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Automatic Continuity of Almost n-Multiplicative Linear
Functionals

Abbas Zivari-Kazempour

ABSTRACT. We generalize a theorem due to Jarosz, by proving that
every almost n-multiplicative linear functional on Banach algebra
A is automatically continuous. The relation between almost mul-
tiplicative and almost n-multiplicative linear functional on Banach
algebra A is also investigated. Additionally, for commutative Ba-
nach algebra A, we prove that every almost Jordan homomorphism
¢ : A — Cis an almost n-Jordan homomorphism.

1. INTRODUCTION

Let A and B be complex Banach algebras and ¢ : A — B be a linear
map. Then, ¢ is called an n-homomorphism if for all a1, a9, ...,a, € A,

plarag - an) = plar)p(az) - p(an).

The concept of n-homomorphism was studied for complex algebras in
[6] and [11].

A linear map ¢ between algebras A and B is called an n-Jordan homo-
morphism if p(a™) = ¢(a)"™, for all a € A. This notion was introduced
by Herstein in [10].

In the case of n = 2, these concepts coincide with the classical defini-
tions of homomorphism and Jordan homomorphism, respectively.

Clearly, each homomorphism is an n-homomorphism for every n > 2,
but the converse does not hold in general. For example, if p: A — B
is a homomorphism, then ¥ := —¢ is a 3-homomorphism which is not a
homomorphism [6].
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Also, every n-homomorphism is an n-Jordan homomorphism, but in
general, the converse is false. Zelazko in [20] has given a characterization
of Jordan homomorphism that we will mention.

Theorem 1.1. Suppose that A is a Banach algebra, which need not be
commutative, and suppose that B is a semi-simple commutative Banach
algebra. Then each Jordan homomorphism ¢ : A — B is a homomor-
phism.

This result has been proved by the author in [22] for 3-Jordan homo-
morphisms with the additional hypothesis that the Banach algebra A is
unital, and then it is extended for all n € N in [1].

Bodaghi and Inceboz in [4], extended Theorem 1.1 for n € {3,4} by
considering an extra condition that ¢(a?b — ba?) = 0 for all a,b € A.

There are two basic results concerning the automatic continuity of
homomorphisms between Banach algebras.

The first basic result is due to Silov, which is expressed as follows (see
also [B]).

Theorem 1.2 ([[7, Theorem 2.3.3]). Let A and B be two Banach algebras
such that B is commutative and semi-simple. Then, every homomor-
phism ¢ : A — B is automatically continuous.

The second result is the following which is due to Johnson (see also
[L7]).

Theorem 1.3 ([14, Theorem 2]). Let A and B be Banach algebras where
B is semi-simple. Then, every surjective homomorphism ¢ : A — B
18 automatically continuous.

Theorem @ was extended to m-homomorphism in [§]. Now the fol-
lowing question can be raised.

Question 1.4. Does Theorem generalize to n-homomorphisms?

A linear map ¢ between Banach algebras A and B is called almost
n-multiplicative if there exists € > 0 such that for all a1, a9, ...,a, € A,

le(araz - --an) — @(ar) - - lan)|| <€ llar] [laz]| - - flan] -
If n = 2, then ¢ is called simply almost multiplicative. Note that almost
n-multiplicative turns out to be n-multiplicative, whenever ¢ = 0.
Jarosz [[13] introduced the concept of an almost multiplicative function
between Banach algebras. He investigated the automatic continuity of
such maps and proved the following famous result.

Theorem 1.5 ([13, Proposition 5.5]). Let ¢ be an almost multiplicative
linear functional from Banach algebra A into C. Then ||| < 1+¢, and
hence @ is continuous.
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After that, Johnson obtained_some results on the continuity of al-
most multiplicative functionals [[15], and then he generalized his result
to almost multiplicative maps between Banach algebras [[L6].

Since then, many authors have investigated almost multiplicative
maps between Banach algebras, see for example [2, 18, 23].

Similarly, we have the next question which derives from Jarosz’s the-
orem.

Question 1.6. Does Theorem generalize to almost n-multiplicative?

In this paper, we give a positive answer to both Question and
Question . We also prove that every almost multiplicative linear
functional on Banach algebra A is almost n-multiplicative, and the same
is true for almost Jordan homomorphisms with the extra condition that
A is commutative.

