (@), we obtain the following relations
(3.2)
wn — 2|2 = | TE(T = AA) (20 — 1 L*(I — T)L2,) — 2|
< |l(2n = 2) = 4 L*(I = T) Lz |?
< lzn — 2||* = 29 (2n — 2, L*(I — T')Lzy,)
+ 3 |1L*(I = T) Lz ?
= ||2n — 2||* = 2yn (L2, — Lz, Lz, — TLz,)
+ym |1L*(1 = T) Lz
< lzn = 217 =9 (I = T)Lzal* + 72 |1 L* (I = T) Lzn||?
= flzn — 2l — 0 (10T = D)Ll = 0 127 = T L2 7).
for each n € N. By the definition of ~,, we get
o (I = D)Lzl = 3 |27 = T) Lz ?) = 0.
Thus, from (@), we have

(3.3) lwn — 2| < [lzn — 2]
Next, by the definition of v, and (@), we obtain
(3.4) [yn — 2 < Bnllzn — 2] + (L = Bn) [[wn — 2]
< Bullzn = 2ll + (1 = Bn) llzn — 2||
= llzn — 2|,

for each n € N. Now, by condition (iv), we see that
(3.5) Izn = 2l < llzn = 2l + pn |20 — 2
= Jlan = 2| + @ = 2 — 20 |
Qp
< lzn = 2] + an Ky,
for some K7 > 0. It follows by using (@) that

(3.6) [yn = 2l < llzn — 2] + an k.
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We use (@) and the definition of x,,41, we have
(3.7 Nznt1 — 2l = lanf(zn) + 6n2n + 0,5y, — 2|
< o [|f(zn) = 2l + dnllzn — 2l + Onll Sy — 2|
< o [|f(zn) = FR) + an [l f(2) = 2] + Onllzn — 2|
+ Onllyn — 2|l
< an[lzn — 2| + an [ f(2) = 2l + dnllzn — 2]
+ 0 ([|zn — 2| + anK1)
< (v + 6n +0n) 20 — 2] + an (£ (2) = 2[| + K1)
=1 —an(l=v))[lzn — 2|

+an(l—v) <”f(z)1—jl+ K1>
< Hlax{”xn — 2, Hf(2)1—_21|/+ Kl}
< max{Hml — 2, Hf(Z)l—_Zl-l- K }’

for each n € N. Thus, we get {||z,, — 2|/} is a bounded sequence, implies
that {x,} is bounded. Consequently, {2z}, {wn}, {yn} and {f(z,)} are
also bounded.

Next, we note that Pq f(+) is a contraction mapping. Let p be a unique
fixed point of Py f(-), that is p = Pof(p). For each n € N,

(3.8)
120 = pII* = Iz + (@0 — 2n1) — p|®
<l = plI* + ppllwn — a1 |® + 24 (20— py w0 — 2o1)
< flzn — p”2 + N%Hmn - $n71||2 + 2pnl|zn — pllllzn — Tn-1|l-
By using (@), we have
|Znt1 — plI* = (@nf(@n) + OnTn + 0nSYn — D, Tng1 — D)
= an (f(@n) = f(P), Tnt1 — p) + a0 (f(P) — P, Tnt1 — P)
+ 0n (@n = P, Zng1 = P) + On (Syn — P, Zny1 — p)

Qn 2 2
< S (I @a) = FOIP + lwns1 —pI)
5” 2 2
+ 5 (lan = oI + llass = pl?)
Hn 2 2
+ 5 (Iyn = pI” + a1 = pIP)



10 M. SUWANNAPRAPA

+ an (f(p) = P, Tnt1 — p)
2
< (554 %) o=+ 5l —
oy + O + Oy
2
+ an (f(p) = P, Tnt1 — p)
<anv2+6n+0n
2

|21 =2l

<

1
)b = pIP + 5 i =5l

L it

|lzn — xn—1H2 + Ontin |0 — 2l |20 — Zp—1]|

+ on (f(P) = P, Tns1 — D)
for each n € N. Then,
(3.9)
[#n41 = p”2 < (1 —an(l— ’/2)) [z _pH2 + i |20 — xn—1H2
+ 2 [|2n = pll |20 — o]l + 200 (f(p) = P, Tnt1 — p)
< (1= an(1=v?)) [lan - pl?
+ b || — Zp1l (n |20 — Zn—a || + 2 [lzn — pI|)
+ 200 (f(p) =, Zns1 — p)
< (1= an(1=v)) [lon - pl?
+ Kopin |20 — 2n-1l| + 200 (f(p) — P, Tnt1 — p) ,
where Ky = 3sup,, { ||tn — xn_1l, ||[zn — p||} > 0. Thus,
(310)  Jras —pl* < (1= an(l =) llon — pl* + an(1 )T,

