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Continuous k-Fusion Frames in Hilbert Spaces
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ABSTRACT. The study of the ck-fusions frames shows that the em-
phasis on the measure spaces introduces a new idea, although some
similar properties with the discrete case are raised. Moreover, due
to the nature of measure spaces, we have to use new techniques for
new results. Especially, the topic of the dual of frames which is im-
portant for frame applications, have been specified completely for
the continuous frames. After improving and extending the concept
of fusion frames and continuous frames, in this paper we intro-
duce continuous k-fusion frames in Hilbert spaces. Similarly to the
c-fusion frames, dual of continuous k-fusion frames may not be de-
fined, we however define the @)-dual of continuous k-fusion frames.
Also some new results and the perturbation of continuous k-fusion
frames will be presented.

1. INTRODUCTION

After presentation of frames by Duffin and Schaeffer in [I0], they have
been generalized and expanded as g-frames, c-frames, fusion frames, k-
frames etc (see [, 04, (6, 22]). Frames of subspaces or fusion frames
which are the main topic of this paper, were discussed by Casazza and
Kutyniok in [8]. They could define frames for closed subspaces of given
Hilbert spaces with the help of the orthogonal projections. Then, fusion
frames were presented in the continuous case which are called c-fusion
frames, by Faroughi and Ahmadi in [I3] and [IT]. In 2012, Gavruta
presented frames for operators (or k-frames) in [16] while studying about
the atomic systems with respect to a bounded operator k which had been
introduced by Fechtinger and Werther in [I5] and showed that the atomic
systems for k are equivalent with the k-frames. Recently, Arabyani and
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Arefijamaal have presented k-fusion frames and their duals in [1] and we
generate them in the continuous case.

Recently, the researchers are interested in combining different types
of frames with each other, which lead to c-fusion frames, g-c-frames,
c-g-frames, ck-frames, k-g-fusion frames and etc. For this reason and
the importance of continuous frames in harmonic analysis, the purpose
of this paper is to introduce and review some of the continuous k-fusion
frames which are the result of a combination of c-frames and k-fusion
frames. In this Section, we review some definitions and theorems in
frames and operator theory. In Section B, we introduce continuous k-
fusion frames and the frame operator. In Section B, we define @-dual for
continuous k-fusion frame and express some results about them. Finally,
in Section B, perturbation of these frames will be studied.

Throughout this paper, H, K, H; and Hs are Hilbert spaces, J is a
subset of Z, p is a positive measure and (X, u) is a measure space, my
is the orthogonal projection from H onto a closed subspace V C H and
B(H, K) is the set of all bounded and linear operators from H to K. If
H = K then B(H, H) will be denoted by B(H).

Definition 1.1 (frame). Let {f;};cy be a sequence of members of H.
We say that {f;} ey is a frame for H if there exist 0 < A < B < oo such
that for each f € H

AFIP <D WL IP < BIFIP.

jeJ

Definition 1.2 (k-frame). Let {f;};ecy be a sequence of members of H
and k € B(H). We say that {f;},cy is a k-frame for H if there exist
0 < A < B < o such that for every f € H

AR FIP < DI I < BIFIP
Jjel
If k = Iy, then {f;};ey is a frame for H.
Definition 1.3 (c-frame). Let F': X — H be a mapping such that the
mapping © — (h, F'(x)) of X to C is measurable (i.e. weakly measurable)

for each h € H. I is called a c-frame for H if thereexist 0 < A < B < o0
such that for each h € H

Al < /X \(h, ()2 du < BJh|12.

