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Non-Instantaneous Impulsive Fractional Integro-Differential
Equations with State-Dependent Delay

Nadia Benkhettou1, Abdelkrim Salim2, Khalida Aissani3, Mouffak Benchohra4 and
Erdal Karapinar5∗

Abstract. This paper deals with the existence and uniqueness
of the mild solution of the fractional integro-differential equations
with non-instantaneous impulses and state-dependent delay. Our
arguments are based on the fixed point theory. Finally, an example
to confirm of the results is provided.

1. Introduction

The main objective of this work is to study the existence of mild
solutions for a class of fractional integro-differential equations with state-
dependent delay and non-instantaneous impulses described by the form
(1.1)

CDζ
ϑp (ϑ) + Zp (ϑ) =

∫ ϑ
0 a (ϑ, ϱ)Ψ

(
ϱ, pη(ϱ,pϱ), p (ϱ)

)
dϱ,

ϑ ∈ (ϱj , ϑj+1] ⊂ Θ, j = 0, . . . , ν,

p (ϑ) = Φj
(
ϑ, pη(ϑ,pϑ), p (ϑ)

)
, ϑ ∈ (ϑj , ϱj ], j = 1, . . . , ν,

p0 = β ∈ χ,

where CDζ
ϑ is the Caputo fractional derivative of order 0 < ζ < 1, Ψ : Θ×

χ×Ξ −→ Ξ,Θ = [0,w],w > 0 and η : Θ×χ→ (−∞,w] are appropriated
functions, a : Ω → R (Ω = {(ϑ, ϱ) ∈ Θ×Θ : ϑ ≥ ϱ}). (Ξ, ∥·∥) is a real
Banach space. Here 0 = ϑ0 = ϱ0 < ϑ1 ≤ ϱ1 ≤ ϑ2 < · · · < ϑν−1 ≤
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ϱν ≤ ϑν ≤ ϑν+1 = w are pre-fixed numbers, Z : D (Z) ⊂ Ξ → Ξ is the
infinitesimal generator of an analytic semigroup {S (ϑ)}ϑ≥0 of uniformly
bounded linear operators on Ξ and Φj ∈ C ((ϑj , ϱj ]× χ× Ξ,Ξ) ; j =
1, 2, . . . , ν. For any continuous function p defined on (−∞,w] and any
ϑ ∈ Θ, we denote by pϑ the element of χ given by pϑ (ε) = p (ϑ+ ε), for
ε ∈ (−∞, 0], where β ∈ χ to be specified later.

There have been many applications of fractional differential and inte-
gral equations including economics, engineering, neutron transport, sci-
ence, bioengineering, applied mathematics, radiative transfer, and the
kinetic theory of gases, among others [13, 16, 17]. Recent years have
seen significant progress in ordinary and partial fractional differential
equations see the papers [1–9, 14, 20, 24, 28, 38–40], and the sources
within. Moreover, fractional functional differential equations with state-
dependent delay are commonly used as models of equations in applica-
tions, and various authors have investigated these types of equations.
[10–12, 18, 26].

The study of impulsive differential equations has gained more at-
tention in recent years due to its applications. Most of the research
papers dealt with the existence of solutions for equations with instan-
taneous impulses, (for more details one can see [15, 27, 31, 35, 37]). In
[22, 29, 32, 34, 36], the authors investigated several types of impulsive
differential equations with non-instantaneous impulses.

This paper is organized into four sections. Section 2 provides some
basic notations, definitions and theorems. The existence of the mild
solutions to the problem (1.1) is presented in Section 4. Section 4 is
concerned with an example.

2. Preliminaries

Consider the space C (Θ,Ξ) of the Ξ-valued continuous functions on
Θ and the Banach space L (Ξ) of bounded and linear operators on Ξ.
Consider the space L1 (Θ,Ξ) of Ξ−valued Bochner integrable functions
on Θ with the norm

∥p∥L1 =

∫ w

0
∥p (ϑ)∥ dϑ.

We denote by L∞ (Θ,R) the Banach space of the essentially bounded
measurable functions with the norm

∥p∥L∞ = inf{ϵ > 0 : |p (ϑ)| ≤ ϵ, a.e. ϑ ∈ Θ}.
Definition 2.1 ([19]). Let ζ > 0 and Ψ : Θ → Ξ be an integrable
function. The Riemann-Liouville integral is defined by:

IζϑΨ(ϑ) =
1

Γ (ζ)

∫ ϑ

0

Ψ(ϱ)

(ϑ− ϱ)1−ζ
dϱ.
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Definition 2.2 ([33]). The Caputo derivative of order ζ for a function
Ψ : Θ → Ξ can be written as

Dζ
ϑΨ(ϑ) =

1

Γ (n− ζ)

∫ ϑ

0

Ψ(n)(ϱ)

(ϑ− ϱ)ζ+1−ndϱ

= In−ζΨ(n) (ϑ) ,

where ϑ > 0, n− 1 ≤ ζ < n. If 0 ≤ ζ < 1, then

Dζ
ϑΨ(ϑ) =

1

Γ (1− ζ)

∫ ϑ

0

Ψ′ (ϱ)

(ϑ− ϱ)ζ
dϱ.

