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An Example of Data Dependence Result for The Class of

Almost Contraction Mappings

Yunus Atalan1∗ and Vatan Karakaya2

Abstract. In the present paper, we show that S∗ iteration method
can be used to approximate fixed point of almost contraction map-
pings. Furthermore, we prove that this iteration method is equiv-
alent to CR iteration method and it produces a slow convergence
rate compared to the CR iteration method for the class of almost
contraction mappings. We also present table and graphic to sup-
port this result. Finally, we obtain a data dependence result for
almost contraction mappings by using S∗ iteration method and in
order to show validity of this result we give an example.

1. Introduction and Preliminaries

The iterative approximation is one of the significant tools in the fixed
point theory. Hence, for certain classes of operators, many iteration
methods have been introduced and analyzed by a great number of re-
searches in the sense of their convergence, equivalence of convergence
and rate of convergence etc. (see [1], [11], [18]). The following iteration
methods are called Noor [14] and SP [16] iteration methods, respectively:

(1.1)

 xn+1 = (1− αn)xn + αnTyn
yn = (1− βn)xn + βnTzn
zn = (1− γn)xn + γnTxn, n ∈ N,
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where {αn}, {βn} and {γn} are sequences of positive numbers in [0,1] .

(1.2)

 xn+1 = (1− αn) yn + αnTyn
yn = (1− βn) zn + βnTzn
zn = (1− γn)xn + γnTxn, n ∈ N,

where {αn}, {βn} and {γn} are sequences of positive numbers in [0,1] .
The following iteration method is called CR iteration method [5],

(1.3)

 un+1 = (1− αn) vn + αnTvn
vn = (1− βn)Tun + βnTwn

wn = (1− γn)un + γnTun, n ∈ N,

where {αn}, {βn} and {γn} are sequences of positive numbers in [0,1] .

Karahan and Özdemir [8] have introduced an S∗ iteration method as
follows:

(1.4)

 xn+1 = (1− αn)Txn + αnTyn
yn = (1− βn)Txn + βnTzn
zn = (1− γn)xn + γnTxn, n ∈ N,

where {αn}, {βn} and {γn} are sequences of positive numbers in [0,1] .
Sometimes there can be two or more iteration methods which are

convergent to a fixed point of a particular mapping (see [4],[11]). In
such a case, it is an important problem from theoretical and practical
aspects to determine that the iteration method converges faster than
others (see [2],[6],[12],[15]).

In this study, we prove that S∗ iteration method (1.4) is strongly con-
vergent to the fixed point of almost contraction mappings (1.6). More-
over, we show the equivalence of convergence between S∗ and CR iter-
ation methods. We also compare the rate of convergence of CR and S∗

iteration methods for these mappings. In order to support this result we
give a numerical example. Finally, using S∗ iteration method, we give a
data dependence result for almost contraction mappings. Now, we give
some lemmas and definitions which will be useful in obtaininig our main
results.

Lemma 1.1 ([20]). Let {an}∞n=1 and {bn}∞n=1 be nonnegative real se-
quences satisfying the following condition:

an+1 ≤ (1− µn)an + bn,

where µn ∈ [0,1] for all n ≥ n0,
∞∑
n=1

µn = ∞ and bn
µn

→ 0 as n → ∞.

Then limn→∞ an = 0.

Lemma 1.2 ([19]). Let {an}∞n=1 be a nonnegative real sequence and
there exists n0 ∈ N such that for all n ≥ n0 the following condition
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holds:
an+1 ≤ (1− µn)an + µnηn,

where µn ∈ (0,1) such that
∞∑
n=1

µn = ∞ and ηn ≥ 0. Then the following

inequality holds:

0 ≤ lim
n→∞

sup an ≤ lim
n→∞

sup ηn.

In 2003, Berinde [3] introduced almost contraction type operators on
a normed space X satisfying

(1.5) ∥Tx− Ty∥ ≤ δ ∥x− y∥+ L. ∥y − Tx∥ ,
for any x, y ∈ X, δ ∈ (0,1) and L ≥ 0.

