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Invertibility of Multipliers for Continuous G-frames

Mohammad Reza Abdollahpour!* and Yavar Khedmati Yengejeh?

ABSTRACT. In this paper, we study the concept of multipliers for
the continuous g-Bessel families in Hilbert spaces. We present nec-
essary conditions for invertibility of multipliers for the continuous
g-Bessel families and sufficient conditions for invertibility of multi-
pliers for continuous g-frames.

1. INTRODUCTION

In 1952, the concept of frames for Hilbert spaces was defined by Duf-
fin and Schaeffer [10]. Frames are important tools in signal processing,
image processing, data compression, etc. In 1993, Ali, Antoine and
Gazeau developed the notion of ordinary frames to a family indexed by
a measurable space which is known as continuous frames [4]. In 2006,
g-frames or generalized frames were introduced by Sun [19]. Abdollah-
pour and Faroughi introduced and investigated continuous g-frames and
Riesz-type continuous g-frames [|. The importance of g-frames is de-
rived from their ability to provide more choices in analyzing functions
than frame expansion coefficients [19], furthermore, every fusion frame
is a g-frame [9]. Also, in [13] they show how generalized translation
invariant (GTI) frames can be considered as g-frames.

In the rest of the paper, (€, 1) is a measure space with positive mea-
sure p, {K, : w € Q} is a family of Hilbert spaces and GL(H) denotes
the set of all invertible bounded linear operators on Hilbert space H.

In 2007, the Bessel multiplier for Bessel sequences in Hilbert spaces
was introduced by P. Balazs [f].
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Definition 1.1. Let H and K be Hilbert spaces. Suppose that F' =
{fi}ier and G = {g; }iecs are Bessel sequences for H and K, respectively,
and m = {m;}icr € [°°(I). The operator M, pc : H — K defined by

My paf =Y milf, fi) gi,
el
is called the Bessel multiplier for F' and G.

Stoeva and Balazs investigated the invertibility of multipliers for
frames in detail [1§]. In [12], they generalized the concept of Bessel
multipliers for p-Bessel and p-Riesz sequences in Banach spaces. In [14],
fusion frame multipliers were introduced as a generalization of frame
multipliers to extend the results of frame multipliers. Structures of
duals of fusion frames and continuous fusion frames are discussed in
[12, 14]. The concept of g-dual frames for Hilbert C'x-modules is intro-
duced in [11]. Also, results for g-Bessel multipliers are presented in [L16].
In this paper, by generalizing results of [18], we obtain conditions for
two continuous g-Bessel families to be continuous g-frames (Proposition
). Also, to obtain a dual (not necessarily canonical) for each of these
families (Proposition R.3), we generalize a result of [7]. As well, we ob-
tain necessary conditions for invertibility of multipliers for continuous
g-Bessel families and sufficient conditions for invertibility of multipliers
for continuous g-frames, by extending the results of [1§]. In the rest of
this section, we summarize some basic informations about continuous
g-frames and multipliers of continuous g-Bessel families from [, 2].

We say that F' € [] .q K. is strongly measurable if I’ as a mapping
of  to @,,cq Ku is measurable, where

H/Cw:{f:ﬂé U ICw:f(w)ele}.
weN wen
Definition 1.2. We say that A = {A, € B(H,K,) : w € Q} is a
continuous g-frame for H with respect to {ICy, : w € Q} if

(i) for each f € H, {A,f : w € Q} is strongly measurable,

(ii) there are two constants 0 < Ay < By < oo such that

L) AufP < /Q IAufI2du(w) < Ba [fI2, e

We call Ay, Bp the lower and upper continuous g-frame bounds, respec-
tively. A is called a tight continuous g-frame if Ay = By, and it is
a Parseval continuous g-frame if Ay = By = 1. A family A = {A, €
B(H,Ky,) : w € Q} is called a continuous g-Bessel family for H with
respect to {K,, : w € Q} if the right side of the inequality (E) holds for
all f € H, in this case, By is called the continuous g-Bessel constant.
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Proposition 1.3 ([1]). Let A = {A, € B(H,Ky) : w € Q} be a con-
tinuous g-frame. There exists a unique positive and invertible operator
Sa : H — H such that

(Snf.g) = /Q (Aot Aug) du(w), frg € H,
and ApnI < Sy < Bpl.

