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On Approximate Solutions of the Generalized Radical Cubic
Functional Equation in Quasi-5-Banach Spaces

Prondanai Kaskasem?, Aekarach Janchada? and Chakkrid Kin-eam®*

ABSTRACT. In this paper, we prove the generalized Hyers-Ulam-
Rassias stability of the generalized radical cubic functional equation

f (Vaz®+by7) = af(x) + b5 (y),

where a,b € R4 are fixed positive real numbers, by using direct
method in quasi-S-Banach spaces. Moreover, we use subadditive
functions to investigate stability of the generalized radical cubic
functional equations in (8, p)-Banach spaces.

1. INTRODUCTION AND PRELIMINARIES

The stability problem of functional equations was initiated by Ulam in
1940 [29] arising from concerning the stability of group homomorphisms.
These questions form the object of the stability theory. If the answers
are affirmative, we say that the functional equation for homomorphisms
is stable. In 1941, Hyers [IR] provided a first affirmative partial answer
to Ulam’s problem for the case of approximately additive mapping in
Banach spaces. In 1978, Rassias [?4] provided a generalization of Hy-
ers’s theorem for linear mappings by considering an unbounded Cauchy
difference. In 1994, a generalization of Rassias’s results was developed
by Gavruta [I4] by replacing the unbounded Cauchy difference by a gen-
eral control function. For more information on that subject and further
references we refer to a survey paper [6] and to a recent monograph on
Ulam stability [7].
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Throughout this paper, let N,R, R, and C be the set of natural num-
bers, the set of real numbers, the set of positive real numbers and the
set of complex numbers, respectively. We consider some basic concepts
concerning quasi-#-normed spaces and some preliminary results. We fix
a real number 8 with 0 < # <1 and let K denotes either R or C. Let X
be a linear space over K. A quasi-S-norm |- || is a real-valued function
on X satisfying the following conditions:

(1) |Jz|| > 0 for all € X and ||z|| = 0 if and only if z = 0;

(2) ||\ = [AP||z|| for all A € K and all z € X;

(3) There is a constant K > 1 such that ||z + y|| < K(||z| + |ly||)

for all z,y € X.

The pair (X, |- ]|) is called a quasi-f-normed space if |- || is a quasi-g-
norm on X. The smallest possible K is called the modulus of concavity
of |- |. A quasi-S-Banach space is a complete quasi-S-normed space. A
quasi-B-norm || - || is called a p-norm on X if ||z 4+ y||P < ||=||P + ||y
for some 0 < p <1 and for all z,y € X. In this case, a quasi-$-Banach
space is called a (8, p)-Banach space. We refer for more details on quasi-
f-normed spaces and (3, p)-Banach spaces to [@, 06, 21, P6-28].

In 2009, Rassias and Kim [Z5] generalized the results obtained for
Jensen type mappings and established new theorems about the Hyers-
Ulam stability for general additive functional equations in quasi-5-Banach
spaces. In the same year, Gordji and Parviz [I7] established the Hyers-
Ulam-Rassias stability of the quadratic functional equation

(1.1) f(WVx2+y2) = f(z) + fy),

in Banach spaces. Later, Kim et al. [22] introduced and solved the
generalized radical quadratic functional equation and the generalized
radical quartic functional equation:

f(Vax? +by?) = af(z) +bf(y),
F(Vaz? +by?) + f(V/]ax? — by?|) = 2a° f(z) + 2b° f(y),

where a,b € Ry are fixed. Moreover, they proved some results in 2-
normed spaces and then the stability by subadditive and subquadratic
functions in p-2-Banach spaces for these functional equations. In 2012,
Kim, Cho and Gordji [23] investigated the generalized Hyers-Ulam-
Rassias stability of the functional equation (I0) and

(1.2) FWa? +y%) + f(V]e? = y?]) = 2f () + 2 (y),

in quasi-S-Banach spaces and discussed the stability by using subaddi-
tive and subquadratic functions for the functional equations (IZT) and
(I2) in (B, p)-Banach spaces.
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In 2002, Jun and Kim [19] introduced the following functional equa-
tion

(1.3)  fQr+y)+ f2x—y)=2f(x+y)+2f(z —y) +12f(z).

