Sahand Communications in Mathematical Analysis (SCMA) Vol. 16 No. 1 (2019), 35-46
http://scma.maragheh.ac.iy

DOI: 10.22130/scma.2018.72368.289

Fixed Point Theory in e-connected Orthogonal Metric Space

Madjid Eshaghi! and Hasti HabibiZ*

ABSTRACT. The existence of fixed point in orthogonal metric spaces
has been initiated by Eshaghi and et. al [[7]. In this paper, we prove
existence and uniqueness theorem of fixed point for mappings on
e-connected orthogonal metric space. As a consequence of this,
we obtain the existence and uniqueness of fixed point for analytic
function of one complex variable. The paper concludes with some
illustrating examples.

1. INTRODUCTION

Concept of e-connected (locally) contractive mappings and generaliza-
tion of Banach contraction principle in e-connected (chainable) metric
space has been established in [B]. The e-connected (locally) contractive
type mappings has been studied by many authors and important results
have been obtained by [2, @-8, B, 9, 7]. Recently, notions of orthogonal
set and orthogonal metric space have been introduced in [7]. The ex-
istence of fixed point in orthogonal metric spaces has been initiated in
[@] and generalizations of this theorem has been obtained in [, I, IT)].
In this paper, we are interested to define a new concept of e-connected
orthogonal ((g, L)-connected) metric space. We obtain existence and
uniqueness theorem of fixed point for mappings on e-connected orthog-
onal metric space. We state some examples to our obtained result. The
following proposition will be proved, which guarantees the existence and
uniqueness of fixed point for analytic functions of one complex variable
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Proposition 1.1. Let f(z) be an analytic function in a domain D of the
complex z-plane; let f(z) map a compact and connected subset C' of D
into itself. If in addition |f'(2)] < 1 for every z € C, then the equation
f(2) = z has one and only one solution in C.

The paper is organized as follows: In Section B, we state some defini-
tions and recall extension of Banach fixed point theorem in an orthogonal
metric space. In Section B, we present some new definitions which are
needed to prove the main result and we show the existence and unique-
ness of fixed point for mappings on an e-connected orthogonal metric
space. This section contains some examples illustrating our result. In
Section B, applying the result of Section B, we prove the existence and
uniqueness of fixed point for an analytic function of one complex vari-
able.

2. PRELIMINARIES

In this section, some preliminaries which are necessary for later are
recalled.

Definition 2.1 ([[7]). Let X # ¢ and L C X x X be a binary relation.
If | satisfies the following condition

drg € X;((Vy € X;ylag) or (Vye€ X;zoly)),
it is called an orthogonal set (briefly O-set). We denote this O-set by
(X, 1).

In the following, we give some examples of orthogonal sets.
Example 2.2. Let X = [2,00), we define z Ly if x < y. Then by putting
zo =2, (X, 1) is an O-set.

By the following examples, we can see that zg is not necessarily

unique.

Example 2.3. Let X = {(l,ap) 0<p< %ﬂ'} be the set of points of
the plane R? defined in polar coordinates. We define the relation L on
X as follows:

(Lip1) L(Lp2) <= o1 <2
It is easy to see that (1,0) L (1,¢) and (1,¢) L (1, 37) for all (1,¢) € X.

Example 2.4. Suppose that M(n) is the set of all n x n matrices and
Q is a positive definite matrix. Define the relation L on M(n) by

AlB <+ 3X eM(n); AX =B.
One can see that 1B, B10 and Q%J_B for all B € M(n).
Let (X, L) be an O-set. We consider the notion of O-sequence.
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Definition 2.5 ([7]). A sequence {z,},,y is called an orthogonal se-
quence (briefly O-sequence) if

(Vn;xnlanyr) or  (Ynjzpplzy)).

Let (X,d, L) be an orthogonal metric space ((X, L) is an O-set and
(X,d) is a metric space). Now, we consider the following definitions.

Definition 2.6 ([[]). The orthogonal metric space (X, d, L) is said to be
orthogonally complete (briefly O-complete) if every Cauchy O-sequence
is convergent.

Definition 2.7 ([[7]). Let (X,d, L) be an orthogonal metric space and
0 < A< 1. Let f be a mapping of (X,d, L) into itself.

(i) f is said to be an orthogonal contractive (L —contractive) map-
ping with Lipschitz constant A if

(2.1) d(fzx, fy) < Ad(z,y) if zly.