Theorem 1.3 ([3]). Let X be a Banach space and T : X → X be an
operator satisfying (1.5) such that

(1.6) ∥Tx− Ty∥ ≤ δ ∥x− y∥+ L1. ∥x− Tx∥ .
Then, T has a unique fixed point.

Definition 1.4 ([15]). Suppose that {an}∞n=1 and {bn}∞n=1 are two it-
eration methods converging to the same fixed point p∗ of a mapping T .
We say that {an}∞n=1 converges faster than {bn}∞n=1 to p∗ if

lim
n→∞

∥an − p∗∥
∥bn − p∗∥

= 0.

Definition 1.5 ([19]). Let T , S : C → C be two operators. We say
that S is an approximate operator of T for all x ∈ C and a fixed ε > 0
if ∥Tx− Sx∥ ≤ ε.

2. Main Resuts

Theorem 2.1. Let C be a nonempty closed convex subset of a Ba-
nach space X and T : C → C be an almost contraction mapping sat-
isfying condition (1.6). Let {xn}∞n=0 be iterative sequence generated by

(1.4) with a real sequence {αn}∞n=1 ∈ [0,1] satisfying
∞∑
n=1

αn = ∞. Then

{xn}∞n=0 converges to a unique fixed point p∗ of T .

Proof. It can be easily seen from (1.6) that, p∗ is the unique fixed point
of T . We shall show that xn → p∗ as n→ ∞. From (1.6) and (1.4), we
have

∥zn − p∗∥ = ∥(1− γn)xn + γnTxn − p∗∥(2.1)

≤ (1− γn) ∥xn − p∗∥+ γn ∥Txn − Tp∗∥
≤ {1− γn (1− δ)} ∥xn − p∗∥ ,
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and

∥yn − p∗∥ = ∥(1− βn)Txn + βnTzn − p∗∥(2.2)

≤ (1− βn) ∥Txn − Tp∗∥+ βn ∥Tzn − Tp∗∥
≤ (1− βn) δ ∥xn − p∗∥+ βnδ ∥zn − p∗∥ .

Substituting (2.1) in (2.2), we obtain

(2.3) ∥yn − p∗∥ ≤ {(1− βn) δ + βnδ[1− γn (1− δ)]} ∥xn − p∗∥ .
Also,

∥xn+1 − p∗∥ = ∥(1− αn)Txn + αnTyn − p∗∥(2.4)

≤ (1− αn) ∥Txn − Tp∗∥+ αn ∥Tyn − Tp∗∥
≤ (1− αn) δ ∥xn − p∗∥+ αnδ ∥yn − p∗∥ .

Substituting (2.3) in (2.4), we obtain

∥xn+1 − p∗∥ ≤ (1− αn) δ ∥xn − p∗∥

+ αnδ

{
(1− βn) δ + βnδ [1− γn (1− δ)]

}
∥xn − p∗∥ .

Since δ ∈ (0,1) and αn, βn, γn ∈ [0,1] for all n ∈ N, we have

∥xn+1 − p∗∥ ≤ δ[1− αn (1− δ)] ∥xn − p∗∥(2.5)

≤ [1− αn (1− δ)] ∥xn − p∗∥ .
By induction, inequality (2.5) yields

∥xn+1 − p∗∥ ≤ ∥x0 − p∗∥
n∏

k=0

[1− αk(1− δ)].

It is well-known from classical analysis that 1−x ≤ e−x for all x ∈ [0,1].
By considering this fact, we obtain

∥xn+1 − p∗∥ ≤ ∥x0 − p∗∥
n∏

k=0

e−(1−δ)αk(2.6)

= ∥x0 − p∗∥ e
−(1−δ)

n∑
k=0

αk

.

Taking the limit of both sides of inequality (2.6), xn → p∗ as n→ ∞. □
Theorem 2.2. Let C, X and T with a fixed point p∗ be as in Theorem
2.1. Let {un}∞n=0 and {xn}∞n=0 be two iterative sequences defined by (1.3)
for u0 ∈ C and (1.4) for x0 ∈ C with the same real sequences {αn}∞n=0
,{βn}∞n=0 ,{γn}∞n=0 ∈ [0,1]. Then the following assertions are equivalent:

(i) The S∗ iteration method (1.4) converges to the fixed point p∗ of
T .
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(ii) The CR iteration method (1.3) converges to the fixed point p∗
of T .