It is easy to see that the function f(z) = cz? is a solution of the func-

tional equation (I=3). The equation (I=3) is called a cubic functional
equation and every solution of the equation (I=3) is said to be a cubic
function. Moreover, they established the general solution and the gener-
alized Hyers-Ulam stability for the equation (I=3) in the spirit of Gavruta
[T4]. Recently, Alizadeh and Ghazanfari [?] introduced the radical cubic
functional equation

(1.4) f(Va3 + %) = f(z) + fy),

and showed that if f is a function from R into a linear space X satisfying
the functional equation (I4), then f satisfies the functional equation
(I=3). They used a direct method to prove the Hyers-Ulam stability
of the functional equation ([4) in quasi-S-Banach spaces and estab-
lished the stability by using contractively subadditive mappings and
expansively subquadratic mappings for functional equation I in (3, p)-
Banach spaces. Furthermore, we refer to [I-3, 9-I3, 15, 20] for stability
results of radical functional equations in various spaces and to [G, ] for
recent monograph on Ulam stability.

The purpose of this paper, we prove the generalized Hyers-Ulam-
Rassias stability of the generalized radical cubic functional equation
(shortly in GRCE)

(1.5) 1 (Var¥ £ 057) = af(2) + bf (),

where a,b € Ry are fixed, by using direct method in quasi-8-Banach
spaces and establish the stability results by using contractively subaddi-
tive mapping and expansively subquadratic mappings for the functional
equation (IH) in (S, p)-Banach spaces.

2. STABILITY OF THE FUNCTIONAL EQUATION (IC3) IN
QUASI-3-BANACH SPACES

In this section, we prove the generalized Hyers-Ulam-Rassias stability
of the generalized radical cubic functional equation (IZ3).

Let X be a normed space and ¢ : R? — R, U {0} be a function. A
function f : R — X is called a ¢-approximately generalized radical cubic
function if

(2.1) |7 (Vaz®+0) - af(@) = bf )| < 6(a,0),

for all z,y € R, where a,b € R, are fixed.
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Theorem 2.1. Let X be a quasi-B-Banach space and f : R — X be a
¢-approximately generalized radical cubic function with a +b # 1. If a
function ¢ : R? — R, U {0} satisfies

o] J
(2.2) @@y:§:<®j1)>¢(m+w% m+m%) 0,

and

(2.3) 1m1<

n—oo

a+b>6n¢((a+b)g (a+b)%) 0,

forall x,y € R, then there exists a unique mapping F' : R — X satisfying
the functional equation (IC3) and the inequality

K
(2.4) IU@%fﬂﬂHéaﬂjﬁ@@%
for all x € R.
Proof. Setting y = z in (E0), we get
1 1
@5) |-y (wrnie) | < et

x in (E33), we obtain that

(ajmmf«“+®? )—ngam1fﬂa+wﬁﬁx)
< Mwum’? (a+b)¥a),

for all z € R and m € N. Then, by an iterative process, we get

(2.6) ||/ (@) - f(la+p)¥a)

(a+b)m

m—1 j )

for all z € R. From (Z8) and for any [,m € N with m > [ > 0, we have

o0 j i j
<@ g <<afb>ﬁ> 6 ((a+ Ve @+ bta),

for all € R. By (£Z2) and taking the limit | — oo in the above
n 0

inequality, the sequence {W f ((a + 6)5:13) } . is a Cauchy sequence
n—=

a+b) )— f«a+®%x)

1 1
(a+®ﬁ(( (a+b)m
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in quasi-B-Banach space X. So, it converges in X. We define a function
F:R— X by

Fla) = lim (ajb)nf ((a+b)52).,

for all z € R. Next, we consider
HF(\3/G$3 +by®) — aF(z) — bF(y)H

1 n n
< . 2 3 —
< . e (040 0) <o
for all z,y € R. Therefore F(3/ax3+by3) = aF(z) + bF(y), i.e. F
satisfies the functional equation (IH) on R.