2. CONTINUITY OF n-HOMOMORPHISMS

We begin with the following well-known theorem.

Theorem 2.1 ([5, Proposition 3, § 16]). Suppose that ¢ : A — C
is a multiplicative linear functional on A. Then ¢ is continuous and
el < 1.

A Banach algebra A is called n-functionally continuous if every n-
multiplicative linear functional on A is continuous. If n = 2, then A is
called functionally continuous, in the usual sense.

Theorem 2.2 ([19, Corollary 2.2]). A topological algebra A is function-
ally continuous if and only if it is n-functionally continuous.

Now, it follows from Theorem @ and Theorem @ that every n-
multiplicative linear functional on A is continuous. More precisely, every
n-homomorphism from a Banach algebra A into a commutative semi-
simple Banach algebra B is automatically continuous and so the answer
to Question is affirmative.

If A is a unital Banach algebra with unit e, then each n-multiplicative
linear functional ¢ : A — C satisfies in ¢(a) = ()" Lp(a), for all a €
A. On the other hand, one can also verify that ¥(a) := p(e)" 2¢(a) is
multiplicative and so continuous by Theorem @ From this, we deduce
that ¢ is continuous.

For non-unital Banach algebra A, we now outline an alternative proof
for this result with direct methods. For n = 3, see [24, Theorem 5.
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Theorem 2.3. Let A be a Banach algebra and ¢ : A — C be an
n-multiplicative linear functional. Then ||¢|| < 1, and hence ¢ is auto-
matically continuous.

Proof. Suppose that ¢ : A — C is an n-multiplicative. Since ¢ # 0,
there exists a € A such that ¢(a) = 1. For all z € A, definey : A — C
by ¥ (z) = p(ax). Then for every z,y € A,

Y(zy) = p(azy)

we get

Y(zy) = p(az)p(ay)
= ¢(z)¢(y),

hence v is a multiplicative linear functional on A. Thus, 9 is continuous
and |[¢|| < 1. On the other hand, for all x € A, we have

(2.1) () = p(ax)
= p(a)" 'p(az
= p(a*)¢(a
= ¢(
which proves that ¢(a?) # 0. Let w = op(a?). Since 1) is multiplicative,
by (@3 for all z1,xs,...,x, € A, we get

we(z122 -+ Tn) = P(T122 -+ Tn)
= Y(z1)¢(z2) - Y(2n)
= w"p(x1)e(x2) - - o(n).
Consequently, |w| = 1, so we conclude that ||¢|| < 1. O

We get the following result in a similar mannar to [24, Corollary 1].
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Corollary 2.4. Suppose that A is a Banach algebra and B is a semi-
simple commutative Banach algebra. Then each n-homomorphism ¢ :
A — B is continuous.

3. CONTINUITY OF ALMOST n-MULTIPLICATIVE

Our main theorem in this section is to generalize Theorem @ for
almost n-multiplicative linear functionals. First, we prove it for the
unital Banach algebra A.

Proposition 3.1. Let A be a unital Banach algebra and ¢ : A — C
be an almost n-multiplicative linear functional. Then ¢ is automatically
continuous.

Proof. For all a € A, define ¢ : A — C by ¥(a) = ¢(e)"2p(a), where
e is the unit of A. Then

[¥(ab) — v (a)p(b)] = |p(e)"p(ab) — p(e)"p(a)p(e)"p(b)|
< e lp(e)" 2| |p(ae"?b) — p(a)p(e)" %o (b)]
< e |e(e)" 2] llall llell" = [l
<& all 18],

where &/ = £ |p(e)" 2| |le]|~2_Therefore ¢ is almost multiplicative and
it is continuous by Theorem [1.5. Now the continuity of vy implies that
of . O

Lemma 3.2. Let A be a Banach algebra and ¢ : A — C be an almost
n-multiplicative linear functional. Then for all ai,as,...,a,,t € A, we
have

()" - [p(aras -~ an) — p(a1)plaz) - p(an)]
< e(2lar] - lan-1ll + lp(ar)p(as) - plan-1)] ) fanll [1E]"" .
Proof. Clearly, this is Lemma 3.1 of [12]. O

The next result is a generalization of Theorem @ The case n = 3 is
[24, Theorem 7].