Definition 2.3. A function Ψ : Θ × χ × Ξ −→ Ξ is Carathéodory if it
verifies:

(i) for each ϑ ∈ Θ, the function Ψ(ϑ, ·, ·) : χ× Ξ −→ Ξ is continu-
ous;

(ii) for each (q, w) ∈ χ × Ξ, the function Ψ(·, q, w) : Θ → Ξ is
measurable.

In this study, we will use the proposed intuitive definition of the phase
space by Hale and Kato [21]. In particular, χ will be a linear space of
functions translating (−∞, 0] into Ξ with a seminorm ∥.∥χ, and verifies
the following:

(CdA1): If p : (−∞,w] −→ Ξ is continuous on Θ and p0 ∈ χ, then
pϑ ∈ χ and pϑ is continuous in ϑ ∈ Θ and

(2.1) ∥p (ϑ)∥ ≤ α1 ∥pϑ∥χ ,

where α1 ≥ 0.
(CdA2): There exists a continuous function C1 (ϑ) > 0 and a lo-

cally bounded function C2 (ϑ) ≥ 0 in ϑ ≥ 0 such that

(2.2) ∥pϑ∥χ ≤ C1 (ϑ) sup
ϱ∈[0,ϑ]

∥p (ϱ)∥+ C2 (ϑ) ∥p0∥χ ,

for ϑ ∈ [0,w] and p as in (CdA1).
(CdA3): The space χ is complete.

Remark 2.4. Condition (2.1) in (CdA1) is equivalent to ∥β (0)∥ ≤
α1 ∥β∥χ , for all β ∈ χ.

We consider the phase space Cµ × Lp (Υ,Ξ) of Lebesgue-measurable
and continuous functions ξ : (−∞, 0] → Ξ. The seminorm in ∥.∥χ is
given by

∥ξ∥χ = sup
ε∈[−µ,0]

∥ξ (ε)∥+
(∫ −µ

−∞
Υ(ε) ∥ξ (ε)∥p dε

) 1
p

.
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The space χ = Cµ × Lp (Υ,Ξ) verifies (CdA1), (CdA2) and (CdA3). Fur-
ther, for µ = 0 and p = 2, this space coincides with C0 ×L2 (Υ,Ξ). (see
[25], for more details).

Consider the space

PC (Θ,Ξ) =
{
p : Θ → Ξ, p ∈ C ((ϑj , ϑj+1],Ξ) , j = 0, 1, . . . , ν

and p
(
ϑ+j

)
, p

(
ϑ−j

)
exist with, p

(
ϑ−j

)
= p (ϑj) , j = 1, . . . , ν

}
.

Obviously, PC (Θ,Ξ) is a Banach space with the norm

∥p∥PC = sup
ϑ∈Θ

∥p (ϑ)∥Ξ .

3. Existence and Uniqueness Results

Definition 3.1. The function p : (−∞,w] → Ξ is a mild solution of
(1.1) if p0 = β on (−∞,w], p|[0,w] ∈ PC ([0,w],Ξ) and p verifies
(3.1)

p (ϑ) =



∫ ϑ

0

∫ ϱ

0
T2 (ϑ− ϱ) a (ϱ, κ)Ψ

(
κ, pη(κ,pκ), p (κ)

)
dκdϱ,

+T1 (ϑ)β (0) , ϑ ∈ [0, ϑ1],

Φj
(
ϑ, pη(κ,pκ), p (ϑ)

)
, ϑ ∈ (ϑj , ϱj ], j = 1, 2, . . . , ν,∫ ϑ

0

∫ ϱ

0
T2 (ϑ− ϱ) a (ϱ, κ)Ψ

(
κ, pη(κ,pκ), p (κ)

)
dκdϱ

+T1 (ϑ− ϱj)Φj
(
ϑ, pη(κ,pκ), p (ϑ)

)
,

ϑ ∈ (ϱj , ϑj+1],

where

T1 (ϑ) =

∫ ∞

0
ρζ (φ)S

(
ϑζφ

)
dφ,

T2 (ϑ) = ζ

∫ ∞

0
φϑζ−1ρζ (φ)S

(
ϑζφ

)
dφ,

and ρζ is a probability density function defined on (0,∞), where

ρζ (φ) =
1

ζ
φ
−1−

(
1
ζ

)
yζ

(
φ
− 1

ζ

)
≥ 0,

so that

yζ (φ) =
1

π

∞∑
j=1

(−1)j−1 φ−ζj−1Γ (jζ + 1)

j!
sin (jπζ) , φ ∈ (0,∞) .
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Remark 3.2. Note that {S (ϑ)}ϑ≥0 is uniformly bounded i.e there exists
a constant ϖ > 0 such that ∥S (ϑ)∥ ≤ ϖ for all ϑ ≥ 0.
Remark 3.3. Direct computation, as per [30], yields
(3.2) ∥T2 (ϑ)∥ ≤ Cζ,ϖϑ

ζ−1, ϑ > 0,

where Cζ,ϖ =
ζϖ

Γ (1 + ζ)
.