Proof. We will show that (i) ⇒ (ii), that is if the iteration method (1.4)
converges, then the iteration method (1.3) does too. Now, by using
(1.4), (1.3) and (1.6), we have

∥zn − wn∥ = ∥(1− γn)xn + γnTxn − (1− γn)un − γnTun∥(2.7)

≤ (1− γn) ∥xn − un∥+ γn ∥Txn − Tun∥
≤ [1− γn(1− δ)] ∥xn − un∥+ γnL ∥xn − Txn∥ ,

and

∥yn − vn∥ = ∥(1− βn)Txn + βnTzn − (1− βn)Tun − βnTwn∥(2.8)

≤ (1− βn)δ ∥xn − un∥+ (1− βn)L ∥xn − Txn∥
+ βnδ ∥zn − wn∥+ βnL ∥zn − Tzn∥ .

Substituting (2.7) in (2.8), we obtain

∥yn − vn∥ ≤ δ[1− βnγn(1− δ)] ∥xn − un∥(2.9)

+ {(1− βn)L+ βnγnδL} ∥xn − Txn∥
+ βnL ∥zn − Tzn∥ .

Also,

∥xn − wn∥ = ∥xn − (1− γn)un − γnTun∥
(2.10)

≤ (1− γn) ∥xn − un∥+ γn ∥xn − Txn∥+ γn ∥Txn − Txn∥
≤ [1− γn(1− δ)] ∥xn − un∥+ (1 + L)γn ∥xn − Txn∥ ,

and

∥xn − vn∥ = ∥xn − (1− βn)Tun − βnTwn∥(2.11)

≤ (1− βn) ∥xn − Tun∥+ βn ∥xn − Twn∥
≤ (1− βn) ∥xn − Txn∥+ (1− βn) ∥Txn − Tun∥
+ βn ∥xn − Txn∥+ βn ∥Txn − Twn∥

≤ (1− βn) δ ∥xn − un∥+ βnδ ∥xn − wn∥
+ (1 + L) ∥xn − Txn∥ .

Using the last two inequalities, we get

∥xn − vn∥ ≤ δ[1− βnγn(1− δ)] ∥xn − un∥(2.12)

+ {(1 + L)(1 + βnγnδ) ∥xn − Txn∥ .
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Then,

∥xn+1 − un+1∥ = ∥(1− αn)Txn + αnTyn − (1− αn) vn − αnTvn∥
(2.13)

≤ (1− αn) ∥xn − Txn∥+ (1− αn) ∥xn − vn∥
+ αnδ ∥yn − vn∥+ αnL ∥yn − Tyn∥ .

Substituting (2.9) and (2.12) in (2.13), we obtain

∥xn+1 − un+1∥ ≤ (1− αn) ∥xn − Txn∥
+ (1− αn) δ[1− βnγn(1− δ)] ∥xn − un∥
+ (1− αn) {(1 + L)(1 + βnγnδ) ∥xn − Txn∥
+ αnδ

2[1− βnγn(1− δ)] ∥xn − un∥
+ αnδ{(1− βn)L+ βnγnδL} ∥xn − Txn∥
+ αnL ∥yn − Tyn∥+ αnδβnL ∥zn − Tzn∥ .

Hence we have

∥xn+1 − un+1∥ ≤ δ[1− αn(1− δ)][1− βnγn(1− δ)] ∥xn − un∥

+

{
(1− αn)[1 + (1 + L)(1 + βnγnδ)]

+ αnδ[(1− βn)L+ βnγnδL]

}
∥xn − Txn∥

+ αnL ∥yn − Tyn∥+ αnδβnL ∥zn − Tzn∥ .

Since δ ∈ (0, 1) and [1− βnγn(1− δ)] ≤ 1, we obtain

∥xn+1 − un+1∥ ≤ [1− αn(1− δ)] ∥xn − un∥

+

{
(1− αn)[1 + (1 + L)(1 + βnγnδ)]

+ αnδ[(1− βn)L+ βnγnδL]

}
∥xn − Txn∥

+ αnL ∥yn − Tyn∥+ αnδβnL ∥zn − Tzn∥ .