Ky 2
where T, = m%: [#n — @n-1]l + 1- .2 (f(p) = p;Zpt1 — p)-
Now, we consider the following two cases.

Case 1: Suppose that there exists ng € N such that {||z, —pl/}
is monotonically non-increasing. Since {||z, — p||} is bounded, it is a

convergent sequence.
Consider the following relation, by using (@) and (@), we have

(3.11)
9 — pII* = [1Bnzn + (1 = Bo)wn — p|I?
= Bullzn — plI* + (1 = Bn) lwn — p|?
— Bn(1 = B)llzn — wall?
< Bullzn — plI* + (1 = Bn)|wn — p|?
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< Ballzn = pI2 + (1 = Bo)llz0 — I
— (1= B (I = D) Lzall® =70 | L7 = T) Lz )
= Jlzn — I
— (1= B (I = T)Lzal® = | L*( = T) L2 ?)
for each n € N. Furthermore, from (@) we have
(3.12) 20 = plI* = [z = plI* + 200 K1 |20 — pl| + 07 KT
= ||lzn — p||* + an (2K1||zn — p|| + an K7)
= 20 = pI? + anKs,

where K3 = sup,, {2K1 ||z, — p|| + ap K7} > 0, for each n € N.

By using (@), (ﬁl) and (m), we obtain
(3.13)
|41 — pII?
= [lawn (f(@n) = p) + 8ulzn — ) + 0u(Syn — D)
< an || f(@n) = plI* + 0ullwn — plI* + 04| Syn —

— anln || f(zn) — ‘anQ — anby || f(2n) — Syn||2
12

— 00T — Syn
< an | f(n) = plI* + bullzn = plI* + 0nl1Syn — pI
< i [1£(2n) = pII* + nllzn — plI* + Onllym — pl|?
< an |1 (@n) = PI” + Sulln = pII? + Onll 0 — o
= 0a(1 = By (I(1 = T)Len|® = | L*(I = T)Lzal?)
< an [|f(2n) = pI* + Sullzn = Pl + Onllen — pl* + anbKs
= 0a(1 = Ba)n (I = T)Lzn* = 7 | E5(T = T) L)
for each n € N. Then,
(3.14)
(L = Bu)va (I = T)Leal = 30 1L*( = T) Lz )
< Jlan = pI* = |@nt1 = 2l + o |f(@a) = pI + anb Ky

< lew = pI = lawsr = oI + on (1) = I + K3)
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Consequently, by condition (i), (ii) and (iii), we get
i (I = T) L2 3 | 27(T = T) L) — 0,
as n — oo. Furthermore, by the definition of ~,,, we have

(I = T) Lz
IL*(I = T) Lz |

o (I = )L = 0 |21 = T) L) = wn(1-45)
This implies
(1 = T)Lz|*
n 1- n
T TN
as n — 00. Since ¥, € [a,b] C (0,1), it follows that
I = T) Lz
3.15 | =
(8.15) WL (T — 1) L]
In addition, by the fact ||L*(I — T)Lzy| < ||L*|| ||({ — T')Lzy||, implies

bl

o MU = T) Lz |
I —T)Lz,|| <|L ,
for each n € N. Thus, by (), we get
(3.16) lim [|(1 ~T) Lz = 0.
and also
(3.17) lim |[L*(I = T) Lz || = 0.

From the following relation
(3.18) [|zns1 = pl* < an || f(@n) = plI* + Snllzn = pI* + 041 Syn — pII?
— @bl f(@n) = P> = anbul|f (@n) — Syul?
— Onbn|lzn — Syn||2>
for each n € N, which implies that
(3.19) 0nbnl|n — Syal* < an || f () = pII* + Snllzn — p|”
+0nllyn = pl* = lzars —pl.
Moreover, by (@) and (), we know that
lyn = pI* < llzn = pI* < llon = pII* + an k.
Then, from (), we obtain
(3.20)  6pbnllzn — SynH2 < ay | f(2n) - pH2 + Onllzn _pH2
+ Onllz = plI* + @b K3 — [[@ns1 — ||

< an (£ (@a) = vl + K3)
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+ lln = plI* = lns1 —plI*.