Set
T
(
η−

)
= {η (ϱ, ξ) : (ϱ, ξ) ∈ Θ× χ, η (ϱ, ξ) ≤ 0} .

We always assume that η : Θ×χ→ (−∞,w] is continuous. In addition,
we present the following assumption:

(Cdξ) The function ϑ→ ξϑ is continuous from T (η−) into χ and there
exists a continuous and bounded function Λβ : T (η−) → (0,∞)
such that ∥βϑ∥χ ≤ Λβ (ϑ) ∥β∥χ for every ϑ ∈ T (η−).

Remark 3.4. Consider the constants C∗
1 and C∗

2 , where
C∗
1 = sup

ϱ∈Θ
C1 (ϱ) and C∗

2 = sup
ϱ∈Θ

C2 (ϱ) .

Lemma 3.5 ([23]). If p : R → Ξ is a function such that p0 = β, then

∥pϱ∥B ≤
(
C∗
2 + Λβ

)
∥β∥B + C∗

1 sup{|p (ε) |; ε ∈ [0,max{0, ϱ}]},

for ϱ ∈ T (η−) ∪Θ, where Λβ = sup
ϑ∈T (η−)

Λβ (ϑ).

The hypotheses:
(CdB1) There exists lΨ > 0 such that for all (pp, qp) ∈ χ× Ξ, p = 1, 2

∥Ψ(ϑ, p1, q1)−Ψ(ϑ, p2, q2)∥Ξ ≤ lΨ

[
∥p1 − p2∥χ + ∥q1 − q2∥Ξ

]
.

(CdB2) The functions Φj : (ϑj , ϱj ]×χ×Ξ → Ξ, j = 1, . . . , ν, are continu-
ous and there exists lΦ > 0 such that for all (pp, qp) ∈ χ×Ξ, p =
1, 2

∥Φj (ϑ, p1, q1)− Φj (ϑ, p2, q2)∥Ξ ≤ lΦ

[
∥p1 − p2∥χ + ∥q1 − q2∥Ξ

]
.

(CdB3) For each ϑ ∈ Θ, a (ϑ, ϱ) is measurable on [0, ϑ] and a (ϑ) =
ess sup{|a (ϑ, ϱ) |, 0 ≤ ϱ ≤ ϑ} is bounded on Θ. The map ϑ→ aϑ
is continuous from Θ to L∞ (Θ,R) , here, aϑ (ϱ) = a (ϑ, ϱ) .

Theorem 3.6. Suppose that (Cdξ) and (CdB1)− (CdB3) hold, if

ψ = ϖlΦ (C∗
1 + 1) + aCζ,ϖ

wζ

ζ
lΨ (C∗

1 + 1)

< 1,

then there exists a unique solution to the problem (1.1).
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Proof. Let Ξ̃ = {p ∈ PC (Ξ) : p (0) = β (0) = 0} and consider the
operator S : Ξ̃ → Ξ̃ given by

S (p) (ϑ) =



∫ ϑ

0

∫ ϱ

0
T2 (ϑ− ϱ) a (ϱ, κ)Ψ

(
κ, pη(κ,pκ), p (κ)

)
dκdϱ,

+T1 (ϑ)β (0) , ϑ ∈ [0, ϑ1],

Φj

(
ϑ, pη(κ,pκ), p (ϑ)

)
, ϑ ∈ (ϑj , ϱj ], j = 1, 2, . . . , ν,

∫ ϑ

ϱj

∫ ϱ

0
T2 (ϑ− ϱ) a (ϱ, κ)Ψ

(
κ, pη(κ,pκ), p (κ)

)
dκdϱ

+T1 (ϑ− ϱj)Φj

(
ϑ, pη(κ,pκ), p (ϑ)

)
,

ϑ ∈ (ϱj , ϑj+1],

where p : (−∞,w] → Ξ, p0 = β and p = p on Θ. Let β : (−∞,w] −→ Ξ
be the extension of β to (−∞,w] such that β (ε) = β (0) = 0 on Θ.

Now, we shall show that operator S has a fixed point which is, in
turn, a mild solution to the problem (1.1). Let p, p∗ ∈ Ξ̃, we have

Case 1. For each ϑ ∈ [0, ϑ1], we get
∥S (p) (ϑ)−S (p∗) (ϑ)∥

≤
∫ ϑ

0

∫ ϱ

0

∥∥∥∥T2 (ϑ− ϱ) a (ϱ, κ)

[
Ψ
(
κ, pη(κ,pκ), p (κ)

)
−Ψ

(
κ, p∗η(κ,p∗κ), p

∗ (κ)
)]∥∥∥∥ dκdϱ

≤ aCζ,ϖ

∫ ϑ

0

∫ ϱ

0
(ϑ− ϱ)ζ−1 lΨ [∥pκ − p∗κ∥+ ∥p (κ)− p∗ (κ)∥] dκdϱ

≤ aCζ,ϖ
wζ

ζ
lΨ (C∗

1 + 1) ∥p− p∗∥ .