Definition 1.4 (fusion frame). Let W := {W}},c; be a family of closed
subspaces of H and v := {v;};ey be a family of weights (i.e. v; > 0 for
any j € J). We say that W is a fusion frame with respect to v for H if
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there exist 0 < A < B < oo such that for all h € H

AR|? <302 |law, (W)||* < B |IAlf*.
7€l

For fusion frames, the analysis and the synthesis operators are defined
by:

Twy : Z@Wj — H, TW,v(f) = Zvjfj’

i€l 0 i€l
and
Ty, :H—= | Y Wi | . Tu,(fite) = {fvimw, fitjer-
i€l 0

Hence, the fusion frame operator is given by, for all f € H,
Swa(f) = Tw T, (f)
2
= Z Uj W, (f) :
J€J
Now, we present some theorems in operator theory which will be needed
in the next sections.

Lemma 1.5 ([¥]). Let Ly € B(H1,H) and Ly € B(Hs,H). Then the
following assertions are equivalent:
(I) R(L1) € R(L2);
(IT) LiL} < AL2L% for some A > 0;
(ITT) there exists u € B(Hy, Hy) such that L1 = Lou.
Moreover, if the above conditions are valid then there exists a unique
operator u such that
(a) ||ul|®* = inf{a >0 | 1L} < alyL3};
(b) ker L1 = ker u;
(c) R(u) € R(L3).

For the proof of the following lemma, we refer to [5].

Lemma 1.6. Let V C H be a closed subspace and u be a linear bounded
operator on H. Then

Tyu' = Tyut T

If an operator u has closed range, then there exists a right-inverse
operator ul (pseudo-inverse of u) in the following sense (see [8]):
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Lemma 1.7. Let u € B(K, H) be a bounded operator with closed range
Ry. Then there exists a bounded operator ul € B(H, K) for which

wulz = T, T € Ry.

Lemma 1.8. Let uw € B(K, H). Then the following assertions holds:

(I) Ry, is closed in H if and only if Ry is closed in K ;

(10 ()t = (ul)*;

(III) The orthogonal projection of H onto R, is given by uul;

(IV) The orthogonal projection of K onto Rt is given by ulu;

(V) On R(u), the operator u' is given explicitly by u' = u*(uu*)~!.

2. CONTINUOUS k-FuUsioON FRAMES

Throughout this paper, H is the collection of all closed subspaces of H
and k € B(H). Suppose that F : X — H and we denote by .£%(X, F)
the class of all weakly measurable mappings f : X — H (i.e. for all
h € H, the mapping x — (f(x),h) is measurable) such that for any
z e X, f(x) € F(x) and

[ 1@ d < .
X

It can be a Hilbert space with the inner product defined by
(9) = [ Fla)gl)) i fg € LHXF),

Definition 2.1. Assume that F': X — H such that for each h € H, the
mapping  — Tp(y)(h) is measurable (i.e. is weakly measurable) and
v : X — RT be a measurable function. Then F is called a continuous

k-fusion frame (or ck-fusion frame) with respect to v for H if there exist
0 < A< B < oo such that for each h €¢ H

@) AWHE < [ @) e de < BB

Since each ck-fusion frame is a c-fusion Bessel, so the synthesis, anal-
ysis, and ck-fusion frame operators are defined. Indeed, the synthesis
operator is defined weakly as follows (for more details see [I3]):

Tr: L*(X,F) — H,
To(s) = [ vfdn,
X
where for each h € H

(Tr(f),h) = /Xv(x) (f(x),h) du.



CONTINUOUS k-FUSION FRAMES IN HILBERT SPACES 43

The analysis operator is given by
Ty H — Z%(X,F),
Tr(h) = vrp(h).
Finally, the ck- fusion frame operator S¢ := TrT} is defined by
Srp:H— H,

Sp(h) = / v?rr(h) du.
X
Hence for each hi,hy € H

(Sp(hy), he) = /X v*(2) (T (b1, ha) dp.
Notice that for each h € H
(Sr(h),h) = IT(R)|*
= [ @ e ®)* di
> A|k*R|
= (Akk*h,h).

Therefore,
Akk* < Sp < BI.

By Lemma I3, we can conclude that R(k) C R(TF).