Next, we assume that there exists another mapping G : R — X which
satisfies the functional equation (CH) and (24). Since G satisfies (IC3),

we have G(z) = WG ((a—i— b)%x> for all z € R and for all n € N.
Similarly, we also have F(x) = ﬁF ((a + b)%x) for all x € R and
for all n € N. Next, for any n € N, we consider
(2.7)
[1F(z) = G(2)|
]. n ]- o
1 n n n n
1 n n
< arpr K UF @+ b)) = f (@ + b)sa)

_|_
+|If ((a+b)5z) — G ((a+b)5z)]|) |

< e (i) jz_%((afb)ﬁ) $((@ 40 s @40 )
2 > jtn j+n jtn
<G (@) elaroFaern®s)

2K? & K Y i i
< (a+b)ﬂ;<(a+b)ﬂ> 6 ((a+0)iz, (@+v)ia),
for all z € R. Taking the limit n — oo in (272), we get that
Jim [|F(z) — G(2)]
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(ff:) 7}_{%@? <(a—i—Kb)5>] ¢ ((a + b)% (a+ b)%x>
0,

IA

for all x € R. We obtain that ||F(z) — G(z)|| = 0, so F(x) = G(x) for
all x € R. Therefore, F' is unique. O

Lemma 2.2. Leta,be Ry, p,q e Ry U{0},0< B <1and K >1. If
a+b#1andp,q < —log, iy K, thenK(a—kb)pH Py

Proof. Since p,q < f —log,4p) K, we get

p+q <2(8 —logp K) < 3(B - logayp) K),

that is,
+q-3
log(a+b) K+ w < 0.
3
Therefore, we obtain that
+q-—3
0> log(ﬁb) K+ w
p+q—38
=log(ayp) K + o logap)(a +0)

p+q 38

- log(a+b) K+ 1Og(a-l-b) (CL + b)
p+q 38
= log(a+b) <K(a + b) ) .

Hence we have
p+q 38

K(a+10) < 1. O

Corollary 2.3. Let X be a quasi-B-Banach space, p,q € RyU{0}, € >0
and f : R — X be a function satisfying the following inequality

| (Var*+0%) - af(@) - vs )| < clallyl”

for all x,y € R where p,q < B — 10g(q44) K. Then there exists a unique
mapping F : R — X satisfying the functional equation (IH) and the
following inequality

cK [Pt

@07 1 (0t )

1f () = F(z)]| <

for all x € R.
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Proof. The result follows from Theorem P by taking ¢(z,y) = |x|P|y|?
for all x,y € R. We have

Z(<K>ﬁ> 6 ((a+0)ie (a+b)ia
+ (K(a+b)

—o\(a+b
3
+< (a+b)p+q 36) +'“:|’

for all x € R. By Lemma 272, we have K (a + b)

w\“

—38

2
= ¢|z|Pt? [1 + K(a+ b)m e 36)

p+q

< 1. Therefore

(5 ) s (@b ontarnia) - B
;((aw)ﬂ) ¢(( +le @t >_1 Katn)o52

for all x € R. Next, we obtain

a+6)3 2, (a+)3 y) =lalyl” lim ((@+)"5)",

1
nlggo (a + b)5N¢ <(

for all z,y € R. Since (a + b)pﬂi . < + < 1, we have

nh—>nolo(a,—{—1b)f8”¢ ((a+b)% (a+1b)3 y) =0,

for all z,y € R. By Theorem I, there exists a unique mapping F' : R —
X satisfying the functional equation (IC3) and the following inequality