Furthermore, using Tp∗ = p∗ and ∥xn − p∗∥ → 0, we have

∥xn − Txn∥ ≤ ∥xn − p∗∥+ δ ∥xn − p∗∥+ L ∥p∗ − Tp∗∥
= (1 + δ) ∥xn − p∗∥ ,

so, ∥xn − Txn∥ → 0. Similarly,

∥yn − Tyn∥ ≤ ∥yn − p∗∥+ ∥Tp∗ − Tyn∥
≤ (1 + δ) ∥yn − p∗∥
≤ (1 + δ) (1− βn) ∥Txn − Tp∗∥+ (1 + δ)βn ∥Tzn − Tp∗∥
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≤ (1 + δ) (1− βn) {δ ∥xn − p∗∥+ L ∥xn − Txn∥}
+ (1 + δ)βn {δ ∥zn − p∗∥+ L ∥zn − Tzn∥} .

Moreover,

∥zn − Tzn∥ ≤ ∥zn − p∗∥+ ∥Tp∗ − Tzn∥
≤ ∥zn − p∗∥+ δ ∥zn − p∗∥+ L ∥p∗ − Tp∗∥
= (1 + δ) ∥zn − p∗∥ ,

and

∥zn − p∗∥ = ∥(1− γn)xn + γnTxn − p∗∥
≤ (1− γn) ∥xn − p∗∥+ γn ∥Txn − Tp∗∥
≤ (1− γn) ∥xn − p∗∥+ γnδ ∥xn − p∗∥+ γnL ∥p∗ − Tp∗∥
= [1− γn(1− δ)] ∥xn − p∗∥ ,

then ∥zn − p∗∥ → 0 as n → ∞. Thus, ∥zn − Tzn∥ → 0 as n → ∞.
Then, we obtain ∥yn − Tyn∥ → 0 as n→ ∞. Denote

µn = αn(1− δ) ∈ (0, 1)

an = ∥xn − un∥
bn = {(1− αn)[1 + (1 + L)(1 + βnγnδ)]

+αnδ[(1− βn)L+ βnγnδL]} ∥xn − Txn∥
+ αnL ∥yn − Tyn∥+ αnδβnL ∥zn − Tzn∥ .

Thus, from Lemma 1.1, an = ∥xn − un∥ → 0 as n→ ∞. Consequently,

∥xn+1 − un+1∥ → 0 as n→ ∞.

Now, we show that (ii) ⇒ (i):

∥un − zn∥ = ∥un − (1− γn)xn − γnTxn∥
≤ (1− γn) ∥un − xn∥+ γn ∥un − Tun∥+ γn ∥Tun − Txn∥
≤ [1− γn(1− δ)] ∥un − xn∥+ γn(1 + L) ∥un − Tun∥ ,

and

∥wn − zn∥ ≤ (1− γn) ∥un − xn∥+ γn ∥Tun − Txn∥(2.14)

≤ [1− γn(1− δ)] ∥un − xn∥+ γnL ∥un − Tun∥ .
Also,

∥vn − yn∥ ≤ (1− βn) δ ∥un − xn∥+ (1− βn)L ∥un − Tun∥(2.15)

+ βnδ ∥wn − zn∥+ βnL ∥wn − Twn∥ .
Substituting (2.14) in (2.15), we obtain

∥vn − yn∥ ≤ δ[1− βnγn(1− δ)] ∥un − xn∥
(2.16)
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+ {(1− βn)L+ βnγnδL} ∥un − Tun∥+ βnL ∥wn − Twn∥ .

Moreover,

∥wn − xn∥ = ∥(1− γn)un + γnTun − xn∥(2.17)

≤ (1− γn) ∥un − xn∥+ γn ∥Tun − xn∥
≤ ∥un − xn∥+ γn ∥un − Tun∥ ,

and

∥vn − xn∥ = ∥(1− βn)Tun + βnTwn − xn∥(2.18)

≤ (1− βn) ∥un − xn∥+ (1− βn) ∥un − Tun∥
+ βn ∥wn − Twn∥+ βn ∥wn − xn∥ .