The ck-fusion frame operator (like the k-fusion frame operator) Sg
is not invertible. In the following remark a condition for invertibility is
presented:

Proposition 2.2. If k € B(H) has closed range, then the operator Sg
is an invertible operator on a subspace of R(k) C H.

Proof. For any h € R(k), we have
2 T * 7% 2
01 = || k)8
2
< [t .
Now, we obtain
1 -2 2 2
Alft| " nl® < (Sen).my < BBIP,

which implies that Sp : R(k) — Sr(R(k)) is a homeomorphism, fur-
thermore, for any h € Sp(R(k)), we have

2
(22) BRI < ((Srlrqy) (1)) < A7 [#F|ag.
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g

Remark 2.3. We saw that Sp € B(H) and Sp is positive and self-
adjoint. Since B(H) is a C*-algebra, then

(Sp)* = (Sp)~' =S5,

whenever k € B(H) has closed range. Thus, 5’1;1 is self-adjoint and
positive too. Now, for any h € Sp(R(k)), we can write

(kh, h) = (kh, SpS; (1)
= (Sp(kh). S (1)

= /sz(:c) (Tp() (kh), Sp' (h)) du

= [ @) (55 (mrey (k1) 1) d

Proposition 2.4. Suppose that u is a o-finite measure and F is a ck-
fusion frame for a dense subset V' of H with bounds A and B, respec-
tively. Then F is a ck-fusion frame for H with same bounds.

Proof. Suppose that F' is not a c-fusion Bessel mapping for H. Then,
there exists h € H such that

/X (@) ||y (W) du > BRI

Assume that { X, }°° ; be a sequence of measurable and mutually disjoint
subsets of X such that X = U5, X,, and pu(X,) < oo for each n € N.
Let

Ap={zeX m<|fx)|<m+1, Vf € LXX,F)}, m>0.

It is easy to check that A,, C X is a measurable set for each m > 0 and
X =U%0_ U, (X5 NAy,). Therefore,

S0 [ @) e da> BRI
nNAm

m=0n=1

Thus, there exist finite subspaces I, J such that

23 Y / @ e > B AP,

mel nel

Let {h;}32, be a sequence in V' such that lim;j_, h; = h. So, for any
j > 1, we have

S [ @ e @)l dn< Bl

mel nel
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and by the Lebesgue’s Dominated Convergence Theorem, it is a contra-
diction with (233) and F is a c-fusion Bessel mapping for H. Now, the
analysis operator 1%, is well-defined for H. Let h € H be arbitrary and
{h;}32, be a sequence in V' such that lim;j_, hj = h; then
* 2 * 2
A kR (1" < | Tx(R)I"-
Therefore, if 7 — 0o, we obtain

AllRR|* < I TE)I

- / (@) || ()| da,
X

and the proof is completed. O

Proposition 2.5. Let u € B(Hy, Hy) be an invertible operator and F
be a c-fusion Bessel mapping with respect to v for Hy with the bound B.
Then uF' is a c-fusion Bessel mapping with respect to v for Hs.

Proof. By applying Lemma I8 and the fact that w is invertible, for each
h € Hs, we have

| 2@ Imar®? dn = [ @) [rup o 0] du
X X
_/ Uz(x)Hﬂ'uF(x)(uil)*ﬂ-F(x)U*(h)H2 d:u’

X
<P [ 2@ ey @) d

< BJu Y[ |jull? |1l
]

Theorem 2.6. Let k € B(H) has closed range and F be a ck-fusion
frame for H with respect to v with bounds A and B, respectively. Then
(I) If R F' is a c-fusion Bessel mapping, then EYF is a c-fusion
frame for R(k*);
(IT) If u € B(H) is an invertible operator, then uF is a c(uk )-fusion
frame for H;
(III) If w € B(H) is an invertible operator and ku = uk, then uF is
a ck-fusion frame for H;
(IV) If w € B(H) and R(u) C R(k), then F is also a cu-fusion

frame.