K & kY ; ;
[f(z) = F(z)| §(a+b)ﬁ§<(a+b)5> ¢((a+b)3 ,(a+0b)3 )

B eK |x‘p+q
(@+b)% 1 K(a+b)
for all z € R. O

p+q 387

Corollary 2.4. Let X be a quasi-B-Banach space, p,q € RyU{0}, e >0
and f : R — X be a function satisfying the following inequality

|7 (Var®+ 05 ) - af @) = b5 )| < (ol + y19,

for all x,y € R where p,qg < g — log(a+b) K. Then there exists a unique
mapping F : R — X satisfying the functional equation (IH) and the
following inequality

eK =[P |
17 = ()H_(aer) (1—K(a+b)’§ +1—K(a+b)§—5>’
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for all z € R.

Proof. The result follows from Theorem P71 by taking ¢(x,y) = (|z|P +
ly|?) for all x,y € R. We have

i (K)ﬁ>]¢((a+b)g (a+b)
() (o] o]

w\k)

o (a+b

q—3 q—3 2 q—3
+|x|"<1+K(a+b) 3B+(K(a+b) 3‘3) +(K(a+b) 28

for all z 6 R. By Lemma 3, we have K(a + b)"3 < 1 and
K(a+b)*5 < 1. Therefore, we obtain that
> K )j J J
> ¢ ((a+0)5z,(a+b)3
= ((a+b)ﬁ ( )
< [ || >
=¢€ 75+ T_
1-K(a+b)35 8 1-K(a+b)3s 5
< 00,
for all z € R. Next, we have
1 n n
Ja gt (007 2 @4 0)Fy)
= lim - € (|(a—|—b)%x|p—|— |(a+b)%y|q>
. p—38 a— 35
=< (Jal” Jim, (<a+b> Bl ) + gl lim (<a+b> ) >7
for all z,y € R. Since (a + b)“= (a+b)"3

lim

i, e ((

for all z,y € R. By Theorem B, there exists a unique mapping F': R — X
satisfying the functional equation (IT3) and the following inequality

I#(z) = Pl < H,ﬁZ(Hb ) o ((a+b)iaa+b)ia
— eK ( |z [P |2 )
(a+b)? \1-K(a+b)5P8 1-K(a+b3b)’

J
for all x € R. 0

a+b)%x,(a+b)%y) ~0,

w\\v
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Theorem 2.5. Let X be a quasi-B-Banach space and f : R — X be a
¢-approximately generalized radical cubic function with a +b # 1. If a
function ¢ : R? — R, U {0} satisfies

(2.8) @@g;:EZ(Kxa+bW)j¢<( T .><im%

j=1 a+b)% (a+b)%

and

7g&m+w“¢(mjbgwaf®g)=a

forallx,y € R, then there exists a unique mapping F' : R — X satisfying
the functional equation (IC3) and the following inequality

(2.9) (@)~ F@)ll < — (),

(a+b)B
for all x € R.

Proof. By the same argument as we used in the proof of Theorem B2,
we have the inequality (23). Replacing = by ( zb) T in (Z3), we have
a+b)3

x x
S¢ 1 1 )
‘ <<a+b>3 <a+b>3>
in (210), we have

(2.10) Hf(a;) —(a+0b)f <W)

for all x € R. Replacing z by

X
(ath)F

a m T _ —(a m+1 T
(a+1) f((a+b)3> (a+) f<(a+b)mﬂ>H

0t ) x T ,
Sla+b) ¢<m+wﬁf(a+mm”>

for all x € R and m € N. Then, by an iterative, we get

m x
(2.11) ‘f(x)—(a—i—b) f((a—i—b)gl)
K “ J T x
< K(a+0b)? _ .
‘<a+b>5jzl< a+or) ¢(<a+b>% <a+b>%>
for all z € R. From (211) and for any [, m € N with m > [ > 0, we have
(a+b)’f<xl>—<a+b)mf< - w)‘
(a+b)3 (a+0b)3