Substituting (2.17) in (2.18), we obtain

∥vn − xn∥ ≤ ∥un − xn∥+ [1− βn(1− γn)] ∥un − Tun∥(2.19)

+ βn ∥wn − Twn∥ .

Then,

∥un+1 − xn+1∥ ≤ (1− αn) δ ∥vn − xn∥+ αnδ ∥vn − yn∥(2.20)

+ (1− αn + L) ∥vn − Tvn∥ .

Substituting (2.16) and (2.19) in (2.20), we obtain

∥un+1 − xn+1∥ ≤ {(1− αn)δ + αnδ
2[1− βnγn(1− δ)]} ∥un − xn∥

+ {(1− αn)δ[1− βn(1− γn)]

+αnδ[(1− βn)L+ βnγnδL} ∥un − Tun∥
+ (1− αn + L) ∥vn − Tvn∥
+ {(1− αn)δβn + αnδβnL} ∥wn − Twn∥ .

Since δ ∈ (0, 1) and [1− βnγn(1− δ)] ≤ 1, we get

∥un+1 − xn+1∥ ≤ [1− αn(1− δ)] ∥un − xn∥
+ {(1− αn)δ[1− βn(1− γn)]

+αnδ[(1− βn)L+ βnγnδL} ∥un − Tun∥
+ (1− αn + L) ∥vn − Tvn∥
+ {(1− αn)δβn + αnδβnL} ∥wn − Twn∥ .

Furthermore, using Tp∗ = p∗ and ∥un − p∗∥ → 0 , we have

∥un − Tun∥ ≤ ∥un − p∗∥+ δ ∥un − p∗∥+ L ∥p∗ − Tp∗∥
= (1 + δ) ∥un − p∗∥ ,
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so, ∥un − Tun∥ → 0. Similarly, we have ∥vn − Tvn∥ → 0 and ∥wn − Twn∥ →
0 as n→ ∞. Denote

µn = αn(1− δ) ∈ (0, 1)

an = ∥xn − un∥
bn = {(1− αn)δ[1− βn(1− γn)] + αnδ[(1− βn)L+ βnγnδL} ∥un − Tun∥

+ (1− αn + L) ∥vn − Tvn∥+ {(1− αn)δβn + αnδβnL} ∥wn − Twn∥ .

Thus, from Lemma 1.1, an = ∥un − xn∥ → 0 as n→ ∞. Consequently,

∥un+1 − xn+1∥ → 0 as n→ ∞.

□

As a consequence of Theorem 2.2, we can give the following corollary:

Corollary 2.3. Let X be a Banach space, C be a nonempty, closed and
convex subset of X and T : C → C be an almost contraction mapping
satisfying condition (1.6) with fixed point p∗. If the initial point is the
same for all iterations, then the following assertions are equivalent:

(i) the Picard iteration [17] converges to p∗,
(ii) the Mann iteration [13] converges to p∗,
(iii) the Ishikawa iteration [7] converges to p∗,
(iv) the Noor iteration (1.1) converges to p∗,
(v) the SP iteration (1.2) converges to p∗,
(vi) the CR iteration (1.3) converges to p∗,
(vii) the S∗ iteration (1.4) converges to p∗.

Theorem 2.4. Let C, X and T with a fixed point p∗ be as in Theorem
2.1. For given u0 = x0 ∈ C, consider the iterative sequences {un}∞n=0
and {xn}∞n=0 defined by (1.3) and (1.4), respectively. Then {un}∞n=0
converges to p∗ faster than {xn}∞n=0 does.

Proof. From Theorem 2.1, we have

∥xn+1 − p∗∥ ≤ ∥x0 − p∗∥
n∏

k=0

[1− αk(1− δ)].

Then, we obtain

(2.21) ∥xn+1 − p∗∥ ≤ ∥x0 − p∗∥ [1− α1 (1− δ)]n+1.