The operator Sj in the Proposition B is called the continuous g-
frame operator of A.
We consider the space

K= {F € H K., : F is strongly measurable, / | F(w)|? du(w) < oo} .
wen Q

It is clear that K is a Hilbert space with point-wise operations and with
the inner product given by

(F,G) = /Q (F(w), G(w)) du(w).

Proposition 1.4 ([l]). Let A = {A, € B(H,Ky) : w € Q} be a contin-
uous g-Bessel family. Then, the mapping Th : KK — H defined by

(12)  (TuF.g) = /Q (ALF(w), g) dp(w), Fek. gen,

is linear and bounded with |Ta|| < +/Ba. Also, for each g € H and
w € Q, we have

(TRg)(w) = Aug.

The operators T\ and T\ in the Proposition @ are called the synthe-
sis and analysis operators of A = {A,, € B(H,K,) : w € Q}, respectively.

Definition 1.5. Let A = {A, € B(H,K,) : w € Q} and © = {06, €
B(H,Ky) : w € Q} be two continuous g-Bessel families such that

()= [ ©ufAug)du@). Fg e
then, © is called a dual of A.

Let A = {A, € B(H,K,) : w € Q} be a continuous g-frame. Then,
A= AS = {Awsgl € B(H,K,) : w € Q} is a continuous g-frame and
A is a dual of A. We call A the canonical dual of A.

Two continuous g-Bessel families A = {A,, € B(H,Ky,) : w € Q} and

© ={0, € B(H,K,) : w € Q} are called weakly equal, if for all f € H,
Avf=06.f, ae wel
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Definition 1.6 ([3]). Let A = {A, € B(H,Ky,) : w € Q} and © =
{©, € B(H,K,) : w € Q} be two continuous g-Bessel families. The
family © is called a generalized dual of A (or a g-dual of A), whenever
the well-defined operator Spg : H — H,

<SA@f7 g> = /Q <@wfa Awg> d:u(w)v f)g €EH,

is invertible.

In the case that, the continuous g-Bessel family © is a g-dual of the
continuous g Bessel family A, then, © is a dual of a continuous g-Bessel
family ASg) = {AwSgr € B(H.Ku) 1w € Q}, ie.

(1.3) ()= [ (@urAuSeha) dutw), f.g €.

As continuous frames are generalized by continuous g-frames, the above
definition is the generalization of reproducing pair of weakly measurable
functions [5].

Proposition 1.7 ([2]). Let A = {A, € B(H,Ky) : w € Q} and © =
{®, € B(H,K,) : w € Q} be continuous g-Bessel families and m €
L>(Q, p). The operator My a0 : H — H defined by

(Mrof. ) /m Oufi Aug) du(w), fog € H,

is a bounded operator with bound |m|| /BaBe.

The operator M, r e in the Proposition @ is called the continuous
g-Bessel multiplier for A and © with respect to m. Note that M e =
She.

Proposition 1.8 ([2]). Let A = {A, € B(H,Ky) : w € Q} and © =
{©, € B(H,K,) : w € Q} be continuous g-Bessel families and m €
L>®(Q, ). Then

mA6 = Mmena.

2. INVERTIBILITY OF MULTIPLIERS FOR CONTINUOUS ¢g-BESSEL
FAMILIES

In this section, we are going to get some results relevant to invertibility
of continuous g-Bessel multipliers by generalizing results of [1§].
For every A, € B(H,K,),w € Q and m € L*(, 1), we have

[(m(@)Au) fI| = Im(w) A f]
= [m(w)| A f|
< Il 1AIHIAIL,  f € H,
so, m(w)A, € B(H,Ky,).
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Proposition 2.1. Let A = {A, € B(H,Ky) : w € Q} be a continuous
g-Bessel family and m € L>(Q, u). Then

(i) mA = {m(w)A,, € B(H,Ky) : w € Q} is a continuous g-Bessel
family with the continuous g-Bessel constant By |[m|% .

(i) Mmae = Mimrne = Miame, where mA = {m( A, €
BH,Ky) :w € Q} and mO = {m(w)O, € B(H,K,) : w € Q}.