) a+bﬁz< wror) ¢<<a+b>%’<a+b>%>
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= a+bﬁz< @+t ) ¢<(a+b)§’(“+b)g>’

for all z € R. By (EZR) and taking the limit | — oo in the above
inequality, the sequence {(a +b)"f ( £ ) } is a Cauchy sequence
n=1

(at+b)3
in quasi-S-Banach space X. So, it converges in X. We define a mapping
F:R— X by

n—oo

x
Flz)=lm(a+0)"f| ——= ],
@)= Jim 0+ ()
for all z € R. Next, we consider

|F(Var +05) — aF (@)~ 0P ()|

. x Yy
< lim (a + b)P" < 7 n>:07
n—>o<>( )7 (a+b)s (a+0b)s

for all z,y € R. Therefore F(3/ax3 + by?) = aF(x) + bF(y), that is F
satisfies the functional equation (IH) on R.

Next, we assume that there exists another mapping G : R — X which
satisfies the functional equation (IC3) and (279). Since G satisfies (ICH),

we have G (z) = (a + b)"G <

( j,)’é) for all z € R and for all n € N.

Similarly, we have F'(z) = (a + b)"F (( +a;)%
n € N. Next, for any n € N, we consider

(2.12)

1F(@) - Gl <¢ +bﬁ§j( (a+) )¢< =, = .>,

(a+b)3 (a+b)3
for all x € R. Taking the limit n — oo in (Z12), we get that

lim [|F(z) — G(a)]

2K? s J T x
i K b)? , 1 =0
= (a1 0)f i 2 ( (a+)>¢<(a+b)%’(a+b)§> ,

> for all x € R and for all

j=n
for all x € R. We obtain that ||F(z) — G(z)|| = 0, so F(x) = G(x) for
all z € R. Therefore, F' is unique. O

Lemma 2.6. Let a,b € Ry, p,g e Ry U{0},0< <1 and K > 1. If
38— (p+q)

a+b#1 and 3(B +1og(4p) K) <p+ g, then K(a+b) < 1.
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Proof. Since 3(8 + log(q4p) K) < p + ¢, we get

36—(p+q
> ;) + log(a—l-b) K

38— (p+4
= f IOg(aer) (CL + b) + log(a+b) K

38— (p+c1)
=log(ayp)(a+b) +log(a1p) K
m
= 10g(a1p) ( (a+b) ) :
Hence we obtain that K (a + b) PR O

Corollary 2.7. Let X,p,q be as CorollaryZ3 ande > 0. If f : R — X
be a function satisfying the following inequality

|# (Var®+00) - af@) = b5 )| < laplyie,

for all z,y € R where 3(8 + log(,4p) K) < p + q, then there exists a
unique mapping F : R — X satisfying the functional equation (ICH) and
the following inequality

1/ () = F(z)] <

for all x € R.

ceK? |x|p+q

(@+0)° (a1 P _K

Proof. The proof follows from Theorem 23 by taking ¢(z,y) = |x|P|y|?
for all x,y € R. We have

i(K(a+b)B>j¢<( == a‘)

a+b)3 (a+b)3

j=1
00 T p+q
=3 (Ka+5)?) e| —"—
j=1 ((I+b)§
_ 2
_ K(a—l—b)SB (p+49) |$‘p+q |:1—|—K(a—|—b)3ﬂ (p+q) n (K(a+b)3ﬁ (3p+q>)