Proof. (I). Let h € R(k*) and = € X, then by Lemma 6, we have

[ 2@ [me®] di= [ 2@ [mpar @] da
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:/ (@ )HFkTF(x)k Tt Pz )(kT)*(h)H2 dy

<IHE [ oo

Hence, by the assumption, kTF is a c-fusion Bessel mapping. On the
other hand, there exists A > 0 such that

2
) | P i (B )|

ARl = 4|
< [ %@ ey ®)] a
:/ v HWF (& )kaTF(m)(h)HQ dy

<[ f, 00 e

k*(/.c*)ThH2

and (I) holds.

(IT). Let w € B(H) be an invertible operator. By Proposition 23, uF is
a c-fusion Bessel mapping for H. So, by applying Lemma [@, for each
h € H, we obtain

Ak urh)? < /sz(x) |7yt (0] du
:/ v HWF U 7TuF(x)(h)H2 d'u

< Jlul? / 2) | muy (W) di

and (II) is completed.

(III). By (II) , it is clear.

(IV). Via Lemma 3, there exists A > 0 such that uu* < A\2kk*. Thus,
for any h € H

[w*h* = (wuh, h)
< N2 (kk*h, h)
= A2 ||k*h|%.
It follows that

A
ol < [ @ e 0] do
X

and this shows that F' is a cu-fusion frame. O

Theorem 2.7. Let k be a closed range operator and F be a c-fusion
frame with respect to v for R(k*). Then kF' is a ck-fusion frame for H.
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Proof. Assume that B is an upper bound for F' and h € H. We have
h = f + g which f € R(k) and g € R(k)*. Thus

/ o) [l ()] du:/ (@) || (1)K
X X
:/ v HTFkF :v)(k )" WkaF(x)k*fHQ du
‘HH/ Pk f
<[ [ e VTF A2 d

[t e

2
s

R(kT)

<B

Hence, kI is a c-fusion Bessel fusion mapping. On the other hand, there
exists A > 0 such that for any h € H

AM%WSL“@WMwHWWwL
—/ v*(x) || mpyk* WkF(x)(h)H2 dp

<MH/ )|y (B dps

and the proof is completed. O

The following result follows immediately from Theorem (274) and the
fact that R(k*) C H

Corollary 2.8. Let k be a closed range operator and F be a c-fusion
frame with respect to v for H. Then /cF\R(k*) 1s a ck-fusion frame for
H.

3. Q-DuALiTy OF CONTINUOUS k-FUSION FRAMES

In this section, we shall define the duality of ck-fusion frames and
present some properties of them.

Definition 3.1. Suppose that F' is a ck-fusion frame with respect to v
for H. A c-fusion Bessel mapping GG with respect to w is called the Q-
dual ck-fusion frame of F' (or cQk-dual for F') if there exsits a bounded
linear operator Q : £?(X,F) — £%(X,G) such that

(3.1) TrQ*TE = k.

The following theorem presents some conditions which are equivalent
to the ones given in (B).
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Theorem 3.2. Let G be a cQk-dual for F'. The following conditions
are equivalent:
(I) TPQ*TE = k;
(I1) TeQTy = k*;
(IIT) for each h,h' € H, we have
(kh, ') = (T¢(h), QTr(h'))
= (Q"T&(h), Ti()) -

Proof. The proof is straightforward. O

Example 3.3. Suppose that H = R? with the standard base {ej,es}
and

B ={xcR?:|z|| <1},
equipped with the Lebesgue measure A form a measure space. Suppose
{B1, B2} is a partition of % where A\(B1) > A(B2) > 1. Let H =
{Wi,Wa} which W) = span{e;} and Wy = span{es}. Define

F.%— H,
B
W27 T € B27
and
v: B —[0,00),
1
_Jvms TE€DBL
v(z) = 1 B
\/T?Q, T € Doy.
Put

k61 = €2, k‘62 = €1,
therefore, F' is weakly measurable and is a ck-fusion frame with respect
to v with frame bounds % and 1. If we define

