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p-adic Dual Shearlet Frames

Mahdieh Fatemidokht1 and Ataollah Askari Hemmat2∗

Abstract. We introduced the continuous and discrete p-adic shear-
let systems. We restrict ourselves to a brief description of the p-adic
theory and shearlets in real case. Using the group Gp consist of all
p-adic numbers that all of its elements have a square root, we de-
fined the continuous p-adic shearlet system associated with L2

(
Q2

p

)
.

The discrete p-adic shearlet frames for L2
(
Q2

p

)
is discussed. Also

we prove that the frame operator S associated with the group Gp

of all with the shearlet frame SH (ψ; Λ) is a Fourier multiplier with

a function in terms of ψ̂. For a measurable subset H ⊂ Q2
p, we

considered a subspace L2 (H)∨ of L2
(
Q2

p

)
. Finally we give a nec-

essary condition for two functions in L2
(
Q2

p

)
to generate a p-adic

dual shearlet tight frame via admissibility.

1. Introduction

D. Labate, G. Kutyniok and others developed the concept of shearlets
[2, 5, 6]. It is a well known fact that the shearlet system has better effi-
ciency than two dimensional wavelets. We introduced the p-adic shearlet
systems on L2

(
Q2
P

)
and characterized some conditions for a discrete p-

adic shearlet system to be a frame. Finally, we obtained a necessary
condition for a function in L2

(
Q2
p

)
with its dual to generate a dual

p-adic shearlet tight frame.
The field of p-adic numbers were introduced by K. Hensel in 1897.

We restrict ourselves to a brief description of the p-adic theory and for
details we refer the readers to [7]. For a prime p, the p-adic norm |·|p
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satisfies the strong triangle inequality

|x+ y|p ≤ max
(
|x|p , |y|p

)
,

and is defined as follows, |0|p=0; and if x ̸= 0 is a rational number of

the form x = pγ mn , where γ = γ (x) ∈ Z and the integers m, n are not
divisible by p, then |x|p = p−γ . The completion of Q with respect to this
norm is called the field of p-adic numbers, denoted by Qp. Any p-adic
number x ̸= 0 can be uniquely represented in the canonical form

x = pγ
∞∑
j=0

xjp
j ,

where γ = γ (x) ∈ Z , xj ∈ {0, 1, . . . , p− 1}, x0 ̸= 0 and one has

|x|p = p−γ .

The fractional part of a number x ∈ Qp is defined by

{x}p = pγ
−γ−1∑
j=0

xjp
j .

The above definition is equivalent with

{x}p =
{

0, if γ (x) ≥ 0 or x = 0,

pγ
(
x0 + x1p+ · · ·+ x|γ|−1p

|γ|−1
)
, if γ (x) < 0.

The disc of radius pN with the center at a point a ∈ Qp, N ∈ Z is
denoted by BN (a) and its boundary is denoted by SN (a), i.e.

BN (a) =
{
x ∈ Qp : |x− a|p ≤ pN

}
,

SN (a) =
{
x ∈ Qp : |x− a|p = pN

}
.

It is a well known fact that the disc BN (a) and the circle SN (a) are
both open and close sets in Qp and that the space Qp is locally-compact.
Note that the disc B0 (0) (or B0) coincides with the ring of p-adic integers

Zp =
{
x ∈ Qp : {x}p = 0

}
. In [7], it is proved that every disc BN (a)

is compact, so Zp is compact. Also we set Ip =
{
x ∈ Qp : {x}p = x

}
.