(ii) f is called an orthogonal preserving (L —preserving) mapping if
xLly then f(z)Lf(y).

(iii) f is an orthogonal continuous (L —continuous) mapping in a €
X if for each O-sequence {an},y in X such that a, — a
then f(a,) — f(a). Also, f is L—continuous on X if f is
L —continuous in each a € X.

Example 2.8. Let X = [0,10) and the metric on X be the Euclidian
metric. Define z 1y if xy < max{x,y}. The space X is not complete
but it is O-complete. Let zly and zy < z. If {xx} is an arbitrary
Cauchy O-sequence in X, then there exists a subsequence {zy, } of {x}}
for which xj, = 0 for all n, or there exists a subsequence {z, } of {zx}
such that zy, < 1 for all n. It follows that {xj,} converges to some
x € [0,10). On the other hand, we know that every Cauchy sequence
with a convergent subsequence is convergent. It follows that {zj} is
convergent.
Let f: X — X be a mapping defined by

f(x)z{g’””q’

0, x>2.

Also, x 1y and zy < xz. We have the following cases:

e Case 1) x =0 and y < 2. Then f(x) =0 and f(y) = %.

e Case 2) x =0 and y > 2. Then f(z) = f(y) =0.

e Case 3) y <land x <2. Then f(y) =% and f(z) =5 .
eCase4)y<landz >2 Thenz—y >y, fly) =% and

flx)=0.
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These imply that f(x)f(y) < f(z). Hence f is L-preserving.
Also, one can see that | f(z) — f(y)| < & |z — y|. Hence f is L—contraction.
But f is not a contraction. Otherwise, for two points 2 and 3 and for all
0 < ¢ <1 we have |f(3) — f(2)| < ¢|3 — 2| and one can conclude that,
it is a contradiction.
If {z,,} is an arbitrary O-sequence in X such that {x,} converges to
x € X. Since f is 1 —contraction, then for each n € N we have

1
F@n) = F@)] < 5 lan — al.

As n goes to infinity, f is L-continuous. But, as it can be seen easily, f
is not continuous.

Now, we can state the following theorem which can be considered as
a real extension of Banach fixed point theorem.

Theorem 2.9 ([7]). Let (X,d, L) be an O-complete metric space (not
necessarily a complete metric space) and 0 < X < 1. Let f : X —
X be L—-continuous, L—contraction (with Lipschitz constant \) and
L—preserving. Then f has a unique fixed point x* in X. Also, f is
a Picard operator, that is, lim f"(x) = z* for all x € X.

3. MAIN RESULTS

In this section, we state and prove our existence and uniqueness re-
sults. Let € > 0. At first, we consider the following definitions.

Definition 3.1. A sequence {x,} is called an e-connected orthogonal
sequence (briefly (e, L)-connected sequence) if d(x,, xn11) < & (n € N)
and

(VneN;x,layy1) or (VneNjz,pila,)).

Definition 3.2. An orthogonal metric space X is called (e, L)-connected
if for any points = €,y € X, one can find an (e, L)-connected sequence
T =T0,Lly---3Lpn =Y.

Let (X,d, L) be an (g, L)-connected metric space. We turn our con-
sideration to the following definition.

Definition 3.3. A mapping f : X — X is called e-connected orthogonal
preserving ((e, L)-connected preserving) if d(z,y) < € and xz Ly imply

d(f(x), f(y)) <eand f(x)Lf(y)-

Now, we give an example of (g, L)-connected preserving maps.

Example 3.4. Let X = [0,1). Define 21y if 2y < min{%,%}. Let
the metric on X be the Euclidian metric and f : X — X be a mapping
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defined by
) =1387"= 2
/(@) {0, i<z<l
Suppose zly, xy < §, € = % and d(x,y) < . Then the following

cases are hold.

o Case 1)x=0andy<%. Then f(x) =0 and f(y):%.
0Case2)y§%andx<%. Then f(y ):%andf(x):%
e Case 3) y <1 ) =0.

and%<x<1. Then f(y) = § and
f

This implies that d(f(z), f(y)) < & < ¢ and f(z)f(y) < % Hence f
is (e, L)-connected preserving.

Let (X,d, L) be an (g, L)-connected metric space and 0 < A < 1. We
turn our attention to the concept of (e, L)-connected contractive maps.