Hence, by conditions (i) and (ii), we have

(3.21) lim ||z, — Syn|| = 0.
n—oo
Next, we will show that lim ||y, — | = 0. Consider
n—o0
(3.22) [y — znll = [|Bnzn + (1 — Bp)wn — zu||

< Bullzn — @nll + (1 = B)[wn — @all,
for each n € N. In the first term of (), we obtain

(3.23) lzn — 2l = 20 + pn(Tn — Tn—1) — 20|

< o |z — 2noa ]l
Qp

By conditions (i) and (iv), we get
(3.24) lim |z, —z,| = 0.
n—oo
And, in the second term of (), we use the following relation
(3.25) lwn = @ || < [[wn = zall + |20 — @nll;

for each n € N. It remains to show that ||w, — z,| — 0, as n — oc.
Consider

(3.26) lyn = plI* = 18a(zn = p) + (1 = Bn) (wn — p)|?
< Bullzn = plI* + (1 = Ba)llwn — plI?
= Bu(1 = Bn)llzn — wall?
< lzn = I* = Ba(1 = Ba)ll2n — wal®,

for each n € N. From the relation in (), we use () and (), it

follows that
(327)  l@nt1 —pl* < an || f(xn) = pII* + Snllzn — pII* + Onllyn — pl>
< ag || f(@n) = plI* + Sullen — p|I* + Onllzn — pII?
— 0Bn(1 = Bn)ll2n — wnH2
< an | f(xn) = pI? + Sullwn — plI* + Oullzn — |
+ 0oy K3 — 0,8, (1 — B) |20 — wn|%
which implies that
(3.28)

971/871(1 - IBTL)HZTL - wn”2
< an || (@n) = plI” + bnanKs + |2 — plI* = l2nts — p?
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< an (I1f(@n) = pIP + Ks) + 2 = ol = llzns1 = oIl

By using condition (i), (ii) and (iii), we get

(3.29) lim ||z, —wy| = 0.
n—oo
From (), by using (M) and (M), we obtain
(3.30) lim [Jw, —z,] =0.
n—oo
Substituting (B.24) and () in () we obtain
(3.31) lim ||y, — zn|| = 0.
n—oo
Moreover, by using (M) and (M), we get
(3.32) Yn = Synll < [lyn — @all + |20 — Synll — 0,
as n — oo.
Using the definition of z,41, we have
(3.33) [Znt1 — @nl| = lanf(n) + dnzn + 00 Syn — 24|

< ayp || f(zn) = zall + 60 [[Syn — znl|,
for each n € N. By using () and condition (i), we obtain
(3.34) lim @41 — zn| = 0.
n—oo

Now, the sequence {z,} is bounded on Hj, there exists a subsequence
{zpn,} of {x,} converges weakly to z* € Hj. Next, we will show that
x* e .

To show z* € F(S), we use Lemma @ Since y,, — z*, from ()
we have z* € F(S).

Next, we show that z* € (4 + B)~'0. Consider

(3.35)
% — JB(I = AA)a* |
< (z* - JE(I — NA)x* 2% — Tn, )

+(z* = JP(I — ANA)z*, 2, — JZ(I — NA)zy,)
+ (2" — J2(I = NA)z*, T (I — NA)zy, — TP (I — NA)z™),

for each i € N. We see that

Hwn —JPu - )\A)mnH

< | I = AA) (20 — v L*(I — T)L2y) — JY (I — AA)z, ||
< llzn = @nll + m IL°(I = T)Lzn|
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for each n € N. By () and (), we get
(3.36) lim |wn — JZ(I = AA)z, || = 0.
Observe that the following inequality
Hxn — I - )‘A)an <l = znll + |20 — wa | + [Jwn = JC (I = AA) 2],
for each n € N. By using (M), (M) and (M) we have
Jim [z, — JP(I = A)zn|| = 0.