It is known that Qp =
∪
x∈Ip B0 (x) [7], which implies Ip is a discrete

subset of Qp.
The space Qnp = Qp×Qp×· · ·×Qp consists of points x = (x1, . . . , xn),

xj ∈ Qp. The norm on Qnp is defined as follows:

|x|p = max
1≤j≤n

|xj |p .



p-ADIC DUAL SHEARLET FRAMES 49

If a = (a1, . . . , an), then BN (a) = BN (a1)× · · · ×BN (an). A complex-
valued function f defined on Qp is called locally-constant if for any
x ∈ Qp there exists an integer l (x) ∈ Z such that f (x+ y) = f (x),
y ∈ Bl(x) (0). We denote the linear space of locally-constant compactly
supported functions (so-called test functions) by D (Qp) , (or D). The

Fourier transform of φ ∈ D
(
Qdp
)
is defined as

F (φ) (ξ) = φ̂ (ξ) =

∫
Qd

p

χp (ξ · x)φ (x) ddx, ξ ∈ Qdp,

where “·” denotes the inner product inQdp and χp (ξ · x) = χp (ξ1x1) · · ·χp (ξdxd)
and χp (ξjxj) = e2πi{ξjxj}p , for j = 1, . . . , d. Since Qp is a locally com-
pact group, it possesses the Haar measure dx such that

∫
Zp

dx = 1.

This Haar measure satisfies:

d (x+ a) = dx and d (ax) = |a|p dx for a ∈ Qp \ {0} .
Details can be found in [7].

Theorem 1.1. [7] The Fourier transform maps L2 (Qp) onto L2 (Qp)
one-to-one and continuously.

2. Shearlets on L2
(
Q2
p

)
Let a ∈ Z. If the equation x2 ≡ a(mod p) has a solution x ∈ Z, then

a is called quadratic residue modulo p. In the follwing lemma [7], we
need the Legendre symbol defined by(

a

p

)
=

{
1, if a is quadratic residue modulo p,

−1, if a is quadratic non-residue modulo p.

Lemma 2.1. The equation

x2 = a, a = pγ(a) (a0 + a1p+ · · · ) , 0 ≤ ai < p, a0 ̸= 0,

has a solution x ∈ Qp if and only if

1) γ (a) is even,

2) for p ̸= 2,
(
a0
p

)
= 1, and for p = 2, a1 = a2 = 0.

Set Aa =

(
a−1 0

0 a−
1
2

)
for a ∈ Gp, where Gp is the group that all

of its elements have a square root and Ss =

(
1 s
0 1

)
for s ∈ Qp.

For f ∈ L2 (Qp) the translation and dilation operators are defined by

Ty (f) (·) = f (· − y) and Daf (·) = a
1
2 f (a·) , resp. and we have
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F [f (a ·+b)] (ξ) = |a|−1
p χp

(
− b
a
ξ

)
F [f ]

(
ξ

a

)
, a ̸= 0, b ∈ Qp.

Also for f ∈ L2
(
Qdp
)
we have [7]

F (DAf) (ξ) = |detA|−1
p F [f ]

(
A−T ξ

)
,

where A is a d× d dilation matrix and DAf (·) = |detA|
1
2
p f (A) .

Definition 2.2. The continuous p-adic shearlet system associated with
ψ ∈ L2

(
Q2
p

)
is defined as follows:

SH (ψ) =

{
ψa,s,t = |a|−

3
4

p ψ (AaSs (x− t)) : a ∈ Gp, s ∈ Qp, t ∈ Q2
p

}
.

We define the p-adic shearlet group S = Gp×Qp×Q2
p, equipped with

multiplication given by

(a, s, t)
(
a′, s′, t′

)
=
(
aa′, s+

√
as′, t+ S−1

s A−1
a t′

)
.

It is obvious that dadsdt
|a|3p

is a left Haar measure of this group.

Definition 2.3. The continuous p-adic shearlet transform of f ∈ L2
(
Q2
p

)
is defined as follows

f 7→ SHψf (a, s, t) = ⟨f, ψa,s,t⟩ , (a, s, t) ∈ S.

In the following, we define an admissible p-adic shearlet.

Definition 2.4. The function ψ ∈ L2
(
Q2
p

)
is called an admissible p-adic

shearlet if

Cψ =

∫
Qp

∫
Qp

∣∣∣ψ̂ (ξ1, ξ2)
∣∣∣2

|ξ1|2p
dξ2dξ1 <∞.