Case 2. For each ϑ ∈ (ϑj , ϱj ], j = 1, . . . , ν, we find
∥S (p) (ϑ)−S (p∗) (ϑ)∥

=
∥∥∥Φj (ϑ, pη(κ,pκ), p (ϑ))− Φj

(
ϑ, p∗η(κ,p∗κ), p

∗ (ϑ)
)∥∥∥

≤ lΦ [∥pκ − p∗κ∥+ ∥p (κ)− p∗ (κ)∥]
≤ lΦ (C∗

1 + 1) ∥p− p∗∥ .

Case 3. For each ϑ ∈ (ϱj , ϑj+1], j = 1, . . . , ν, we obtain
∥S (p) (ϑ)−S (p∗) (ϑ)∥

≤
∥∥∥T1 (ϑ− ϱj)

[
Φj

(
ϑ, pη(κ,pκ), p (ϑ)

)
− Φj

(
ϑ, p∗η(κ,p∗κ), p

∗ (ϑ)
)]∥∥∥
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+

∫ ϑ

ϱj

∫ ϱ

0
∥T2 (ϑ− ϱ) a (ϱ, κ) [Ψ (κ, pκ, p (κ))−Ψ(κ, p∗κ, p

∗ (κ))]∥ dκdϱ

≤ ϖlΦ (C∗
1 + 1) ∥p− p∗∥+ aCζ,ϖ

wζ

ζ
lΨ (C∗

1 + 1) ∥p− p∗∥

≤
[
ϖlΦ (C∗

1 + 1) + aCζ,ϖ
wζ

ζ
lΨ (C∗

1 + 1)

]
∥p− p∗∥ .

From the above simulation, we conclude that

∥S (p)−S (p∗)∥PC ≤ ψ ∥p− p∗∥PC ,

which implies that S is a contraction map and there exists a unique fixed
point which is the mild solution of the system (1.1). This completes the
proof of the theorem.

In order to get the second main result based on Krasnoselskii’s fixed
point Theorem, we give the following assumptions.
(CdB4) The semigroup S (ϑ) is compact for ϑ > 0.
(CdB5) Ψ : Θ× χ× Ξ −→ Ξ satisfies the Carathéodory conditions.
(CdB6) There exists a continuous function θ : Θ → (0,+∞) and a

continuous nondecreasing function υ : R+ → (0,+∞) such that

∥Ψ(ϑ, p, y)∥ ≤ θ (ϑ) υ
(
∥p∥χ + ∥y∥Ξ

)
, (ϑ, p, y) ∈ Θ× χ× Ξ.

(CdB7) The functions ϑ→ Φj (ϑ, 0, 0) are bounded with

Φ∗ = max
j=1,...,ν

∥Φj (ϑ, 0, 0)∥Ξ .

Theorem 3.7. Assume (Cdξ) and (CdB1)−(CdB7) hold. If ϖlΦ (C∗
1 + 1) <

1, then there exists a mild solution to the problem (1.1).

Proof. Let S be the operator considered as in the proof of Theorem
3.6. We introduce the decomposition Sp (ϑ) = S1p (ϑ)+S2p (ϑ), where

S1 (p) (ϑ) =



∫ ϑ

ϱj

∫ ϱ

0
T2 (ϑ− ϱ) a (ϱ, κ)Ψ

(
κ, pη(κ,pκ), p (κ)

)
dκdϱ

+T1 (ϑ− ϱj)Φj

(
ϑ, pη(κ,pκ), p (ϑ)

)
,

if ϑ ∈ (ϱj , ϑj+1], j ≥ 1,∫ ϑ

0

∫ ϱ

0
T2 (ϑ− ϱ) a (ϱ, κ)Ψ

(
κ, pη(κ,pκ), p (κ)

)
dκdϱ

+T1 (ϑ)β (0) , if ϑ ∈ [0, ϑ1],

0, if ϑ ∈ (ϑj , ϱj ], j ≥ 1,
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and

S2 (p) (ϑ) =


Φj

(
ϑ, pη(κ,pκ), p (ϑ)

)
, if ϑ ∈ (ϑj , ϱj ], j ≥ 1,

0, if ϑ ∈ (ϱj , ϑj+1], j ≥ 1,
0, if ϑ ∈ [0, ϑ1].