From CR iteration method (1.3), we obtain

∥wn − p∗∥ = ∥(1− γn)un + γnTun − p∗∥
≤ (1− γn) ∥un − p∗∥+ γnδ ∥un − p∗∥+ γnL ∥p∗ − Tp∗∥
= [1− γn(1− δ)] ∥un − p∗∥ ,
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thus, we have

∥vn − p∗∥ = ∥(1− βn)Tun + βnTwn − p∗∥
(2.22)

≤ (1− βn)δ ∥un − p∗∥+ βnδ ∥wn − p∗∥
≤ (1− βn)δ ∥un − p∗∥+ βnδ [1− γn(1− δ)] ∥un − p∗∥
= {(1− βn)δ + βnδ [1− γn(1− δ)]} ∥un − p∗∥ .

Now by using (2.22), we have

∥un+1 − p∗∥ = ∥(1− αn)vn + αnTvn − p∗∥
≤ (1− αn) ∥vn − p∗∥+ αnδ ∥vn − p∗∥
= [1− αn(1− δ)] ∥vn − p∗∥
≤ [1− αn(1− δ)] {(1− βn)δ + βnδ [1− γn(1− δ)]} ∥un − p∗∥
= δ [1− αn(1− δ)] [1− βnγn(1− δ)] ∥un − p∗∥ .

Since δ ∈ (0, 1) and [1− βnγn(1− δ)] < 1, we obtain

(2.23) ∥un+1 − p∗∥ ≤ δ [1− αn(1− δ)] ∥un − p∗∥ .

Then from (2.23), we have

∥un+1 − p∗∥ ≤ ∥u0 − p∗∥ δn+1
n∏

k=0

[1− αk(1− δ)].

Then, we have

(2.24) ∥un+1 − p∗∥ ≤ ∥u0 − p∗∥ δn+1 [1− α1(1− δ)]n+1 .

From (2.21) and (2.24), we can choose {an} and {bn},

an = ∥u0 − p∗∥ δn+1 [1− α1(1− δ)]n+1

bn = ∥x0 − p∗∥ [1− α1(1− δ)]n+1 ,

respectively. Define

ψn =
an
bn

=
∥u0 − p∗∥ δn+1 [1− α1(1− δ)]n+1

∥u0 − p∗∥ [1− α1(1− δ)]n+1

= δn+1.

Since δ ∈ (0, 1) we obtain limn→∞ ψn = 0 which implies that {un}∞n=0
converges faster than {xn}∞n=0. □

In order to show validity of Theorem 2.4, we give a numerical example.
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Example 2.5. LetX = R and C = [0,∞). Let T : C → C be a mapping
defined by T (x) = x − 1 + 1

ex for all x ∈ C. It is easy to show that T

satisfies condition (1.6) with fixed point p∗ = 0. Choose αn = n+4
n+6 ,

βn = n+3
n+5 , γn = n+2

n+4 and an initial value x1 = 1. The following table

and figure show that the CR iteration method (1.3) converges faster
than all S∗ (1.4), SP (1.2) and Noor (1.1) iteration methods.

Table 1. Comparison rate of convergence among various itera-
tion methods

Iter. No SP Noor CR S∗

1 1 1 1 1

2 0,12076334335371 0,34544918777689 0,08243789076071 0,12236144117368
...

...
...

...
...

5 0,00000061322593 0,00406927930341 0,00000000000000 0,00000000000001

6 0,00000000495537 0,00074014007758 0,00000000000000 0,00000000000000
...

...
...

...
...

9 0,00000000000000 0,00000271133087 0,00000000000000 0,00000000000000
...

...
...

...
...

18 0,00000000000000 0,00000000000000 0,00000000000000 0,00000000000000
...

...
...

...
...

Table 1 shows that CR iteration reaches the fixed point at the 5th

step while S∗ iteration method reachs at the 6th step.

The following figure is graphical presentation of the above result:

Figure 1. Graph of SP, Noor, CR and S∗ iterations
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In recent years, the data dependence of fixed point in a normed space
has been studied extensively by researchers (see [9], [10]).