Set J ⊆ Z and c ∈ Qp such that c ̸= 0. Now we consider the discrete
subset of S of the form

Λ =
{(
aj , sj,d, S

−1
sj,d
A−1
aj cb

)
: j ∈ J, d ∈ Ip, b ∈ I2p

}
, aj ∈ Gp, sj,d ∈ Qp.

Let ψ ∈ L2
(
Q2
p

)
. Then the discrete p-adic shearlet system is defined as

follows

SH (ψ,Λ) =

{
ψj,d,b = TS−1

sj,d
A−1

aj
cbDAaj

DSsj,d
ψ :
(
aj , sj,d, S

−1
sj,d
A−1
aj cb

)
∈ Λ

}
.

As one can see in [1], a discrete p-adic shearlet system {ψj,d,b} is called
a shearlet frame, if there exist constants 0 < A ≤ B < ∞ such that for
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all f ∈ L2
(
Q2
p

)
(2.1) A ||f ||2 ≤

∑
j,d

∑
b

|⟨f, ψj,d,b⟩|2 ≤ B ||f ||2 .

The following theorem gives sufficient conditions on the sequence Λ ⊆ S
and the function ψ ∈ L2

(
Q2
p

)
such that SH (ψ,Λ) forms a frame.

Theorem 2.5. [3] Let c ̸= 0 be fixed and Λ defined as above. Let
ψ ∈ D

(
Q2
p

)
and set

ϕ (ω) = ess sup
ξ∈Q2

p

∑
j,d

∣∣∣ψ̂ (A−1
aj S

−T
sj,d
ξ
)∣∣∣ ∣∣∣ψ̂ (A−1

aj S
−T
sj,d
ξ + ω

)∣∣∣ , ω ∈ Q2
p.

If there exist 0 < α ≤ β <∞ such that

α ≤
∑
j,d

∣∣∣ψ̂ (A−1
aj S

−T
sj,d
ξ
)∣∣∣2 ≤ β a.e ξ ∈ Q2

p,

and ∑
b∈I2p ,b̸=0

(
ϕ

(
1

c
b

)
ϕ

(
−1

c
b

)) 1
2

=: γ < α,

then SH (ψ,Λ) is a frame for L2
(
Q2
p

)
with frame bounds C and D sat-

isfying
1

|c|2p
(α− γ) ≤ C ≤ D ≤ 1

|c|2p
(β + γ) .

As an example, let p = 2 and c ̸= 0 such that |c|2 < 2−1. Define the
discrete subset Λ by

Λ =
{(

22j , d2j , S−1
d2j
A−1

22j
cb
)
: j ∈ Z, d ∈ Ip, b ∈ I2p

}
,

and ψ ∈ D
(
Q2
p

)
by

ψ̂ (ξ1, ξ2) = ψ̂1

(
ξ2
ξ1

)(
ψ̂2 (ξ1) + ψ̂2 (2ξ1)

)
,

where ψ̂1 (ω) = Ω (|ω|2) and ψ̂2 (ω) = δ (|ω|2 − 1) and the function δ is
defined as:

δ
(
|ω|p − pγ

)
=

{
1, if ω ∈ Sγ (0) ,
0, o.w.

Then by [3, Corollary 4.3], the shearlet system SH (ψ,Λ) forms a
p-adic tight frame for L2

(
Q2

2

)
. See also [3, Example 4.4].
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3. Dual shearlet frames on L2
(
Q2
p

)
A discrete shearlet system {ψj,d,b} forms a Bessel sequence if only the

right hand side inequality in (2.1) holds. Two functions ψ and ψ̃ generate

dual shearlet frames if {ψj,d,b} and
{
ψ̃j,d,b

}
are Bessel sequences and for

all f ∈ L2
(
Q2
p

)
, we have

f =
∑
j,d

∑
b

⟨f, ψj,d,b⟩ ψ̃j,d,b.