Choose

µ ≥
ϖ

[
lΦ

(
C∗
2 + Λβ

)
∥β∥B +Φ∗]

1−ϖlΦ (C∗
1 + 1)

+
aCζ,ϖ

wζ

ζ υ
((
C∗
2 + Λβ

)
∥β∥B + (C∗

1 + 1)µ
)
∥θ∥L1[0,ϑ1]

1−ϖlΦ (C∗
1 + 1)

,

and define the set
Bµ =

{
p ∈ Ξ̃ : ∥p∥PC ≤ µ

}
,

then Bµ is a bounded closed-convex subset in Ξ̃.
In order to use Krasnoselskii’s fixed-point theorem, we divide our

proof into three steps.
Step 1: For any p ∈ Bµ, we prove that S1p+S2p ∈ Bµ.
Case 1. For all ϑ ∈ [0, ϑ1], we obtain∥∥(S1p+S2p

)
(ϑ)

∥∥
≤ ∥T1 (ϑ)β (0)∥+

∫ ϑ

0

∫ ϱ

0

∥∥∥T2 (ϑ− ϱ) a (ϱ, κ)Ψ
(
κ, pη(κ,pκ), p (κ)

)∥∥∥ dκdϱ
≤ ϖ ∥β∥χ + aCζ,ϖ

∫ ϑ

0

∫ ϱ

0
(ϑ− ϱ)ζ−1 θ (κ) υ

(∥∥∥pη(κ,pκ)∥∥∥χ + ∥p∥
)
dκdϱ

≤ ϖ ∥β∥χ + aCζ,ϖ

∫ ϑ

0

∫ ϱ

0
(ϑ− ϱ)ζ−1 θ (κ)

× υ
((
C∗
2 + Λβ

)
∥β∥B + C∗

1µ+ µ
)
dκdϱ

≤ ϖ ∥β∥χ + aCζ,ϖ
wζ

ζ
υ
((
C∗
2 + Λβ

)
∥β∥B + (C∗

1 + 1)µ
)
∥θ∥L1[0,ϑ1]

≤ µ.

Case 2. For all ϑ ∈ [ϑj , ϱj), j = 1, 2, . . . , ν, we have∥∥(S1p+S2p
)
(ϑ)

∥∥
≤

∥∥∥Φj (ϑ, pη(κ,pκ), p (ϑ))∥∥∥
≤

∥∥∥Φj (ϑ, pη(κ,pκ), p (ϑ))− Φj (ϑ, 0, 0)
∥∥∥+ ∥Φj (ϑ, 0, 0)∥

≤ lΦ

(∥∥∥pη(κ,pκ)∥∥∥χ + ∥p∥
)
+Φ∗
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≤ lΦ

[(
C∗
2 + Λβ

)
∥β∥χ + (C∗

1 + 1)µ
]
+Φ∗

≤ µ.

Case 3. For all ϑ ∈ (ϱj , ϑj+1], j = 1, 2, . . . , ν, we obtain∥∥(S1p+S2p
)
(ϑ)

∥∥
≤

∥∥∥T1 (ϑ− ϱj)Φj

(
ϑ, pη(κ,pκ), p (ϑ)

)∥∥∥
+

∫ ϑ

ϱj

∫ ϱ

0

∥∥∥T2 (ϑ− ϱ) a (ϱ, κ)Ψ
(
κ, pη(κ,pκ), p (κ)

)∥∥∥ dκdϱ,
≤ ϖ

[
lΦ

((
C∗
2 + Λβ

)
∥β∥B + (C∗

1 + 1)µ
)
+Φ∗

]
+ aCζ,ϖ

wζ

ζ
υ
((
C∗
2 + Λβ

)
∥β∥B + (C∗

1 + 1)µ
)
∥θ∥L1[0,ϑ1]

≤ µ.

Step 2: Next, we will prove that S1 is compact and continuous. There-
fore, 3 claims will be given.
Claim 1: S1 is continuous.
Consider the sequence {pk}k∈N, where pk → p in Bµ if k → ∞.
For ϑ ∈ [0, ϑ1], we get∥∥∥S1

(
pk
)
(ϑ)−S1 (p) (ϑ)

∥∥∥
≤

∫ ϑ

0

∫ ϱ

0
∥T2 (ϑ− ϱ)∥ ∥a (ϱ, κ)∥

∥∥∥Ψ(
κ, pk

η(κ,pkκ)
, pk (κ)

)
− Ψ

(
κ, pη(κ,pκ), p (κ)

)∥∥∥ dκdϱ
≤ aCζ,ϖ

∫ ϑ

0

∫ ϱ

0
(ϑ− ϱ)ζ−1

∥∥∥Ψ(
κ, pk

η(κ,pkκ)
, pk (κ)

)
− Ψ

(
κ, pη(κ,pκ), p (κ)

)∥∥∥ dκdϱ.
For each ϑ ∈ [ϑj , ϱj), j = 1, 2, . . . , ν, we have∥∥∥S1

(
pk
)
(ϑ)−S1 (p) (ϑ)

∥∥∥ = 0.