Also the subsequence {z,,}, we have

(3.37) lim |20, — JZ(I — AA)zy,|| = 0.
From above (), by using () and together with z,, — z*, we
obtain

lim ||2* — J{ (I — AA)2*|| = 0.
1—00
It follows that, 2* = JZ(I — AA)z* and hence z* € (A + B)~10.

Next, we show that La* € F(T). Similarly, consider
(3.38) |La* — TLa*||* < (La* — TLa*, La* — Lay,)
+ (La* — TLx*, Ly, — T Lxy,)
+ (La* — TLa™,TLx,, — TLx"),
for each i € N. Now, we have the following inequality,
(I =T)Lay|| < [|(I = T)Lan — (I = T)Lzp|| + [[(I = T)Lzy||
< ||Lxy, — Lzy|| + || TLxy, — T Lzy|| + ||({ — T') Lzy||
S 2L {len = znll + |( = T)Lzn||,
for each n € N. Then, by () and (), we have
lim ||(I —T)Lzy,| = 0.
n—oo
And, we also have
lim ||[(I = T)Lxy,,|| = 0.
71— 00
In addition, by using the linearity and continuity of L, Lz,, — Lz*, as
1 — 0o. Thus, from () we get
lim ||Lz* — TLz*|| = 0.
1—00
Therefore, Lz* = T Lx*, implies Lz* € F(T). Consequently, we obtain
x* e Q.
Finally, we prove that {x,} converges strongly to p = Pof(p). Now,

we know that the sequence {z,} is bounded, and we have from ()
that ||xp4+1 — 2zl — 0, as n — oco. With loss of generality, we may
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assume that a subsequence {zy,4+1} of {x,11} converges weakly to z* €
Hy. Thus, we obtain

(3.39)

, 2 2
hm&mf——gﬁﬂﬂ—nxm4—p>—lmr———%f@)—nxm+y—m

n—o00 -V Soo 1 — 12
2 *
= mg(]?) —p,z" —p)
<0.

By using () and together with condition (iv) we get

n—o0

. Ko 2
hmsup(l_y2 aon" Tn—1|l + .2 <f(p)—p,xn+1—p>> <0.

From (@), by using Lemma @, we can conclude that ||z, — p|| — 0,
as n — oo. Thus x, — p, as n — .

Case 2: Suppose that {||z, — p||} is not monotonically decreasing
sequence. Set I'y, = ||z, — p||, Vn € N and let 7 : N — N be a mapping
for all n > ng (for some ny large enough) by

T(n):=max{k e N:k<n, I'y <Tjui}.

Then, we have {7(n)} is a nondecreasing sequence, with 7(n) — oo as
n — oo and
0 S FT(n) < FT(n)+1, Vn > no.

Obviously, we get HxT —pH H:c n)+1 —p” < 0, for each n > nyg.
From the relation in (@), we obtaln

(3.40)

Orm) (1 = Bri) ety (11 = TV L2y |* = ooy 1271 = T) Lz |

< lry = ol = 1271 = l* + e (Hf(fcr(m) |+ Ka)

2
0y (£ @r) = o+ Ks)
for each n > ng. Similar as in Case 1, we obtain

lim ||(I —T)Lz | =0,

n—oo
Jim [[L5(1 = T) Lzr || = 0,
Jim [ 2rny 11 = @7y || =0

and

: Ky fir(n 2
lim sup (1 2 2 Hxﬂ'(n) - x‘r(n)flu + m <f(p) D Tr(n)+1 — p>> <0

n—o0 -2 Cr(n)
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Since the sequence {z,(,)} is bounded, we can find a subsequence
of {z;(n)}, still denoted by {z,(,)}, which converges weakly to * €
F(S)N(A+ B)"'0NnL7'F(T). From (@), it follows that

271 = pl” < (1= @yt = 12) [|r) — PH2 + ) (1= V) e,

Ky Hr(n)
1 —v2 oy
for each n > ng. Consequently, we have

where T’ r(n) =

” Lr(n) ~Lr(n) 1”+ 2 <f Lr(n)+1 _p>7

34D sy~ 02) s — 81 < sy = DI = orrs =5l
+ a‘r(n)(l -V ) 7(n)
< O57'(11)(1 - V2)T7(n)