Proof. (i) For every f € H, we have
[ im@aaf P dnte) = [ m() P 18017 dute)

< Iml?, /Q 1A fI? dpw)
< By lml2 |11

(ii) By (i), mA and m© are continuous g-Bessel families. For every
f,9 € H, we have

(Mprof.9) / m(©) (O f, Aug) duw)

_ /Q (e. f,m(w)Awg>dH(W)
_ /ﬂ (m(w)Ouf, Aug) dp(w).

Therefore, My, n.0 = Mimae = Miame. -

By generalizing a result of [[18], the following proposition gives nec-
essary conditions for invertibility of multipliers for continuous g-Bessel
families.

Proposition 2.2. Let A = {A, € B(H,K,) : w € Q} and © =
{®, € B(H,Ky) : w € Q} be continuous g-Bessel families and 0 #
m e L>®(Q, ). If My a0 € GL(H), then

(i) mO = {m(w)0, € B(H,K,) : w € Q} and mA = {m(w)A, €
B(H,Ky,) : w € Q} are continuous g-frames with lower continu-
2\ ! 2\ !
ous g-frame bounds (BA HMW_fA@H > and (B@ HMT:LIAG)) ) ,
respectively.
(ii) A and © are continuous g-frames with lower continuous g-frame

2 A 2 1 )?
bounds <BA lm||Z, HM%A@H > and <B€) m|l5% HM7:Z,A,6H )

respectively.

-1
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Proof. (i) Since My, a0 € GL(H), by Proposition @ (ii), the op-
erators M1 A me and Mima e are invertible. Let f € H and
f # 0, then, from Proposition [L.§, we have
IF1Z = 1(f, )]

<f M} e Miamel)|
(MimoaMi ot 1)]
= | [ (At to afm)0. ) dute)
= <TAM1_m@Af7 @f>‘
TiM o n S| 1 Te

VB Mo a | 171100 11

IN

IN

therefore, we get
1 1

2
@) = :
R I e
2
< T

- / Im(@)@u 12 dia(w):
Q

2 1712

Similarly, we have

(2.2) SR P SIE

Bo Mo
— / Hm(w)ij"H2 dp(w)
Q

It is clear that the inequlities (@) and (@) also hold for f = 0.
So, by Proposition (i), m© and mA are continuous g-frames.
(ii) For every f € H by inequality (@), we have

1

e IR < [ )0 | due)
B [ Mo ;

< |mll%, /Q 1€ 7|12 du(w),
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therefore,
1

By [|m|[% “Mn;,lA,GH
Similarly, by inequality (@), we have

1
e S [ A dute)
Bo |mIZ Myl o

Thus A and © are continuous g-frames. O

SIFI2 < /Q 10|12 dis(w).

Note that Proposition @ (ii), generalizes Proposition 3.2 of [1]. In
the following proposition, by generalizing a conclusion from [[], we get
a dual for continuous g-Bessel families A and © when M, n 0 € GL(H).

Proposition 2.3. Let A = {A, € B(H,K,) : w € Q} and © =
{0, € B(H,K,) : w € Q} be continuous g-Bessel families and 0 #
m e L®(Q,u). If M, a0 € GL(H), then, © and

MMMl o = {M@)AM € BOLK,) i we 0},

are dual. Also, A and m@My;,lA’@ = {m(w)@wMT;}A’@ € B(H,Ky) :w e
Q} are dual.

Proof. By Proposition @ (ii), A and © are continuous g-frames. Since
M0 € GL(H) and M 0.4 = My, \ o € GL(H) and then, by Propo-
sition @ (i) and [, Proposition 3.3], we conclude

MAM ) = { (@AM € B(H,Ky) : w eg},

is a continuous g-frame. For every f, g € H, we have

/Q< wf s m(w) Ay Mo @Ag>du( )= /Qm( )< ol A M- eAg>du( )

:<Mm/\@f> m@Ag>

=(f.9).