Theorem 3.3. Every almost n-multiplicative linear functional from a
Banach algebra A into C is automatically continuous.

Proof. Let ¢ : A — C be an almost n-homomorphism. Then, there
exists € > 0 such that

3.1)  le(aray---an) — plar)p(az) - - lan)| < €llar]| ||azl - - [lanl|,
for all a1, as,...,an € A. Set £ = LHVI+ie VQHAE. If for all a € A,
(3.2) lp(a)] < € llall,
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then [|¢]| < 1+ &, and hence ¢ is continuous. If (@) does not hold,
then by applying Lemma @ and a method similar to [24, Theorem 7],
we conclude that ¢ is n-multiplicative. Now, the continuity of ¢ follows
from Theorem P.3. O

Corollary 3.4. Suppose that A and B are Banach algebras, where B
is commutative and semisimple. Then each almost n-homomorphism
p: A — B is continuous.

Every multiplicative linear functional is n-multiplicative. Next, we
prove the same result for almost multiplicative.

Theorem 3.5. Let A be a Banach algebra and ¢ : A — C be an almost
multiplicative. Then @ is almost n-multiplicative, for all n > 2.

Proof. Let ¢ be an almost multiplicative. Hence there exists € > 0 such
that

(3-3) [p(ab) — p(a)p(b)| < e lal b, a,be A

Then by Theorem @, ¢ is continuous and ||¢|| < 1+ . Therefore, for
alla € A,

(3.4) lp(a)l < (1 +¢) llall.-
By (@) and (@), for all a,b,c € A, we have
|p(abe) — p(a)(b)p(c)| < [p(abe) — p(ab)p(c)]
+ [p(ab)p(c) — pla)p(b)e(c)|
< e llabl/ [l + [ (ab) — @(a)e(b)] | (c)]
<ellall[[ol lell + e(L + &) lall o] ll]
< e llall 1B llell,
where ¢ = ¢(2 + ¢). Thus, ¢ is almost 3-multiplicative. Now, assume
that ¢ is an almost n-multiplicative for some fixed n € N. Then there
exists €1 > 0 such that
(3:5) le(araz---an) = plar)p(az) - - p(an)| < 1 flar]| laz] - - [lanll,
for all a1, as,...,a, € A. Hence by (@), (@) and (@), we get
[p(araz -+~ an+1) — plar)p(az) - - - p(an+1)|
< |p(araz - ant1) — plaraz)p(as) - - - p(ant1)|
+ [p(araz)p(as) - - p(an+1) — lar)p(az) - - p(ani1)|
< &1 [|araz]| [las]| - - - |ans1 ]l
+ |p(araz) — p(ar)p(az)| (Ip(as)] - - [p(an+1)])
< et [Jaa] [laz] [las] - - - [|ant |
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+ellallllaz]l (1 +€)" " asl -+ - lans1ll)
< "l llaz|l las]l - - - [lantall -

n—1

Consequently, ¢ is almost (n+1)-multiplicative for &” = e1+¢(1+¢)
This finishes the proof. O

The converse of Theorem @ fails, in general. This is illustrated by
the following example.

Example 3.6. Let X be the normed algebra of all polynomials defined
on [0,1], and let 7' : X — C be a linear unbounded functional on X.
Let

0 f 0 a b
A:{[O 0]: fEX} and B = 0 0 ¢|l: abceC;,
0 0O

and define ¢ : A — B by

0 z =z
Al ) -1o s 5
0 00
where z = T'(f). Then, ¢ is n-homomorphism for every n > 3, and

hence it is almost n-homomorphism for all € > 0. But, it is easy to
check that ¢ is not almost homomorphism.

4. ALMOST n-JORDAN HOMOMORPHISMS

Let A and B be Banach algebras and ¢ : A — B be a linear map.
Then ¢ is called almost mixed n-Jordan homomorphism if there exists
€ > 0 such that

lp(a”d) = p(a)"e(®)|| < e llall™ 6], a,be A

Moreover, ¢ is said to be almost n-Jordan homomorphism if there exists
€ > 0 such that

le(a™) = p(a)|| <ellal®, ac A

The following theorem gives a relation between almost mixed n-Jordan
homomorphisms and almost n-homomorphisms.

Proposition 4.1. Let A be an unital Banach algebra with unit e, and
let o : A — C be almost n-multiplicative such that p(e) = 1. Then ¢
1s almost multiplicative.