( (a—i—b)w (p+q)> +”.]’
38—(p+q)

for all z € R. By Lemma P8, we have K(a+b)~ 3 < 1. Therefore

> 5)J x x eK(a+0) o=pta) |x[Pta
Z (K(a + b) ) ¢ 3’ J = 38—(p+a)
j=1 ((I+b)3 (a+b)3 1—K(a+b)f
eK|z|Pta
(a+b)p+q 38 _K
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eK|z[Pte -
= 007
(a+ )5 P - K
for all x € R. Next, we consider
. x Yy . M
lim (a + b)°" < . ">:ax7’ qllm<a+b ) ,
Jim (070 (s o ) =elallyl Jim (@0
38— <P+Q)

for all z,y € R. Since (a + b) < # <1, we have

Him (a+6)7 ((a e f@?) -

for all z,y € R. By Theorem P4, there exists a unique mapping F' : R —
X satisfying the functional equation (IC3) and the following inequality:

I7(@) = F@)l < a+bﬂz( (a+0) ) ¢<(a+b)§’(a+b)§>

eK? |x[Pta
(@+0)° (q1p)5F_ K
for all x € R. O

Corollary 2.8. Let X, p,q be as Corollary ande >0. If f ' R— X
be a function satisfying the following inequality

1 (Va0 ) = af(@) = bf )| < e(lal” +yl),

for all x,y € R where 3(B + logas)K) < p + q, then there exists a
unique mapping F : R — X satisfying the functional equation (ICH) and
the inequality

eK® =[P ||
@)= F@I < 55 ((Hb)g_ﬁ T _K> ,
for all x € R.

Proof. The result follows from Theorem P74 by taking ¢(x,y) = e(|z|P +
ly|?) for all x,y € R. We have

;( o+?) ) ¢<(a+b)é’(a+b)é)
a B 7
j:1<K( +b) ) 5(

e [K(a 1 0) 55 |z <1 + K(a+0)"5" + (K(a +b)%5

p
+

00
T

(a+Db)3

X

/)

(a+b)3

-
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f’?)ﬁ...)
FGa 0 ol (14 K0 4 (K04 *)’
]

for all z € R. By Lemma P8, we have K(a + b)wT_p < 1 and K(a +
*5 < 1. Therefore

) 2
iéQqa+wﬂj¢Q o xj>

= a+b)% (a+0b)3
:€<Km+® K(a+1b)" )
l—K(a+b) 1-K(a+b)’ 5

K ] N ||
(@+b)5i P —K (a+b)i?-K

< 00,

+(K(a+b)’

+(K(@+0)"F

for all z € R. Next, we have

. Bn z Y
A (a+) ¢<(a+b)’§’(a+b)§>
_ Bn z P Yy q)
i (a +b) 8( (a+b)% (a+b)

)" + Iyl lim((

Lctland (a+b)"5" <+ <1,

— P 13

=< (o Jim, ((
for all x,y € R. Since (a + b)
we have

—-p

Hm (a+6)7 (mfw?’ <a+yb>?> -

for all x,y € R. By Theorem 23, there exists a unique mapping F' : R —
X satisfying the functional equation ([C3) and the following inequality

[f(z) = F(z)|| < +bﬂz< (a+5) ) d)((a—i-b)g’(a-i-b)g)

_ R o, lal
(a+b)f \(a+b)5P-K (a+b)35P-K)’
for all x € R. O
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3. STABILITY OF THE FUNCTIONAL EQUATION ([H) IN (3, p)-BANACH
SPACES

Now, we investigate the stability of the functional equation (IZ3) in
(8, p)-Banach spaces by using contractive subbadditive and expansively
superadditive functions.

We recall that a subadditive function is a function ¢ : A — B, having
a domain A and a codomain (B, <) that are both closed under addition,
with the following property:

Pz +y) < ¢(x) + o(y),
for all z,y € A. Now we say that a function ¢ : A — B is contractively
subadditive if there exists a constant L with 0 < L < 1 such that

¢z +y) < L(o(z) +o(y))

for all x,y € A. Then ¢ satisfies the property ¢(2z) < 2L¢(x) and so
o(2"z) < (2L)"¢(x). Tt follows by the contractively subadditive condi-
tion of ¢ that ¢(Az) < AL¢(x) and so ¢ (\'z) < (AL)'¢(x) for all i € N,
for all x € A and for all positive integers A > 2.