Theorem 2.6. Let S be an approximate operator of T . Let {xn}∞n=0
be an iterative sequence generated by (1.4) for T and define an iterative
sequence {un}∞n=0 as follows:

(2.25)


u0 ∈ C
un+1 = (1− αn)Sun + αnSvn
vn = (1− βn)Sun + βnSwn

wn = (1− γn)un + γnSun, n ∈ N
where {αn}∞n=0, {βn}

∞
n=0 , {γn}

∞
n=0 are real sequences in [0,1] satisfying

(∗) 1
2 ≤ αn for all n ∈ N. If Tp∗ = p∗ and Sx∗ = x∗ such that un → x∗

as n→ ∞, then we have

∥p∗ − x∗∥ ≤ 4ε

1− δ
,

where ε > 0 is a fixed number.

Proof. Let us consider the iteration method (2.25) according to (1.4),
using (1.6),(1.4) and (2.25) we have

∥zn − wn∥ ≤ (1− γn) ∥xn − un∥+ γn ∥Txn − Sun∥
(2.26)

≤ (1− γn) ∥xn − un∥+ γn ∥Txn − Tun∥+ γn ∥Tun − Sun∥
≤ [1− γn(1− δ)] ∥xn − un∥+ γnL ∥xn − Txn∥+ γnε,

and

∥yn − vn∥ ≤ (1− βn) ∥Txn − Sun∥+ βn ∥Tzn − Swn∥(2.27)

≤ (1− βn) {∥Txn − Tun∥+ ∥Tun − Sun∥}
+ βn {∥Tzn − Twn∥+ ∥Twn − Swn∥}

≤ (1− βn) {δ ∥xn − un∥+ L ∥xn − Txn∥+ ε}
+ βn {δ ∥zn − wn∥+ L ∥zn − Tzn∥+ ε} .

Substituting (2.26) in (2.27), we obtain

∥yn − vn∥ ≤ (1− βn) {δ ∥xn − un∥+ L ∥xn − Txn∥+ ε}
+ βn {δ [1− γn(1− δ)] ∥xn − un∥+ δγnL ∥xn − Txn∥
+ δγnε+ L ∥zn − Tzn∥+ ε}

≤ δ [1− βnγn(1− δ)] ∥xn − un∥+ L [1− βn(1− δγn)] ∥xn − Txn∥
+ βnL ∥zn − Tzn∥+ (1− βn)ε+ βnγnδε+ βnε.

Since δ ∈ (0, 1) and {βn}∞n=0, {γn}∞n=0 ∈ [0, 1] for all n ∈ N, we have

[1− βnγn(1− δ)] < 1,
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[1− βn(1− δγn)] < 1.

Using these inequalities, we obtain

∥yn − vn∥ ≤ δ ∥xn − un∥+ L ∥xn − Txn∥+ L ∥zn − Tzn∥+ 2ε.

Moreover,

∥xn+1 − un+1∥ ≤ (1− αn) ∥Txn − Sun∥+ αn ∥Tyn − Svn∥
≤ (1− αn) {∥Txn − Tun∥+ ∥Tun − Sun∥}
+ αn {∥Tyn − Tvn∥+ ∥Tvn − Svn∥}

≤ (1− αn) {δ ∥xn − un∥+ L ∥xn − Txn∥+ ε}
+ αn {δ ∥yn − vn∥+ L ∥yn − Tyn∥+ ε}

≤ (1− αn) {δ ∥xn − un∥+ L ∥xn − Txn∥+ ε}
+ αnδ

2 ∥xn − un∥+ αnδL ∥xn − Txn∥
+ αnδL ∥zn − Tzn∥+ 2αnδε+ αnL ∥yn − Tyn∥+ αnε.

Since δ ∈ (0,1), we have

∥xn+1 − un+1∥ ≤ [1− αn(1− δ)] ∥xn − un∥+ L ∥xn − Txn∥(2.28)

+ αnL ∥yn − Tyn∥+ αnL ∥zn − Tzn∥
+ 2αnε+ ε.

Using assumption (∗), we obtain

1− αn ≤ αn.