G:%— H,
B
G(SU) _ W27 T € by,
W17 :UGBQ7

then G is also a ck-fusion frame with the same bounds of F. Let
Q: L*B,F) — L*(B,G),
= T
So, @ is a linear bounded operator. Now, we have
TcQTper = e2 = ke,
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and
TgQT;ﬂeg = €1 = ]4}*62.
Thus, G is a Q-dual of F' by Theorem B2

Theorem 3.4. If G is a cQk-dual for F', then G is a ck*-fusion frame
with respect to w for H.

Proof. Let h € H and B be an upper bound of F. Therefore
kR = [(kh, kh)[?
= (TrQ*Tg(h), kh)|®
= (T&(h), QTF(kh))[?
<&M QNP B Ik

— 11QI? B[R /X (@) || ()] d.

Now, by definition, the proof is completed. O

Corollary 3.5. If C,), and D, are the optimal bounds of G, respectively,
then
Cop > B, QI 7% Doy > A5, Q172

in which Aoy and B,y are the optimal bounds of F, respectively.

We want to show a necessary condition on ) which satisfies the above
definition. For that, we need the following lemma in [20].

Lemma 3.6. Let F be a c-fusion Bessel frame with respect to v for H
with bounds of B and dim H < co. Then

A< / v*(x) dp < Bdim H.
X

Theorem 3.7. Let G be a cQk-dual for F' with upper bounds of Bg and
Brp, respectively. If n := dim H < oo, then

s -1
— o (BrBg) 2.
n |kl IR

Proof. Let h € H. By (III) in Theorem B2, we can write
2 * *
[KR[1Z < [TGA I QUITFRA

— el </x @) ey dﬂ>; </X V(@) |mp kb d/ut)é
<tatetinf [ o)’ ([ vom)

Now, by Lemma B the proof is completed. O

QI =
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Suppose that F' is a ck-fusion frame with respect to v for H. Since
Sp > Akk*, then by Lemma [H, there exists an operator
u € B(H,£*X,F)) such that

(3.2) Tru = k.
By this operator, we may construct some cQk-duals for H.

Theorem 3.8. Let F be a ck-fusion frame with respect to v for H. If
u is an operator as in (F3) and F(x) := w*uF(z), for allz € X, is a

o~

c-fusion Bessel mapping with respect to v, then F is a cQk-dual for F.
Proof. We define the mapping
Oy : R(TE) = L(X, F),
<I>0(T}§h) = uh.
Then @ is well-defined. Indeed, if h1,hy € H and T%hl = T%hg, then
7s(h1 — hg) = 0. Thus
hi — hy € (F)" = R(u*)" = keru,

then whq = uhs. It is clear that ® is bounded and linear. Therefore, it
has a unique linear extension (also denoted by ®¢) to R(T;) Define ®

on Z2(X, F) by sctting

- D, onR(T%),l
0, onR(TE)

and let @ := ®*. This implies that Q* € B

/N

22X, ﬁ),$2(X,F)) and
TrQ TS = Tr®T

= TFU

= k.
0

Proposition 3.9. Let F be a ck-fusion frame with optimal bounds of
Aop and By, respectively and k has closed range. Then

2 -2
Bop = ISe = ITF[",  Agp = lluol ™,
in which ug is a unique solution of equation (1Z2).

Proof. By using Lemma [H, the equation (82) has a unique solution as
ug such that

luol|* = inf{a > 0 : kk* < oT#Tj}
—inf{a >0 : |k*A|]* < a||T5R|*,h € H}.
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Now, we obtain
Agp = sup{A > 0: A|k*h|*> < ||T5h|*,h € H}
-1
- (inf{a >0 |k*h|% < a||T5h|% b e H})

2
= luol ™.