Similarly, w say that a function ¢ : A — B is expansively superaddi-
tive if there exists a constant L with 0 < L < 1 such that

B +4) 2 7 (9(2) + 6()).

for all x,y € A. Then ¢ satisfies the property ¢(z) < %(;5(29:) and

so ¢ (&) < (%)nqﬁ(aﬂ) We observe that an expansively superaddi-

tive mapping ¢ satisfies the following properties ¢(Az) > %¢(a:) and

S0 ¢ (%) < (%)Zqﬁ(w), for all ¢ € N, for all z € A and for all positive

integers A > 2.

Theorem 3.1. Let X be a (5,p)-Banach space and f : R — X be
a ¢-approximately generalized radical cubic function. Assume that the
following conditions are valid:

(1) the function ¢ is contractive subadditive with constant L satis-
fying (a +b)'"¥L < 1;
(i) a+ b is a positive integer with a + b > 2.
Then there exists a unique mapping F': R — X satisfying the functional
equation (CB) and the following inequality

Pz (a+0)*
(3.1) [f(z) = F(z)| < ¢/(a+b)30P — ((a+b)L)P
for all x € R, where

O(x) = (afb)ﬂqﬁ(:v,x) + ((a—i—Kb)ﬁ>2¢ ((a + b)%x, (a+ b)%x)

d(),
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+ <(a fb)ﬁ)gqb ((a+b)%x, (a+b)%x) .

Proof. By the same argument as we used in the proof of Theorem P,
for any m € N, we can show that

Hf(fﬂ)—m

for all z € R. For m = 3, we have
1
f(z) — mf ((a+b)x)
2
< (afb)ﬁm,x) + <(a+Kb)ﬂ> ¢ ((a +b)sz, (a+ b)%x)

for all z € R. Then (B™) takes the following form

(3.2)

1
(3.3) flz) = mf ((a+b)z)|| < @(z),
for all x € R. By an iterative process, we have
m 1 m
S it (@t d)e),

for all x € R and m € N. For any m,l € N, 0 <[ < m, we have
(3.4)

1 p

! (@) = o (@ o))

p

1 .
CEDE ((a + b)i*1z)
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for all x € R. Indeed, for any j € N, we have

((a+bLYé((a+b)3z, (a+b)3z)

for all z € R. Since (a + b)' 3L < 1, we get ((a+ b)l_?’BL)jp < 1 for
all j € N. Then, the geometric series converges

= _ Jp 1
; ((a+b)1 :wL) =T ((ag b))y >

From the inequality (B2), we have

1

(a+mmf@a+w%)—Gkﬁwmf«a+wm@

(3.5)
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m—1 .
z)P a 1357\
<o ((a+0)~L)

< O(z)P

((a i b)1_36L>jp,

M8

<.
Il
o~

for all x € R. Taking the limit [ — oo in (83), we obtain that

1 1

(a+ b f (<a + b)lx) - mf ((a+b)"x)

lim
[—00

Then the sequence {m f((a+ b)"x)} is a Cauchy sequence in the

(8, p)-Banach space X. So, it converges in X. We define a function
F:R— X by

. 1 n
F(z) = nh_{réo 7((1 n b)an ((a+b)"x),
for all x € R. Then we get that

|F(VaaT 8% — aF (@) = b ()| <ow,p)7 lim ((a+8)'—*7L)" =0,

for all z,y € R. Then F({/az® + by3) = aF(x) + bF(y), i.e. F satisfies
the functional equation (IZ3) on R. It follows form (B4) with [ = 0 and
taking the limit m — oo, that we have

1

I7) = F@)IP < ¥ oy

| T (‘H'b)w
F(x)|| < v(a_‘_b)?ﬁp—((a-i-b)L)p

I1f () =

for all x € R.