By r(n)(1 —v?) > 0, from () we get

lim sup HxT(n) —pH2 <0.
n—oo

This implies that

2
Jim [l —pf|” =
and also

(3.42) lim ||z, —p|| =0.

n—oo
Now, we use ILm er(n)+1 — JZT(n)H =0 and (), it follows that
343) |z = pll < [lzrmyer = 2o || + |22y — 2l = 0,

as n — oo. Furthermore, if 7(n) < n, we see that I'-(,y < D741,
because I'; > I'j 41 for 7(n) + 1 < j < n. As a consequence, we have

0o<r,

< max {FT(’VL)7 FT(n)—i—l}

= FT(TZ)+].7
for each n > ng. By using (), we can conclude that lim I'), = 0.

n—oo

Therefore, we obtain the sequence {z,} converges strongly to p. This
completes the proof. O
Remark 3.4. (a) ([29]) The condition (iv) is easily implemented

in numerical computation because we can find the valued of
|xn — xp—1|| before choosing pu,. Indeed, we can choose the
parameter u, such that 0 < u,, < jip,, where

~ min{,u,wn}, if x, # Tp_1;
Hn = |2 — 21|

1, if otherwise,
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where w, is a positive sequence such that w, = o(ay).
(b) The following choice is the special case of (a); we choose a,, =

1 1 n—1
— = ————and uy=————€10,1). Th
nt1“n (n+1)2 and n+v—1 0,1) ot We
have
n—1 1
min , , ifx Tn_1;
_— T ) Tt e
" n—1 . :
_— if otherwise.
n+v—1

(c) If S := I (the identity operator) and A := (_(the zero operator),
then Problem () reduces to Problem ( . And, if L:=1
and A := 0, then we observe that Problem () reduces to a

type of common fixed points of nonexpansive mappings; see [[18]
for more information.

4. APPLICATIONS

In this section, we discuss some applications of the problem () via
Theorem B.3.

4.1. Split feasibility problem. Now, we consider the normal cone to
C at u € C is defined as

Ne(u)={z€ H: (z,y —u) <0, VYyeC},

where C' is a nonempty closed convex subset of H. Notice that N¢ is a
maximal monotone operator. Then, when we set B := N¢ : H; — 201,
we get JP =: Po. It follows that F(JP) = F(Pc) = C. By the setting
T =: Py, we can verify that the problem ([L.§) is reduced to the split
feasibility problem (@3, By considering A := 0 (the zero operator), the
problem () is reduced to a problem of finding a point

* e F(S)NCNL'Q = Qsc0
Thus, we obtain the following result.

Algorithm 4.1. Let {a,}, {on}, {0} and {5, } be sequences in (0, 1)
with oy, + 6, + 6, = 1 and the initial zo,z1 € H1 be arbitrary, define
Zp = XTp + Mn(xn - xn—l)v
wy, = Po (2, — W L*(I — Pg)Lzy,),
Yn = ﬁnzn + (1 - Bn)wru
Tn+l = O‘nf(xn) + Opxy + gnsynv Vn e N,
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where {u,} C [0, ) with g € [0,1) and {~,} is depend on ¥, € [a,b] C
(0,1) by

¥n||(I-Po)Lzn||?
Y =< ||L*(I-Pg)Lza||”’
v, if otherwise,

if L*(I — Pg)Lz, # 0;

where v is any nonnegative value.

Theorem 4.2. Let C and Q) be nonempty colsed convex subsets of real
Hilbert spaces Hy and Ho, respectively. Let {x,} be generated by Al-
gorithm |4.1. Suppose that the assumptions (AS3), (A5) and (A6) hold,
Qsco # 0 and the following control conditions are satisfied:

oo
(i) lim a, =0 and > a, = o0;
n—oo n—=1

(i) 0 <a<d, and 0 < a < 6,;

(iii) 0 < by < B, < by < 1;

(iv) lim 2%z — 2] = 0.
n—00 Uy,

Then, {x,} converges strongly to p € Qs.c,q, where p = Pog ., f(p)-

4.2. Split monotone variational inclusion problem. We consider
a 7-inverse strongly monotone A: H — H and maximal monotone
operator B : Hy — 212, By setting T := JP(I — AA), we obtain
F(T) = (fl + B)”O. In this case, we can verify that the problem
() is reduced to the problem of finding a common solution of the
split monotone variational inclusion problem [24] and the fixed point
problem. That is, we consider a problem of finding a point

e € F(S)N(A+B)'0NL Y A+B)'0=:Qs4p
By the above setting, we get the result follows from Theorem @