Further, for each ϑ ∈ (ϱj , ϑj+1], j = 1, 2, . . . , ν, we obtain∥∥∥S1
(
pk
)
(ϑ)−S1 (p) (ϑ)

∥∥∥
≤ ∥T1 (ϑ− ϱj)∥

∥∥∥Φj (ϑ, pkη(ϑ,pkϑ), pk (ϑ))− Φj

(
ϑ, pη(ϑ,pϑ), p (ϑ)

)∥∥∥
+

∫ ϑ

ϱj

∫ ϱ

0
∥T2 (ϑ− ϱ)∥ ∥a (ϱ, κ)∥

∥∥∥Ψ(
κ, pk

η(κ,pkκ)
, pk (κ)

)
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− Ψ
(
κ, pη(κ,pκ), p (κ)

)∥∥∥ dκdϱ
≤ ϖ

∥∥∥Φj (ϑ, pkη(ϑ,pkϑ), pk (ϑ))− Φj

(
ϑ, pη(ϑ,pϑ), p (ϑ)

)∥∥∥
+ aCζ,ϖ

∫ ϑ

ϱj

∫ ϱ

0
(ϑ− ϱ)ζ−1

∥∥∥Ψ(
κ, pk

η(κ,pkκ)
, pk (κ)

)
− Ψ

(
κ, pη(κ,pκ), p (κ)

)∥∥∥ dκdϱ.
By the continuity of the function Φj and Ψ, we have∥∥∥S1

(
pk
)
(ϑ)−S1 (p) (ϑ)

∥∥∥ → 0 as k → ∞.

Thus, S1 is continuous.
Claim 2: S1 maps a bounded set into bounded sets of Bµ. By Step 1∥∥S1p

∥∥ ≤ µ.
Claim 3: S1 maps a bounded set into equicontinuous sets of Bµ.
Case 1. For each ϑ ∈ [0, ϑ1], 0 ≤ κ2 ≤ κ1 ≤ ϑ1 and p ∈ Bµ. Then, we
have ∥∥S1 (p) (κ1)−S1 (p) (κ2)

∥∥ ≤ σ1 + σ2 + σ3,

where
σ1 = ∥T1 (κ1)− T1 (κ2)∥ ∥β (0)∥ ,

σ2 =

∥∥∥∥∫ κ2

0

∫ ϱ

0
[T2 (κ1 − ϱ)− T2 (κ2 − ϱ)]a (ϱ, κ)Ψ

(
κ, pη(κ,pκ), p (κ)

)
dκdϱ

∥∥∥∥ ,
σ3 =

∥∥∥∥∫ κ1

κ2

∫ ϱ

0
T2 (κ1 − ϱ) a (ϱ, κ)Ψ

(
κ, pη(κ,pκ), p (κ)

)
dκdϱ

∥∥∥∥ .
σ1 tends to zero as κ2 → κ1 since S (ϑ) is a uniformly continuous oper-
ator.
For σ2, using (3.2) and (CdB2), we have

σ2 ≤ aυ
((
C∗
2 + Λβ

)
∥β∥χ + (C∗

1 + 1)µ
)
∥θ∥L1

×
∫ κ2

0
[T2 (κ1 − ϱ)− T2 (κ2 − ϱ)]dϱ

≤ aυ
((
C∗
2 + Λβ

)
∥β∥χ + (C∗

1 + 1)µ
)
∥θ∥L1

×
∫ κ2

0

[
ζ

∫ ∞

0
φ (κ1 − ϱ)ζ−1 ρζ (φ)S

(
(κ1 − ϱ)ζ φ

)
dφ

−ζ
∫ ∞

0
φ (κ2 − ϱ)ζ−1 ρζ (φ)S

(
(κ2 − ϱ)ζ φ

)
dφ

]
dϱ

≤ aυ
((
C∗
2 + Λβ

)
∥β∥χ + (C∗

1 + 1)µ
)
∥θ∥L1
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×
[
ζ

∫ κ2

0

∫ ∞

0
φ
∥∥∥[(κ1 − ϱ)ζ−1 − (κ2 − ϱ)ζ−1]ρζ (φ)S

(
(κ1 − ϱ)ζ φ

)∥∥∥
+ζ

∫ κ2

0

∫ ∞

0
φ (κ2 − ϱ)ζ−1 ρζ (φ)

∥∥∥S (
(κ1 − ϱ)ζ φ

)
− S

(
(κ2 − ϱ)ζ φ

)∥∥∥]
≤ aυ

((
C∗
2 + Λβ

)
∥β∥B + (C∗

1 + 1)µ
)
∥θ∥L1

×
[
Cζ,ϖ

∫ κ2

0

∣∣∣(κ1 − ϱ)ζ−1 − (κ2 − ϱ)ζ−1
∣∣∣ dϱ

+ ζ

∫ κ2

0

∫ ∞

0
φ (κ2 − ϱ)ζ−1 ρζ (φ)

∥∥∥S (
(κ1 − ϱ)ζ φ

)
− S

(
(κ2 − ϱ)ζφ

)∥∥∥ dφdϱ].
The right-hand side of the above inequality tends to zero as κ2 → κ1.

From (CdB6), we have

σ3 ≤ aCζ,ϖ

∫ κ1

κ2

∫ ϱ

0
(κ1 − ϱ)ζ−1

∥∥∥Ψ(
κ, pη(κ,pκ), p (κ)

)∥∥∥ dκdϱ
≤ aCζ,ϖυ

((
C∗
2 + Λβ

)
∥β∥B + (C∗

1 + 1)µ
)
∥θ∥L1

∫ κ1

κ2

(κ1 − ϱ)ζ−1 dϱ.