Definition 3.5. A mapping f : X — X issaid to be e-connected orthog-
onal contractive ((e, L)-connected contractive) with Lipschitz constant
A0 < A<1)if

(3.1) d(fz, fy) < Ad(=,y),
for any x € X and y € X such that d(x,y) < e and z_Ly.

In the following, we present some examples of (g, L)-connected con-
tractive maps.

Example 3.6. Using Example B4, one can see that

1
7@~ fW) < g le =yl
Hence f is an (g, L)-connected contractive map with A = 1.

The following example shows that there exist (e, L)-connected con-
tractive maps which are not _-contractive.

Example 3.7. Let X = { 0<p< 7r} be the set of points of the
plane R? defined in polar coordlnates For z = (1,¢1) and y = (1, p2)
in X we define the relation L as follows:

xly <= 1 <o

Let f: X — X be a mapping defined by f(1,¢) = (1, ggo) In other
words, X is an arc of the unit circle. Let d be the usual metric on the
plane and € = /2. If 2Ly and d(x,%) < v/2 then we have:

T = (17901)7 Yy = (17902)7
f'r: (173801)) fy: (173302)
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In the plane R?, we have:

T = (COS Q01,Sing01) ) Yy = (COS ()027Sin 902) )
fa = (cos gor,sin i), fy = (cos G, sin 5o2) -

So,

4 4 N (. 4 4\
d(fz, fy) = \/(cos g1 — cos 94,02) + <sm g¥1 —sin 9@2)

2— 2| si 1 in 2 + 1 1
= — in —pq sin — — —
Sin 51 8i0. 503 + €08 5ep1 €08 52

4
_\/2—2(3059(902—801)

- \/2_2 <1—2sin2 <; (2 —w)))

= 2sin (5 (ea - 1))

In this way, one obtains d(z,y) = 2sin

d(fx, fy)  2sin

d(z,y)  2sin

sin (

(2 — gpl)) , and

N[

w2 — @1))
Y2 — @1))

~— — | —

IN
IS ERISIE RS NI Nl RN

WO — | —~

sin (

~—

3 s
sm§

T
Slnz
< 1.

Therefore, if d(x,y) < e = v/2 and x Ly then
d(fz, fy) < Ad(z,y),

9 < 1. This means that fis (v/2, L)-connected contrac-

sin -
tive. Now, we show that fisnot L-contraction. Otherwise, for a = (1,0)
and b = (1,%77) such that alb, d(a,b) = V2, fa = a = (1,0) and
fo=(1, %77), we have d(fa, fb) = /3, faLfb and d(fa, fb) > d(a,b).
One can conclude that it is a contradiction.

sin
where \ = =

Let X be an (e, L)-connected metric space. In the following definition,
we consider the notion of an (e, L)-connected continuous map.
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Definition 3.8. A mapping f : X — X is e-connected orthogonal con-
tinuous (briefly(e, L)-connected continuous) in a € X if for each (e, L)-
connected sequence {a,},cy in X if a, — a then f(an) — f(a). Also f
is (e, L)-connected continuous on X if f is (¢, L)-connected continuous
in each a € X.

Let us consider some examples of (e, L)-connected continuous map.

Example 3.9. In Example B4, f is an (g, 1 )-connected continuous map
as can be proved in the following way:

Let {xn}, oy be an (g, L)-connected sequence in X converging to x €
X. Since f is an (g, L)-connected preserving map so {fz,} is an (e, L)-
connected sequence. In Example BB, we have shown that f is (e, L)-
connected contractive with A = %. For each n € N we have

1
Fn) = @) < g o — 2l
As n goes to infinity, f is an (g, L)-connected continuous map.

Example 3.10. Let (X,d, L), € and f be as defined in Example B7.
Suppose that {z,},cny = {(1,¢n)},ey is an (g, L)-connected sequence
in X converging to z € X. It is obvious that f is an (e, L)-connected
preserving map. So, {fz,} is an (g, L)-connected sequence. Since, f is
(€, L)-connected contractive, for each n € N we have

[f(xn) = f(2)] < Mo — x.
As n goes to infinity, it follows that f is an (e, L)-connected continuous
map.

Let X be an (e, L)-connected metric space. We turn our consideration
to the following definition.

Definition 3.11. The space X is called e-connected orthogonal com-
plete (briefly (e, L)-connected complete) if every Cauchy (e, L)-connected
sequence is convergent.