Algorithm 4.3. Let {a,}, {d,}, {0} and {B,} be sequences in (0, 1)
with oy, + 6, + 6, = 1 and the initial o, z1 € H1 be arbitrary, define
Zp = Tp + ,Un(xn - xnfl)a
wn = JB(I = \A) (zn (I — JB(1 - )\A))LG> ,

Yn = /ann + (1 - /Bn)w’m
Tp4+1 = anf(xn) + 0pp + Hnsyna Vn € N,
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where {p,} C [0,u) with g € [0,1), A € (0,min{n,7n}) and {v,} is
depend on v, € [a,b] C (0,1) by

w7L
L*(I—J/{;(I—)\A))LG‘

= ~ 2
I-JB(I-)\A))Lz, ~ -
EAUEA) HQ, if L*(I — JP(I — \A))Lz, # 0;

Yn =

~, if otherwise,
where v is any nonnegative value.

Theorem 4.4. Let Hi and Hy be two real Hilbert spaces. Let A -
Hy — Hi be a n-ism and B: Hy — 212 pe mazimal monotone operator.
Let {z,,} be generated by Algorithm . Suppose that the assumptions
(A1)-(A3) and (A5)-(A6) hold, Qs.ap # O and the following control
conditions are satisfied:
(o0
(i) lim a, =0 and > a, = co;
n—00 n=1
(i) 0<a<d, and 0 < a < Op;
(iii) 0 < by < Bn <by<1;

(iv) lim 2%z — 2] = 0.
n—00 Oy,

Then, {zn} converges strongly to p € Qs a g, where p= Pog ,  f(p).
4.3. Split common fixed point problem. Let V : H; — H;p be
a nonexpansive mapping. Then, by Lemma P.1/(ii), we know that A :=
I-Visa %-ism. Moreover, since Az* = 0 if and only if z* € F(V). From
case B := 0 (the zero operator), we get the problem () is reduced
to the problem of finding a common solution of the split common fixed
point problem [10] and the fixed point problem. That is, we consider a
problem of finding a point

e € F(S)NF(V)NL'F(T) = Qsvr.

By applying Theorem @, we obtain the following result.
Algorithm 4.5. Let {a,}, {d,}, {6} and {B,} be sequences in (0, 1)
with o, + 6, + 6, = 1 and the initial o, z1 € H1 be arbitrary, define

Zn = Tp + pin (T — Tp_1),

wp = (1 =MNIT+AV) (2 =y L*(I = T)Lz,),

Yn = Bnzn + (1 — Bn)wn,

Tnt1 = O f(Tn) + OnZn + 0,Syn, Vn €N,
where {p,} C [0,p) with p € [0,1), A € (0,1) and {75} is depend on
Uy, € la,b] C (0,1) by

; {””éi' LI~ )L £ 0
-

v, if otherwise,
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where 7 is any nonnegative value.

Theorem 4.6. Let Hi and Ho be two real Hilbert spaces. Let'V : Hy —
Hy be a nonexpansive mapping. Let {x,} be generated by Algorithm
. Suppose that the assumptions (A3)-(A6) hold, Qg v # 0 and the
following control conditions are satisfied:
o0
(i) lim a, =0 and > a, = oo;
n—oo n=1
(i) 0<a<d, and 0 < a < O,;
(iii) 0 < by < B <by<1;

(iv) lim 2%z — 2] = 0.
n—00 (lp,

Then, {x,} converges strongly to p € Qs v, where p = Pog ., f(p).

5. CONCLUSIONS

In this work, we present a new algorithm for finding a common solu-
tion of a class of split feasibility problems and fixed point problems of a
nonexpansive mapping in Hilbert spaces, the problem () We suggest
the modified algorithm including the inertial and Mann viscosity-type
methods, Algorithm . By providing suitable control conditions to
the process, we obtain the strong convergence theorem of the proposed
algorithm (Theorem B.3). In application of our results, we show that
the proposed algorithms are applied to split feasibility problem, split
monotone variational inclusion problem and split common fixed point
problem.
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