Hence from (2.28), we have

∥xn+1 − un+1∥ ≤ [1− αn(1− δ)] ∥xn − un∥+ 2αnL ∥xn − Txn∥
+ αnL ∥yn − Tyn∥+ αnL ∥zn − Tzn∥+ 4αnε.

Denote that

an = ∥xn − un∥ ,
µn = αn(1− δ) ∈ (0, 1)

ηn =
{2L ∥xn − Txn∥+ L ∥yn − Tyn∥+ L ∥zn − Tzn∥+ 4ε}

(1− δ)
.

It follows from Lemma 1.2 that

0 ≤ lim
n→∞

sup ∥xn − un∥

≤ lim
n→∞

sup

{
{2L ∥xn − Txn∥+ L ∥yn − Tyn∥+ L ∥zn − Tzn∥+ 4ε}

(1− δ)

}
=

4ε

(1− δ)
.

We know from Theorem 2.1 that xn → p∗ and using hypotesis, we obtain
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∥p∗ − x∗∥ ≤ 4ε

1− δ
.

□
Example 2.7. Let C = [−1, 1] be endowed with usual metric. Define
operator T : C → C by

T (x) =


1
2 sin

x
2 ;

−1
2 sin

x
2 ;

−1 ≤ x < 0

0 ≤ x ≤ 1.

It is easy to check that T satisfies condition (1.6) with δ ∈ [14 , 1) and
hence it has a unique fixed point p∗ = 0. Define operator S : C → C by
(2.29)

Sx =


(x−0.07)

3.95 + (x+0.1)3

95.04 − (x−0.3)5

7581.27 − (x+0.2)7

130160.02 ;

− x
4.88 − (x−0.2)3

109.85 − (x+0.1)5

7614.18 + (x−0.5)7

129970.84 ;

−1 ≤ x < 0

0 ≤ x ≤ 1.

By utilizing Wolfram Mathematica 9 software package, we get

max
x∈C

|T − S| = 0.0217145.

Hence, for all x ∈ C and for a fixed ε = 0.0217145 > 0, we have

|Tx− Sx| ≤ 0.0217145.

Thus, S is an approximate operator of T in the sense of Definition 1.5.
Moreover, from (1.5), x∗ = 0.0000603 is a fixed point for the operator S
in C = [−1, 1]. Hence the distance between two fixed points p∗ and x∗
is |p∗ − x∗| = 0.0000603.

If Su = − x
4.88 − (x−0.2)3

109.85 − (x+0.1)5

7614.18 + (x−0.5)7

129970.84 and we put αn = n+2
n+3 ,

βn = n+3
n+4 and γn = n+4

n+5 for all n ∈ N in (1.4), then we obtain

(2.30)

u0 ∈ C,

un+1 =
(
1− n+2

n+3

)(
− un

4.88 − (un−0.2)3

109.85 − (un+0.1)5

7614.18 + (un−0.5)7

129970.84

)
+
(
n+2
n+3

)(
− vn

4.88 − (vn−0.2)3

109.85 − (vn+0.1)5

7614.18 + (vn−0.5)7

129970.84

)
vn =

(
1− n+3

n+4

)(
− un

4.88 − (un−0.2)3

109.85 − (un+0.1)5

7614.18 + (un−0.5)7

129970.84

)
+
(
n+3
n+4

)(
− wn

4.88 − (wn−0.2)3

109.85 − (wn+0.1)5

7614.18 + (wn−0.5)7

129970.84

)
wn =

(
1− n+4

n+5

)
un +

(
n+4
n+5

)(
− un

4.88 − (un−0.2)3

109.85 − (un+0.1)5

7614.18 + (un−0.5)7

129970.84

)
.
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The following table shows that the sequence {un}∞n=0 generated by (2.30)
converges to the fixed point x∗ = 0, 0000603.

Table 2. Convergence test for the iteration method (2.30)

Iter.No Iter.Method (2.30)

1 0.5

2 −0, 0225150

3 0, 0008848

4 0, 0000348

5 0, 0000610

6 0, 0000603

Then, we can find the following estimate using Theorem 2.6,

|p∗ − x∗| ≤
4× (0.0217145)

1− 1
4

= 0.1158107.
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