At this stage, we can state the main theoretical result of this paper
which proves existence and uniqueness of fixed point for mappings on
(¢, L)-connected metric space.

Theorem 3.12. Let (X,d, L) be an (e, L)-connected complete met-
ric space and f be some (g, L)-connected preserving, (e, L)-connected
contractive and (g, L)-connected continuous map. Then there erists a
unique fized point x* of f and lim,_,o [z = x* for any point x € X.
Proof. We set

n—1

d*(.%', y) = inf Z d(xlv xi—i—l)v
1=0
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where the sum is taken over all (g,1)-connected sequences
xr = x0,T1,...,Ty =Y. Since (g, L) is an (e, L)-connected metric space,
then d*(z,y) is defined for all z € X, y € X.

First, we note that

if x = xg, y = x, and hence

d(z,y) < d*(z,y)
n—1
= inf Z d(xi, xi“).
i=0
Now, we will prove that d* is a metric on (X, L). The relations d*(x,y) =
d*(y,z) and d*(x,z) = 0 follow directly from definition of d*.
If x # y and Ly then d(z,y) > 0 and since d(z,y) < d*(z,y), one
has d*(z,y) > 0.
Moreover, the triangle axiom is satisfied, as can be proved in the
following way:
For Vz,y,z € X such that x 1y, y1lz and z 1z, we have

d*(z,y) +d"(y,z) inf Z d(w;, Tit1) inf Z d(yj, yj+1)

T=T0,Y= xn, y Y0,2=Ym <
J

n+m—1
= x:xo,yzlxrif,‘zzx””rn Z d(xla xi+l)
=0
n+m—1
= d*(z, 2).
If J:J_y a’nd d(xv y) <e then among the sums

n—1

> d(iwiva),

=0

T =x0, Y = Tn, d(x;,iy1) < € figures the sum

0
Z d(xh ZL'7;+1),
1=0

consisting of one summand d(x,y) i.e. in this case d*(z,y) < d(z,y) and
taking account of the inequality d(x,y) < d*(z,y) which was proved
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earlier we get the relation
d(z,y) <e = d(z,y)=d(z,y).

We note that the 1-preserving map f is |-contractive with respect
to the metric d*, since, for z L y we have

n—1
d*(fzx, = inf d(z;, %
(fz, fy) f”mfmgy +1)
n—1

< inf Y d(fmi, friga)
=0

T=T0,Y=Tn

n—1
< inf Z )\d(l‘i, xi+1)
1=0

T=T0,Y=Tn —
= \d*(z,y).

Finally, the |-preserving map f is l-continuous with respect to the
metric d*, since for O-sequence {a,} such that a, — a we have

d*(fan, fa) < Md*(ap,a)
< e

Thus, a metric d* on (X, 1) has been found in which the L-preserving
map f is L-continuous and L-contractive for any A (0 < A < 1).

For zly, we have d(z,y) = d*(z,y) if d(z,y) < ¢ and d*(z,y) <
€. Hence, Cauchy systems in (X,d, L) coincide with Cauchy systems
in (X,d*, L) and in this way, convergence in (X,d, L) coincides with
convergence in (X,d*, L). Thus, if (X,d, L) is (g, L)-connected com-
plete metric space then (X,d*, L) is a O-complete metric space, too.
Therefore, f is an |-preserving, l-contractive and 1-continuous map
of (X,d*, 1) into itself. So, by Theorem ET9, there exists a unique fixed
point z* of f and lim, o f"x = z* in the metric d* and consequently
in the metric d for any point = € X. O

In the following, we show how the classical fixed point theorem on e-
connected metric spaces of [3] is a consequence of the previous theorem.

Theorem 3.13. Let (X,d) be a complete e-connected metric space and
f be some e-contractive map. Then there exists a unique fixed point x*
of f and lim,,_, [z = x* for any point x € X.

Proof. Let x,y € X and d(z,y) < €. Define z Ly if d(fz, fy) < d(z,y).
Fix zg € X. Since f is an e-contractive then for each y € X, x¢Lly.
Hence X is (e, L)-connected metric space.
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Let z,y € X, d(x,y) < € and x_Ly. Then by definition of L, we have
d(f(z), fly)) < d(x,y) < e. Since f is e-contractive, f(z)Lf(y) and
hence, f is an (g, L)-connected preserving map.