We say that ψ with ψ̃ generate dual shearlet tight frames if {ψj,d,b}
and

{
ψ̃j,d,b

}
are Bessel sequences and for some non-zero constant B [4],

we have

(3.1) B ⟨f, g⟩ =
∑
j,d

∑
b

⟨f, ψj,d,b⟩
⟨
ψ̃j,d,b, g

⟩
.

In this section, we characterize the p-adic dual shearlet tight frames
and give a necessary condition for two functions to generate p-adic dual
shearlet tight frames. Let {ψj,d,b} be a frame. The frame operator

S : L2
(
Q2
p

)
→ L2

(
Q2
p

)
,

is defined as follows

Sf =
∑
j,d,b

⟨f, ψj,d,b⟩ψj,d,b, for all f ∈ L2
(
Q2
p

)
.

This operator is positive, self adjoint, invertible and the canonical dual
shearlet frame is

{
S−1ψj,d,b

}
.

Theorem 3.1. The frame operator S associated with the shearlet frame
SH (ψ,Λ) is a Fourier multiplier with the function

∆(ξ) =
∑
j,k

∣∣∣ψ̂ (A−1
aj S

−T
sj,d
ξ
)∣∣∣2 .

Proof. Set ψ
(
AajSsj,d · −cb

)
= ψj,d,b and let f, g ∈ D

(
Q2
p

)
. Then

⟨
Ŝf , ĝ

⟩
=

⟨∑
j,d,b

⟨f, ψj,d,b⟩ ψ̂j,d,b, ĝ

⟩(3.2)

=
∑
j,d,b

⟨f, ψj,d,b⟩
⟨
ψ̂j,d,b, ĝ

⟩
=
∑
j,d,b

⟨
f̂ , ψ̂j,d,b

⟩⟨
ψ̂j,d,b, ĝ

⟩
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=
∑
j,d,b

∫
Q2

p

∫
Q2

p

f̂ (ξ) ψ̂
(
A−1
aj S

−T
sj,dξ

)
ψ̂
(
A−1
aj S

−T
sj,d
ω
)
ĝ (ω)χp((

S−1
sj,d
A−1
aj cb

)
· (ω − ξ)

)
dξdω

=
∑
j,d

∫
Q2

p

f̂ (ξ) ĝ (ξ)
∣∣∣ψ̂ (A−1

aj S
−T
sj,d
ξ
)∣∣∣2 .

Since f, g, ψ ∈ D
(
Q2
p

)
, so we can use the Fubini theorem. Hence the

equation (3.2) is equivalent to∑
j,d

∫
Q2

p

f̂ (ξ) ĝ (ξ)
∣∣∣ψ̂ (A−1

aj S
−T
sj,d
ξ
)∣∣∣2 = ∫

Q2
p

f̂ (ξ) ĝ (ξ)
∑
j,d

∣∣∣ψ̂ (A−1
aj S

−T
sj,d
ξ
)∣∣∣2

=
⟨
∆f̂ , ĝ

⟩
.

We know that D
(
Q2
p

)
is dense in L2

(
Q2
p

)
, so we have⟨

Ŝf , ĝ
⟩
=
⟨
∆f̂ , ĝ

⟩
,

for f, g ∈ L2
(
Q2
p

)
, and this means Ŝf = ∆f̂ .

□
Theorem 3.2. If {ψj,d,b} forms a Bessel sequence for D

(
Q2
p

)
with

bound B, then ∑
j,d

∣∣∣ψ̂ (cA−1
aj S

−T
sj,d

)∣∣∣2 ≤ B.

Proof. Using (2.1) we have∑
j,d

∑
b∈I2p

∣∣∣⟨f̂ , ψ̂j,d,b⟩∣∣∣2 ≤ B
∣∣∣∣∣∣f̂ ∣∣∣∣∣∣2 , ∀f ∈ D

(
Q2
p

)
.