As κ2 → κ1, σ3 tends to zero.
Case 2. For each ϑ ∈ [ϑj , ϱj), j = 1, 2, . . . , ν, ϑj ≤ κ2 ≤ κ1 ≤ ϱj and
p ∈ Bµ. Then, we have∥∥S1 (p) (κ1)−S1 (p) (κ2)

∥∥ = 0.

Case 3. For each ϑ ∈ (ϱj , ϑj+1], j = 1, 2, . . . , ν, ϱj ≤ κ2 ≤ κ1 ≤ ϑj+1,
and p ∈ Bµ. Then, we have∥∥S1 (p) (κ1)−S1 (p) (κ2)

∥∥
≤ ∥T1 (κ1 − ϱj)− T1 (κ2 − ϱj)∥

∥∥∥Φj (ϑ, pη(ϑ,pϑ), p (ϑ))∥∥∥+ σ1 + σ2 + σ3.

By the uniform continuity of S (ϑ), we have

lim
κ2→κ1

∥T1 (κ1 − ϱj)− T1 (κ2 − ϱj)∥ = 0, j = 1, . . . , ν.

Consequently

lim
κ2→κ1

∥∥S1 (p) (κ1)−S1 (p) (κ2)
∥∥ = 0.

Thus, S1 (Bµ) is equicontinuous.
Claim 4: The set {S1 (p) (ϑ) : p ∈ Bµ} is relatively compact in Ξ̃.
Case 1. For the interval ϑ ∈ [0, ϑ1]. Let 0 < ϑ ≤ ϑ1 be fixed and let λ
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be a real number satisfying 0 < λ < ϑ. For arbitrary ψ > 0, we define

S1
λ,ψ (p) (ϑ) = T1 (ϑ)β (0) + ζ

∫ ϑ−λ

0
(ϑ− ϱ)ζ−1

∫ ∞

ψ
φρζ (φ)S

(
(ϑ− ϱ)ζ φ

)
×

∫ ϱ

0
a (ϱ, κ)Ψ

(
κ, pη(κ,pκ), p (κ)

)
dκdφdϱ

= ζS
(
λζψ

)∫ ϑ−λ

0
(ϑ− ϱ)ζ−1

∫ ∞

ψ
φρζ (φ)S

(
(ϑ− ϱ)ζ φ− λζψ

)
×

∫ ϱ

0
a (ϱ, κ)Ψ

(
κ, pη(κ,pκ), p (κ)

)
dκdφdϱ.

Since S (ϑ) is a compact operator, the set

Hλ,ψ =
{
S1
λ,ψ (p) (ϑ) : p ∈ P1 (Bµ)

}
is relatively compact. Moreover,∥∥S1 (p) (ϑ)−S1

λ,ψ (p) (ϑ)
∥∥

≤ ζ

∫ ϑ−λ

0
(ϑ− ϱ)ζ−1

∫ ψ

0
φρζ (φ)

∥∥∥S (
(ϑ− ϱ)ζ φ

)∥∥∥∫ ϱ

0
∥a (ϱ, κ)∥

∥∥∥Ψ(
κ, pη(κ,pκ), p (κ)

)∥∥∥ dκdφdϱ
+ ζ

∫ ϑ

ϑ−λ
(ϑ− ϱ)ζ−1

∫ ∞

0
φρζ (φ)

∥∥∥S (
(ϑ− ϱ)ζ φ

)∥∥∥∫ ϱ

0
∥a (ϱ, κ)∥

∥∥∥Ψ(
κ, pη(κ,pκ), p (κ)

)∥∥∥ dκdφdϱ
≤ wζϖaυ

((
C∗
2 + Λβ

)
∥β∥χ + (C∗

1 + 1)µ
)
∥θ∥L1

∫ ψ

0
φρζ (φ) dφ

+
λζϖa

Γ (1 + ζ)
υ
((
C∗
2 + Λβ

)
∥β∥χ + (C∗

1 + 1)µ
)
∥θ∥L1 .

Case 3. For the interval ϑ ∈ (ϱj , ϑj+1], j = 1, 2, . . . , ν. Let ϱj < ϑ ≤
ϑj+1 be fixed and let λ be a real number satisfying 0 < λ < ϑ. For
arbitrary ψ > 0, we define

S1
λ,ψ (p) (ϑ)

= T1 (ϑ− ϱj)Φj

(
ϑ, pη(ϑ,pϑ), p (ϑ)

)
+ ζ

∫ ϑ−λ

0
(ϑ− ϱ)ζ−1

∫ ∞

ψ
φρζ (φ)S

(
(ϑ− ϱ)ζ φ

)
×

∫ ϱ

0
a (ϱ, κ)Ψ

(
κ, pη(κ,pκ), p (κ)

)
dκdφdϱ
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= T1 (ϑ− ϱj)Φj

(
ϑ, pη(ϑ,pϑ), p (ϑ)

)
+ ζS

(
λζψ

)∫ ϑ−λ

0
(ϑ− ϱ)ζ−1

∫ ∞

ψ
φρζ (φ)

× S
(
(ϑ− ϱ)ζ φ− λζψ

)∫ ϱ

0
a (ϱ, κ)Ψ

(
κ, pη(κ,pκ), p (κ)

)
dκdφdϱ.