Let z,y € X, d(z,y) < € and x_Ly. Since f is e-contractive, we have
d(f(x), f(y)) < Ad(z,y). Hence f is an (e, Ll)-connected contractive
map.

Let {z,},cy be an (e, L)-connected sequence in X converging to x €
X. Since f is an (g, L)-connected preserving map, so { fz,} is an (e, L)-
connected sequence. Also, f is (g, L)-connected contractive with A (0 <
A < 1). For each n € N we have d(f(z,), f(z)) < d(xn,z). As n goes to
infinity, f is an (e, L)-connected continuous map.

It is obvious that X is an (e, L)-connected complete metric space and
f is an (g, L)-connected continuous map. Applying previous theorem,
f has a unique fixed point z* and lim, ,. f"x = z* for any point
xeX. U

Next examples illustrate some of the assumptions involved in Theorem
BT

Example 3.14. For (X,d, 1) and f as in Example B4, it is obvious that
X is (g, L)-connected complete. We have shown in Example B4 that
f is (e, L)-connected preserving. Example B8 shows that f is (e, L)-
connected contractive and also Example B9 shows that f is an (e, L)-
connected continuous map. Applying Theorem BT2, f has a unique
fixed point in X.

Example 3.15. Let (X,d, L) and f be as in Example BZ. It is obvious
that X is (e, L)-connected complete and f is (e, L)-connected preserv-
ing. In Example B72, we have shown that f is (&, L)-connected contrac-
tive and Example B0 shows that f is an (e, L)-connected continuous
map. Applying Theorem B2, f has a unique fixed point in X.

4. AN APPLICATION TO ANALYTIC FUNCTION OF ONE COMPLEX
VARIABLE

In this section, we apply the obtained results in the previous section
to the particular case of analytic functions in a domain of the complex
z-plane. This approach provides a new proof of the following fixed point
theorem for analytic functions of one complex variable.

Proposition 4.1. Let f(z) be an analytic function in a domain D of
the complex z-plane; let f(z) map a compact and connected subset C' of
D into itself. If in addition |f'(z)| < 1 for every z € C then the equation
f(2) = z has one and only one solution in C.



FIXED POINT THEORY IN e-CONNECTED ORTHOGONAL METRIC SPACE 45

Proof. Let X = C and d be the usual metric on the complex z-plane.
As |f'(z)| is continuous on X, it follows from the compactness of X that
there exists A such that |f/(z)] <A <1 on X.

Define z; L z9 if there exists ¢ > 0 such that d(z1, z2) < J for 21, 29 € X.
Fix zp € X. Consider a cover of X by a family of open discs S(z, p)
centered at points z € X and a radius p such that f(z) is analytic and
|f/(2)] < Ain S(z,2p). This cover contains, again by compactness of
X, a finite subcover {S(z;,p;)}, (i = 0,1,2,...,n). Put 6 = X7 ,2p;.
We have d(z,29) < ¢ for any z € X. So zLlz for any z € X. Hence,
(X,d, 1) is an orthogonal metric space.

Now, put € = min; p;. Since X is connected, we can deduce that X
is an (e, L)-connected complete metric space.

We break the end of the proof into the following steps:

Step 1) f is (e, L)-connected preserving.

Let 21,22 € X, d(z1,22) < € and z1L29. Since X is (g, L)-connected
complete metric space, so there exists an (e, L)-connected sequence
f(z1) = xo,x1,...,2n = f(z2) such that d(z;,z;11) < . Put § = ne.
So d(f(z1), f(z2)) < d. This means that f(z1)Lf(z2). Thus, fis (e, L)-
connected preserving.

Step 2) f is (e, L)-connected contractive.

Any two point z1, zo of X with distant less than ¢ will, evidently, fall

into some S(zj,2p;). Hence,
£2) — Fel = | [ 1)z

This means that f is (¢, L)-connected contractive.

Step 3) f is (e, L)-connected continuous.

Suppose {z, },cy is an (g, L)-sequence in X converging to z € X. Be-
cause f is (e, L)-connected preserving, {f(zn)},cy is an (g, L)-connected
sequence. For eachn € N; since f is (g, L)-connected contractive we have

[f(zn) = f(2)] < Alzn — 2]
As n goes to infinity, it follows that f is (e, L)-connected continuous
map on X.

Applying Theorem B2, then f(z) = z has one and only one solution
in X. O

< Az — 21
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