Also,

[ (@b of Aug) dnte) = [ ) (0,011 . Mg di(e)
= <Mm,A,@M;L’1A,@g>
= (f.9)- O

The following result is the generalization of [8, Theorem 1.1.] and [B,
Proposition 8.] with similar proof.
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Proposition 2.4. Let A = {A, € B(H,K,) : w € Q} and © =
{©, € B(H,K,) : w € Q} be continuous g-Bessel families and 0 #
m € L*®(Q, ). If My a0 € GL(H), then,

(i) There is a dual 5) of ©, such that for every dual A% of A we
have M A®—M1 AdD

(ii) There is a dual A of A, such that for every dual ©% of © we
have M%}A@ = Mé R od-

Proof. (i) By Proposition @ 0 = mAM o and © are dual.
Similar to proof of [3, Proposition 8.] and by Propositions
for every dual A? of A we have

MJLA@ Ml_mAG
= Smne

- TAdT*S 1
(mA)©

_ *
- TAdTAM,’;l

©

(ii) The proof is similar to the proof of (i). O

By generalizing a result of [1§], the following results give sufficient
conditions for  invertibility of multipliers for continuous g-frames. The
[18, Proposition 2.2.] gives the criterion for the invertibility of operators
and we apply this proposition in the proof of the following results.

Theorem 2.5. Let A = {A, € B(H,K,) : w € Q} be a continuous

g-frame and © = {©,, € B(H,K,) : w € Q} be a family of operators

such that for each f € H, {Oyf}ueq is strongly measurable and there
2

exists v € [0, g—ﬁ) such that

(2.3) / 1(he — Ou) f2dpa(w) < w |12, e,

Suppose m € L*(Q, 1) such that for some positive constants 6 we have

m(w) >3 >0 a.e. and m ”°°f<\}4L Then, My a0 € GL(H) and

1
Iml] BA+||mH ﬁ”f”<H A@fH—(;AA il voEs M1
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for every f € H, and

[e.o]

ML= kzo [S\‘FA (SfA mA@)}kSQ%A'

n
k
-1 1 -1
e =3 550 (s o)
+1

< (Il PR 1 |

- AN — [Im|| o VVBa
Proof. If v = 0, then, by ineqaulity (@), A and © are weakly equal so,
for every f,g € H, we have

(Mrof. ) / m(w) (Ouf, Aug) dpi(w)

/ m(w) (A f; Awg) dp(w)

= (Mmanf,9)-
Therefore, by [2, Proposition 3.3.], Myua0 = Mpaa = S jma is an
invertible operator with lower and upper bounds 0 A, and ||m||,, Ba, re-
spectively, where /mA = {\/m(w)A, € B(H,K,) : w € Q}. Therefore,
for every f € H, we have

n € N.

(24) s 1 < [
I
<51 1.

For v > 0, by inequality (@), the family A—© = {A,—0,, € B(H,K,) :
w € Q} is a continuous g-Begsel family so, © is a continuous g-Bessel
family. Thus by Proposition [L.7, M, e is a well-defined bounded op-
erator. By (@3,, for any f,g € H, we have

’<Mm,A7®f - SmAf7g>’

_ /m(w) (Ouf, Aug) dpn(w /m (Awf, Auvg) du(w)

A Aug) du(w)l

/ m(@)] (O — A, Aug)| dia(w)
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< | / 100 — M) 1 1 Awg]l dis(w)

< ., </ 100 — Au) I dia(w ) ([ 18u1? aute )
< bl Vo Ba 11l 9]

Therefore, we have

(2.5) |Monof - sme < [Imlloo VVBAIf -
Since ||m||,, V¥Ba < §Apx < H , by [18, Proposition 2.2.], M, a0 €
VA
GL(H) and
o0
Mphe=>" [S:FA(S«FA m/\@)} S\}A
k=0

Also, by inequality (@) for every f € H, we have
1

1
£l < [l
Imllo V¥ Ba + o Ba Im|| . vBav + HS\%AH
< Mot
1
< [l
HS H — [Imloo vV Bav

1
<
= 645 — Imllo VB

Since %ﬁ < \}45?7 and HmHg"A'AVBA < 1. By inequalities (@) and

(@) for n € N, we have

A1l

n

HMTT_I,IA,@ - Z [S}A(S\FA My, e)} S\}A

k=0
- i [S\_FA(S\FA mA@)} S\/LA
k=n+1
<[sziall 3 Pszmall s~ mae

< L i <||muooWBA)’“
6AN S~ SA)

Ay
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_ (Hmrrm WBA)"“ L
0AA §AN — ||m|l o VvBs
Note that by considering ® = A, in Theorem @, we get the Propo-
sition 3.3 of [2].