4. PERTURBATION OF ck-FUSION FRAMES

The perturbation of frames have been discussed by Cazassa and Chris-
tensen in [@]. For k-fusion frames, it is studied by Arabyani and Arefi-
jamaal in [l]. We aim to present it for ck-fusion frames.

Theorem 4.1. Let F be a ck-fusion frame with respect to v € £L*(p) for
H with bounds A and B, respectively, G : X — H be weakly measurable
and w: X — RY be a measurable function. If for some 0 < A1, A < 1
and € > 0

| (v(@) 7Ry — w(E)Ta) (B)|| < M ||v(@)Tp@ (h)|| + A2 ||w(@) T @ ()|

+ev(x) [|kAll,
for any h € H and x € X such that
1
1—A)VA T2
(4.1) £ < <H/~c]) </X v?(z) d,u) ,

then G is a ck-fusion frame with respect to w with bounds

VAL =) (k-1 L+ A)VB+ (1 —A)VAY
TR+ M) / 1)

Proof. Suppose that h € H and x € X. We have

([ ) Ircco il ar)

_ ( [ @m0 (1) = @) () + vl ()] du)
X

1
2

-

2

< ( A2 ol ] + e fatehmo (] + <o) 1Y du)

<(1+A1) (/X [o(2) 7 pe (B)]| du>é + A2 (/X [ w(@)mae (0| dﬂ)é

e |lkh| (/X () du)é.
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Using (E) we have

2
/)(MQ(x) H7TG(z)(h)H2 i < ((1+)\1)\/E+(1—)\1)\/Z> HhHQ

(1—A2)

This means that G is a c-fusion Bessel mapping with respect w. Now,
for the lower bound, we can write

(/X w*(@) o (M| du> :

_ ( [ @m0 (1) = @) () + vl ()] dﬂ)
X

N|=

-

> ( [ A= 20 om0 = % ) (] — <o(a) Ikhl ) du) 2

1

> (1-X\1) (/X [v(@)7r ) (h)] dﬂ>2 = A2 (/X [w(@) T (h)] du)

—e||k*h| (/X v () du) : :

1
2

Thus
2
2 2 VAL = M)([[E] - 1) 2
w(x) ||Ta (h)||” dp > kE*h|”,
| 0@ e (] di < T | Il
and the proof is completed. O

In case of u(X) < oo, we can show a simple case of perturbation in
the following proposition.

Proposition 4.2. Let F be a ck-fusion frame with respect to v for H
with bounds A and B, respectively and G : X — H be weakly measurable.
If for each h € H and x € X

[0(2) (Tr(2) — Ta@) (B)| < ellE*h],

for some 0 < & < p~ VA and p := p(X) < oo, then G is a ck-fusion
frame with respect to v for H with bounds

(A—p?®),  (B+p2 k).
Proof. Let h € H and =z € X, then

[ @) Ire I di < [ @) [0 da
X X

+ /XU2(1‘) | (7@ — WG(x))(h)HQ dp
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< (B+ 2 k1P 101

Therefore, G is a c-fusion Bessel mapping. On the other hand

[ 2@ e I dn > [ @) ey )
X X

2
- [ @) e = a0 du
> (A— %) kR,
This completes the proof. O

5. CONCLUSIONS

The study of the ck-fusions shows that the emphasis on the measure
spaces introduces a new idea, although some similar properties with the
discrete case are raised. Moreover, due to the nature of measure spaces,
we have to use new techniques for new results. Especially, the topic of
the dual of frames which is important for frame applications, has been
specified completely for the ck-fusions. Observance of perturbation for
ck-fusions are raised and the required results have been obtained. For
an open problem in the continuation of this research work, the problem
of the optimal deletion of the measure spaces and reproduction of the
ck-fusions and the design of Kadison-Singer problem can be mentioned
(see [@, []).

Acknowledgements: We gratefully thank the referee for carefully read-
ing of the paper and for the suggestions that greatly improved the pre-
sentation of the paper.
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