Proof. This follows from Proposition @ O
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Theorem 4.2. Let A and B be two commutative algebras and ¢ be an
almost mixed n-Jordan homomorphism from A into B. Then for all
a1, ag,...,an € A,

lp(araz - --an) = plar)p(az)p(as - - an)l < 3ellar]| [lazll - -- [lan| -

Proof. Let ¢ be an almost mixed n-Jordan homomorphism. Then there
exists € > 0 such that

(4.1) le(a”b) — (a)"(b)|| < € |lall™ [|b]],
for every a,b € A. Since A and B are commutative, we get

p(zyas - an) — @(z)p(y)p(as - an)

= % [‘P((IL’ + y)2a3 cap) — (x4 y)Qtp(GS e ap)

+p(z)*plag - an) — p(rag - an) + p(y)2p(as - - an)
B QO(yQag T an)] .

For all z,y,as,...,a, € A with ||z]| = |ly|| = 1, it follows from (@) and
the above equality that

(4.2) lp(zyas -~ an) — p(2)p(y)plas - - an)|l

< el + v)2ag- - an) — ola + y)2elas - an)|

L le@Petar-an) - ol --an)]

+ o) plas- - an) = p(y*az---an)|)

1 2 2 2
< ge(lle+ull” + 17+ 1911°) llas - -~ anll

< 3ellag]| - llan]| -
Now, let ai,as,...,a, € A be arbitrary. By setting x = Hgill and
y = ”27;” in (@), we get the result. O

As a consequence of Theorem @, we get the following result.

Corollary 4.3. Let A and B be two commutative algebras and ¢ from A
into B be an almost mized 3-Jordan homomorphism. Then ¢ is almost
3-homomorphism.

The following result follows from Corollary @ and Theorem @

Corollary 4.4. Every almost mized 3-Jordan homomorphism from com-
mutative Banach algebra A into C is continuous.

Corollary 4.5. Suppose that A is a unital commutative Banach algebra
such that p(e) = 1. Then each almost mized n-Jordan homomorphism
¢ : A— C is continuous.
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Combining Theorem 2.5 of [21] and Theorem @, we get the following
result.

Proposition 4.6. Let A be a commutative Banach algebra. Then ev-
ery almost Jordan homomorphism ¢ : A — C is an almost n-Jordan
homomorphism.

The converse of the previous proposition is not true. For example,
let A, B and ¢ be as in Example @ Then ¢ is almost n-Jordan
homomorphism for all n > 3, but it is not almost Jordan homomorphism.

Recall that every continuous linear map between Banach algebras A
and B is an almost n-Jordan homomorphism. In other words, let ¢ be
a continuous linear map from A into B. Then there exists § > 0 such
that ||p(a)|| < ¢ ||al], for all a € A. Hence

le(a™) = ()"l < lle(a™)]l + [lea)™|
< (6+6") [lall",

so ¢ is an almost n-Jordan homomorphism.

By [3, Theorem 2.4] or [9, Theorem 2.1], every n-Jordan homomor-
phism between two commutative Banach algebras is an n-homomorphism.
Now, the following question can be raised.

Question 4.7. Let ¢ : A — B be an almost n-Jordan homomorphism
between commutative Banach algebras.

(i) Is ¢ almost n-homomorphism?
(ii) If B = C, then is ¢ automatically continuous?

If the answer of (1) is positive, then the answer of (2) is affirmative
by Theorem @ For n = 2,3, both parts (1) and (2) are valid. Indeed,
if A is a commutative Banach algebra, then by [21, Theorem 2.5], each
almost Jordan homomorphism ¢ : A — C is almost homomorphism
and hence ¢ is continuous by Theorem . The case n = 3, is [24,
Theorem 11].

Acknowledgment. The author gratefully acknowledges the helpful
comments of the anonymous referees.

REFERENCES

1. G. An, Characterization of n-Jordan homomorphism, Linear Mul-
tilinear Algebra, 66(4) (2018), pp. 671-680.

2. E. Ansari-Piri and N. Eghbali, A note on multiplicative and almost
multiplicative linear maps, Honam Math. J., 27(4) (2005), pp. 641-
647.