Proposition 2.6. Let A = {A, € B(H,K,) : w € Q} be a continuous
g-frame. Let m € L>(Q, ) such that |m — 1] < A < & for some A.
Then, MmAA € GL(H) and

O

<
s M < Mt < =55 11 sent
and -
_ ko
Mm}A,A:Z[S (Sa — mAA)] SA1~
k=0
Also,
M= 3 57— ) 5 < (222) L e
m,AA kzo A mAA A = AA AA — )\BA’ .

Proof. For every f,g € H, we have
(M, A mnf — Saf,9)]

[ on) - s A) du<w>]
< /Q m(@) — 1] [{Auf, Aug)| dpu(w)
< llm -1, /Q 1Aw 1 I Awgll due)

< fm- 1l ([ IIAwfIIQdu(w)f (f qugn?du(w)f

< AB |1 lgll-

Therefore, we have

||M1AmAf —SAfIl < ABA|f]] -

Since 0 < ABp < Ap < HS Gk similar to the proof of the Theorem @

by [18, Proposition 2.2.] and Proposition @ (ii), the proof is completed.
O

Theorem 2.7. Let A = {A, € B(H,Ky,) : w € Q} be a continuous
g-frame and © = {©, € B(H,K,) : w € Q} be a family of operators
such that for each f € H, {O, f}ueq is strongly measurable. Suppose

2
there exists v € [0, g—ﬁ) such that the inequality (@) is satisfied. Let
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m € L>®(Q,pu) that |[m—1|, < XA < ;}217\/— VZEIA\ for some A. Then,
Mmne € GL(H) and for every f € H,

: 171 < a0 f < - 171
(A +1)(Ba +VVBy) ko Ay —ABpr — (A +1)VvBy
and
e k
MY o= z [MmlAA mAA Mm,A,e)] Mr;lA,A'
k=0
Also,
n k
Mn_l,lA,@ - Z [M;L,lA,A(Mm,A,A - Mm7A,®)} Mn_@,lA,A
k=0
- (()\+1)\/VBA>TL+1 1 .
~\ Ar—ABy Apr —ABpr — (A + 1)\VvBy’ '

Proof. If v = 0, by the inequality (@), A and © are weakly equal. Also,
for v = 0 we have |m —1|| <A< g—’A‘. Then, by Proposition @, for
v = 0 the proof is completed. For v # 0 by inequality @), the family
A — © is a continuous g-Bessel family so, © is a continuous g-Bessel
family. Similar to the proof of Theorem R.5, for every f,g € H, we have

{(Mma0f — Mpmanf,9)l

= [ [ ey @u s g du(w)l

<l ([ 1602 = AP e ) ([ 1ol dute )
<|Imllo VvBallfll llgll-
Thus by ||m — 1||, < A, we have
[Mm,n0f = Munanf|| < Imlloe VvBallfll < A+ 1)V vBa | fIl-
By A\ < 5 WZ?‘, we have (A + 1)y/vBj < Apx — ABy and since
—VvBy AA
++VVvB BA
by Proposition @ we have (A + 1)\/1/BA < AA —AB) < m
AN

| M.l < (A4 1)By. Therefore, by [18, Proposition 2.2.], My, a0 €
GL(H) and for every f € H, we have

! 1l =
(A +1)(Ba + VvBy) B

”m_l”ooé)\<

and

1
(A+ 1)VuBa + (A +1)By 7
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1
< f
Ot DvoBa + [Mman] 7]
< [ Mo
1
<
< I (\+1)ViBx £l
M5 5l
1
< 111,
Apr — ABp — ()\ + 1)\/I/BA
and
e k
Mr;,lA,Q = Z [Mn_@,lA,A(Mm,A,A - Mm,A,G)] Mn_q,lA,A'
k=0

Also, for n € N, we have

n

k
-1 -1 -1
|Mm,A,@ - E : [Mm,A,A(Mm,A,A - Mm,A,G)} Mm,A,A
k=0

o0

k

-1 -1
E : [Mm,A,A(Mm,A,A - Mm7A,®)} M A
k=n+1

oo
k
M~ 2: M~ M M k
SH m,lA,AH H m,lA,AH ” m,A A T m,A,@H

k=n-+1
o1 i A+ 1DvoBy\"
— Ap — A\Bj e Ap — ABa

g

B (()\ + 1)\/1/BA)n+1 1
- Ap — ABa AA—)\BA—()\—l-l)\/VBA'
Proposition 2.8. Let A = {A, € B(H,Ky) : w € Q} be a continuous

g-frame and S € GL(H). Also, suppose m € L>®(, u) satisfies one of
the following conditions:

(i) for some positive constants 0, m(w) > 3§ > 0 a.e.
(ii) [[m—-1|o <A< % for some .
Then, the operators My, a s and My, a5 a are invertible and

— 17— -1 -1 —1yx
M, AAS_S MmAA’ M, AS,A:Mm,A,A(S )%

m,

where AS = {A,S € B(H,K,) : w € Q}.