By Parseval identity we can write∑
b∈I2p

∣∣∣⟨f̂ , ψ̂j,d,b⟩∣∣∣2

=
∑
b

∣∣∣∣∣
∫
Q2

p

f̂ (ξ)χp

((
−S−1

sj,d
A−1
aj cb

)
· ξ
)
ψ̂
(
A−1
aj S

−T
sj,d
ξ
)
dξ

∣∣∣∣∣
2

=
∑
b

∣∣∣∣∣
∫
Q2

p

f̂

(
1

c
STsj,dAajω

)
ψ̂ (ω)χp (b · ω) dω

∣∣∣∣∣
2

=
∑
b

∣∣∣∣∣∣
∑
i∈I2p

∫
B0(i)

f̂

(
1

c
STsj,dAajω

)
ψ̂ (ω)χp (b · ω) dω

∣∣∣∣∣∣
2
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=
∑
b

∣∣∣∣∣∣
∑
i∈I2p

∫
B0(i)

f̂

(
1

c
STsj,dAaj (ω + i)

)
ψ̂ (ω + i)χp (b · ω) dω

∣∣∣∣∣∣
2

=

∫
B0

∣∣∣∣∣∣
∑
i∈I2p

f̂

(
1

c
STsj,dAaj (ω + i)

)
ψ̂ (ω + i)

∣∣∣∣∣∣
2

.

Then we have

(3.3)
∑
j,d

∫
B0

∣∣∣∣∣∣
∑
i∈I2p

f̂

(
1

c
STsj,dAaj (ω + i)

)
ψ̂ (ω + i)

∣∣∣∣∣∣
2

≤ B
∥∥∥f̂∥∥∥2 .

Consider υ ∈ Q2
p and the function f̂ as

f̂ (ξ) =
1

pM
χBM (υ) (ξ) .

For any positive integer N,M , by (3.3), we obtain∑
d∈Ip

∑
|j|≤N

∫
BM

(
cA−1

aj
S−T
sj,d

) ∣∣∣ψ̂ (ω)
∣∣∣2 dω ≤ B.

Hence the result follows by taking N → ∞ and M → ∞. □

Let H be a measurable subset of Q2
p. We consider the subspace

L2 (H)∨ of L2
(
Q2
p

)
as

L2 (H)∨ =
{
f ∈ L2

(
Q2
p

)
: suppf̂ ⊆ H

}
.

Now we have the following main result.

Theorem 3.3. Let ψ and ψ̃ be admissible shearlets. If ψ with ψ̃ in
L2 (H)∨ generate a dual shearlet tight frame in L2 (H)∨ with bound B,
then we have∑

j,d

ψ̂

(
1

c
A−1
aj S

−T
sj,d
ξ

) ̂̃
ψ

(
1

c
A−1
aj S

−T
sj,d
ξ

)
= BχH (ξ) a.e..

Proof. We can write∑
j,d

∑
b∈I2p

⟨f, ψj,d,b⟩
⟨
ψ̃j,d,b, g

⟩
=
∑
j,d

∫
B0

[
f̂

(
1

c
STsj,dAaj ·

)
, ψ̂

]
(η)

[̂̃
ψ, ĝ

(
1

c
STsj,dAaj ·

)]
(η) dη,
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where the bracket product is defined by

[f, g] (η) =
∑
b∈I2p

f (η + b) g (η + b) .

Since ψ with ψ̃ generate a dual shearlet tight frame then by (3.1), we
have

B
⟨
f̂ , ĝ
⟩
=
∑
j,d

∫
B0

[
f̂

(
1

c
STsj,dAaj ·

)
, ψ̂

]
(η)

[̂̃
ψ, ĝ

(
1

c
STsj,dAaj ·

)]
(η) dη.

Fix d ∈ Ip and set

M j := STsj,dAaj =

(
a−1
j 0

sj,da
−1
j a

− 1
2

j

)
.

Fix ξ ∈ H◦ (where H◦ denotes the interior of H). For for any k ∈ Z
there exists a unique ik ∈ I2p such that

ξ ∈ Dk (ξ, ik) :=
{
M j (x+ ik) : x ∈ B0

}
.

Now applying a technique similar to the proof of [4, Theorem 2.2], the
result follows. □
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