106

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

A. ZIVARI-KAZEMPOUR

A. Bodaghi and H. Inceboz, n-Jordan homomorphisms on com-
mutative algebras, Acta Math. Univ. Comen., 87(1) (2018), pp.
141-146.
A. Bodaghi and H. Inceboz, Extension of Zelazko’s theorem to n-
Jordan homomorphisms, Adv. Pure Appl. Math., 10(2) (2019), pp.
165-170.

. F.F. Bonsall and J. Duncan, Complete normed algebra, Springer-

Verlag, York, 1973.

J. Brac¢i¢ and M.S. Moslehian, On automatic continuity of 3-
homomorphisms on Banach algebras, Bull. Malays. Math. Sci. Soc.,
30(2) (2007), pp. 195-200.

H.G. Dales, Banach Algebras and Automatic Continuity, London
Mathematical Society, Monograph 24, Oxford, 2000.

M. Eshaghi Gordji, A. Jabbari and E. Karapinar, Automatic con-
tinutty of surjective n-homomorphisms on Banach algebras, Bull.
Iran. Math. Soc., 41(5) (2015), pp. 1207-1211.

E. Gselmann, On approximate n-Jordan homomorphisms, Ann.
Math. Sil., 28 (2014), pp. 47-58.

IN. Herstein, Jordan homomorphisms, Trans. Amer. Math. Soc.,
81(1) (1956), pp. 331-341.

Sh. Hejazian, M. Mirzavaziri and M.S. Moslehian, n-
homomorphisms, Bull. Iran. Math. Soc., 31(1) (2005), pp.
13-23.

T.G. Honary, M. Omidi and A.H. Sanatpour, Almost n-
multiplicative maps between Fréchet algebras, Int. J. Nonlinear
Anal. Appl., 8(1) (2017), pp. 187-195.

K. Jarosz, Perturbation of Banach algebras, Lecture Notes in Math-
ematics, Springer-verlag, 1985.

B.E. Johnson, The uniqueness of the (complete) norm topology,
Bull. Amer. Math. Soc., 73 (1967) pp. 537-539.

B.E. Johnson, Approximately multiplicative functionals, J. Lond.
Math. Soc., 34(2) (1986), pp. 489-510.

B.E. Johnson, Approzimately multiplicative maps between Banach
algebras, J. London Math. Soc., 37(2) (1988), pp. 294-316.

T.J. Ransford, A short proof of Johnson’s uniqueness of norm the-
orem, Bull. Lond. Math. Soc., 21(5) (1989), 487-488.

P. Semrl, Almost multiplicative functions and almost linear multi-
plicative functionals, Aequationes Math., 63(1) (2002), pp. 180-192.
H. Shayanpour, T.G. Honary and M.S. Hashemi, Certain properties
of n-characters and n-homomorphisms on topological algebras, Bull.

Malays. Math. Sci. Soc., 38(2) (2015), pp. 985-999.



20

21.

22.

23.

24.

AUTOMATIC CONTINUITY OF ALMOST n-MULTIPLICATIVE ... 107

W. Zelazko, A characterization of multiplicative linear functionals
in complex Banach algebras, Studia Math., 30 (1968), pp. 83-85.
A. Zivari-Kazempour, A note on d-Jordan homomorphisms on Ba-
nach algebras, Gol. J. Math. Anal., 2(2) (2014), pp. 70-72.

A. Zivari-Kazempour, A characterization of 3-Jordan homomor-
phism on Banach algebras, Bull. Aust. Math. Soc., 93(2) (2016),
pp- 301-306.

A. Zivari-Kazempour, Automatic continuiuy of n-Jordan homomor-
phisms on Banach algebras, Commun. Korean Math. Soc., 33(1)
(2018), pp. 165-170.

A. Zivari-Kazempour, Automatic continuivy of almost 3-
homomorphisms and almost 3-Jordan homomorphisms on Banach

algebras, Adv. Oper. Theory, 5(4) (2020), pp. 1340-1349.

DEPARTMENT OF MATHEMATICS, AYATOLLAH BORUJERDI UNIVERSITY, BORU-
JERD, IRAN.
Email address: zivari@abru.ac.ir, zivari6526@gmail.com



	1. Introduction
	2. Continuity of n-Homomorphisms
	3. Continuity of Almost n-Multiplicative
	4. Almost n-Jordan Homomorphisms
	References