Proof. By [Il, Proposition 3.3], AS is a continuous g-frame. For every
f,g9 € H, we have

(Myonnsf.g) = /Q m(w) (AuS . Aug) dpu(w)
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= (M anSf.9)

(M asaf,g) /m (A f, AuSg) du(w)

Mpmanf,Sg)
= <S My anf.g) -

Therefore, My ans = MpuanS and Mpasa = S*Mpaa. If (i) is
satisfied, then, by [2, Proposition 3.3], M, aa € GL(H), and if (ii)
is satisfied, then, by Proposition @ MmA A € GL(H), so, the proof is
completed. O

Corollary 2.9. Let A = {A, € B(H,Ky,) : w € Q} be a continuous
g-frame. Also suppose m € L*>(, u) satisfies one of the following
conditions:

(i) for some positive constants §, m(w) > 6 > 0 a.e.

(ii) fm -1 <A< AA for some A.

Then, the operators M mAR cmd mAA aTe invertible and
_ _ -1 —_
Mm A, A SAM ALA Mm,K,A - vaAvASA'
Proof. By Proposition @, for § = SXI the proof is completed. O

Theorem 2.10. Let A = {A, € B(H,K,) : w € Q} and © = {©,, €
B(H,Ky) :w € Q} be dual continuous g-frames. Let m € L> (82, p) such
that |m — 1], <A < for some X. Then, My n0 € GL(H) and

\/7
1
2.6 M ’ -
26 a1 < [ahed| < s 1 S
and
(2.7) Mm}A’@ :Z(M(lfm),A,Q) '
k=0
Also,
~ Y \BiBo)"!
Mo~ M- B (—a eN.
‘ m,A\,© ;_0( (1 m),A,@) > 1_)\@ n

Proof. For every f,g € H, we have

’< mA@f_fv >‘
_’< mA@f7 > <f7g>’

[ ) = 1) 0.1 Aug) du(w)‘
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< [m(w) = 1]]oo /Q 190 11l Awg ()

< llm(e) =1l | |9wf\|2du(W)>% (f |Awg||2du<w>)é
< W/BxBo | fl ol

Therefore,
[Mm.n0f — fll <AV BaBe | f]l.-

Since \\/BaBe < 1 = ﬁ and I — Myae = Mi_myre, by [18,
Proposition 2.2.], inequality (@) and equality (@) are satisfied. Also,
for n € N we have

n

— k
Mm,lA,@ - Z (M(lfm)7A7@)
k=0

o0

S (Musmyae)”
k=n-+1

k=n-+1
oo

< Y (MWBaBo)

k=n-+1

_ (WBpBg)™! 0
1- M/BaBg
Proposition 2.11. Let A = {A, € B(H,Ky,) : w € Q} be a continuous
g-frame and © = {©, € B(H,K,) : w € Q} be a family of operators such
that for each f € H, {Of}ueq is strongly measurable that inequality
(R.3) is satisfied for some v > 0. If v < Ap, then, © is a continuous
g-frame.

IN

Proof. By ineqaulity (@), the family A — 0 = {A, — ©, € B(H,K,) :
w € Q} is a continuous g-Bessel family so, © is a continuous g-Bessel
family. For every f,g € H, we have

(Myz6f ~ £.0)| = (M5 0f = My5,1.9)]
/Q <<@w - Aw)fu /~\w9> dﬂ(w)‘

< 1(Ow — Aw) f| P dp(w) : [ Awgl2dp(w) :
(/. I

1
< —_— .
<V, gl
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Thus

T
|- 56 < Vi <t

It shows that M, 3 o € GL(H) therefore, according to Proposition @
(ii), © is a continuous g-frame. O
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