Since S (ϑ) is a compact operator, the set

Hλ,ψ =
{
S1
λ,ψ (p) (ϑ) : p ∈ P1 (Bµ)

}
is relatively compact. As a consequence of Claims 1 to 4 together with
the Arzelá-Ascoli theorem, we can conclude that P1 is completely con-
tinuous.
Step 3: We shall show that S2 is a contraction map. Let p1, p2 ∈ Bµ,
we have
Case 1. For ϑ ∈ [0, ϑ1], we have∥∥(S2p1

)
(ϑ)−

(
S2p2

)
(ϑ)

∥∥ = 0.

Case 2. Let p1, p2 ∈ Bµ and for ϑ ∈ [ϑj , ϱj), j = 1, 2, . . . , ν, we find∥∥(S2p1
)
(ϑ)−

(
S2p2

)
(ϑ)

∥∥ ≤ lΦ (C∗
1 + 1) ∥p2 − p1∥ .

Case 3. Let p1, p2 ∈ Bµ and for ϑ ∈ (ϱj , ϑj+1], j = 1, 2, . . . , ν, we obtain∥∥(S2p1
)
(ϑ)−

(
S2p2

)
(ϑ)

∥∥ = 0,

which implies that S2 is a contraction mapping. As a consequence of
Krasnoselskii’s fixed point Theorem, we deduce that P1+P2 has a fixed
point, which is a solution to the problem (1.1).

4. An Example

We consider the following problem:



∂ζϑ
∂ϑζ

q (ϑ, γ) + ∂2

∂γ2
q (ϑ, γ) =

∫ ϑ
−∞ a1 (ϱ− ϑ) p (ϱ− η1 (ϑ) η2 (|p (ϑ) |) , γ) dϱ

+
∫ ϑ
0
ϱ2

2 cos |q (ϱ, γ) |dϱ, (ϑ, p) ∈ N ∈ ∪nj=1[ϱj , ϑj+1]× [0, π],

q (ϑ, 0) = q (ϑ, π) = 0, ϑ ∈ [0,w],

q (κ, γ) = q0 (ε, γ) , ε ∈ (−∞, 0], p ∈ [0, π],

q (ϑ, γ) = Hj (ϑ, p (ϑ− η1 (ϑ) η2 (|p (ϑ) |) , γ) , γ (ϑ)) ,
(ϑ, p) ∈ (ϑj , ϱj ]× [0, π],

(4.1)
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where 0 < ζ < 1, 0 = ϑ0 = ϱ0 < ϑ1 ≤ ϱ1 ≤ ϑ2 < · · · < ϑν−1 ≤ ϱν ≤
ϑν ≤ ϑν+1 = w and a1 : R → R, ηj : [0,+∞) → [0,+∞), j = 1, 2 are
continuous functions.

Set Ξ = L2 ([0, π]) and consider Z : D (Z) ⊂ Ξ → Ξ by Zτ = τ ′′ with

D (Z) =
{
τ ∈ Ξ : τ, τ ′ are absolutely continuous, τ ′′ ∈ Ξ, τ (0) = τ (π) = 0

}
.

Thus

Zτ =
∞∑
n=1

n2 (τ, τn) τn, τ ∈ D (Z) ,

where τn (p) =
√

2

π
sin (np), n ∈ N is the orthogonal set of eigenvectors

of Z. It is well known that Z is the infinitesimal generator of an analytic
semigroup {S (ϑ)}ϑ≥0 in Ξ and is given by

S (ϑ) τ =
∞∑
n=1

e−n
2ϑ (τ, τn) τn, for all τ ∈ Ξ, and every ϑ > 0.

Consequently, {S (ϑ)}ϑ≥0 is a uniformly bounded compact semigroup
on Ξ. We choose χ = C0 × L2 (Υ,Ξ) as phase space.

Set
p (ϑ) (γ) = q (ϑ, γ) ,

β (ε) (γ) = q0 (ε, γ) ,

Ψ(ϑ, ξ, p (ϑ)) (γ) =

∫ 0

−∞
a1 (ϱ) ξ (ϱ, ρ) dϱ+

ϑ2

2
cos |p (ϑ) (γ) |,

Φj (ϑ, ξ, p (ϑ)) (γ) = Hj (ϑ, p (ϑ− η1 (ϑ) η2 (∥p (ϑ)∥) , γ) , γ (ϑ))
η (ϑ, ξ) = ϑ− η1 (ϑ) η2 (∥ξ (0)∥) .

Then the problem (4.1) can be rewritten as the abstract problem (1.1).
The following result is a direct consequence of Theorem 3.7.

Proposition 4.1. Let ξ ∈ χ such that (Hξ) holds, and let ϑ → ξϑ be
continuous on T (η−) . Then there exists a mild solution of (4.1).
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