Next, we assume that there exists another mapping G : R — X which
satisfies the functional equation (IC3) and (B). Since G satisfies (ICH),
we have

O(x),

1 n
(3.6) G@) = (@ ((a+b)sx>,
for all z,y € R and for all n € N. Form (B®), for n = 3, we have
1
(3.7) () = — G ((a+b)z),

(a+b)3
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for all z € R. Replacing x in (B22) by (a + b)z, we have

1 2

S0,

L Gt = — G ((a+ b))

(a+0b)? (a+b)° ’
for all z € R. Continuing this process, we have

1 n
for all x € R and for all n € N. Next, for any n € N, we have
20 (x)P _ P\
P < 1-38

38 NF@) - G@I Sty (@ 97L))

for all z € R. Taking the limit n — oo in the inequality (B=), we obtain
that F(z) = G(x) for all x € R, so F' is unique. This completes the
proof. O

Theorem 3.2. Let X be a (8,p)-Banach space and f : R — X be a
o-approximately generalized radical cubic functional equation. Assume
that the following conditions are valid:

(1) the function ¢ is expansively superadditive with constant L sat-
isfying (a + b)3P~1L < 1;
(ii) a + b is a positive integer with a + b > 2.

Then there exists a unique mapping F': R — X satisfying the functional
equation (ICH) and the following inequality

(@ +0)%
||f($) ( ” = €/ a+ b p _ (a + b)3ﬁp
for all x € R, where

K 2 1 1
q>(x):(a+b)5¢(x’$)+<(a+b)5> gf)(( +b)sx (a+b)3x)
K 5 2 2
+<mﬁwW) ¢Qa+w3 (@ +0)3 )
Proof. 1t follows from (B33) of the proof of Theorem B that

Hf<a+b> (a—l—b)3f( z) (af—b)’

< (a+b)*o < " b>

o(2),

and so

(3.9)

®+®W<:E>—f®)

a+b
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for all z € R. For any m € N, replacing = by W in (8B9), we have
3 x x 35 x
S — WAL L [ —
w0+t ()~ (i) | < @0 (G
and so

(a + by3m+D ¢ (Mz)ml) —(a+b)’"f <(a+$b)m> H

m X
< (a+b)*m g (wb)mH> :

for all z € R. Using an iterative process, we have
(3.10)

(a+ by <(afb)l> —(a+0b)*"f <(a_::b)1n>

Dt
P
3(j+1)8p T
(a+0b) (I)<(a+b)j+1)

j=l
m—1
m—1
x)P ( a+0)*1L
7=l
for all z € R. Since (a4 b)3°~1L < 1, we get ((a + b)**~1L) G+lr 4
for all 7 € N. Then we have

3 C1p\ Ut (a + b)38P
jgﬂ ((a + )% IL) " (a+0)L-HP — ((a + b)3B)P < o0.

p

p

IN

j=l

.

IN
*9*

)(j+1)p

)

From inequality (BM), we have

P
11 3l _ 3m x
m—1
(G+1
pz<a+b3ﬁ IL)J P
7=l
00 11
Z(a+b3ﬁ 1L>(] » ,
for all x € R. Taking limit l — 00 in (B), we obtain that
hm (a+b)3f a —(a+b)*™f =
I—00 (a+b)! (a+b)m




88 P. KASKASEM, A. JANCHADA AND C. KLIN-EAM

<Py ((a n b)3ﬁ—1L) o
j=l

=0,
for all x € R. Then the sequence {(a +b)3" f (ﬁ)} is a Cauchy
sequence in the (5, p)-Banach space X. So, it converges in X. We
define a function F': R — X by

S E 3n €
F(zx)= nh_)rgo(a +b)"f <(a n b)”)

for all x € R. The remaining follows from the proof of Theorem BT
This completes the proof. O
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