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An Example of Data Dependence Result for The Class of
Almost Contraction Mappings

*

Yunus Atalan'* and Vatan Karakaya?

ABSTRACT. In the present paper, we show that S iteration method
can be used to approximate fixed point of almost contraction map-
pings. Furthermore, we prove that this iteration method is equiv-
alent to CR iteration method and it produces a slow convergence
rate compared to the CR iteration method for the class of almost
contraction mappings. We also present table and graphic to sup-
port this result. Finally, we obtain a data dependence result for
almost contraction mappings by using S™ iteration method and in
order to show validity of this result we give an example.

1. INTRODUCTION AND PRELIMINARIES

The iterative approximation is one of the significant tools in the fixed
point theory. Hence, for certain classes of operators, many iteration
methods have been introduced and analyzed by a great number of re-
searches in the sense of their convergence, equivalence of convergence
and rate of convergence etc. (see [l], [IT], [IX]). The following iteration
methods are called Noor [4] and SP [I6] iteration methods, respectively:

Tnt1 = (1 —ap) zp + anTyy
(11) Yn = (1 _Bn) xn+BnTZn
Zn:(l_’Yn)xn"i_’YnTwnv nEN,
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where {a,,}, {8,} and {v,} are sequences of positive numbers in [0,1].

Tn+l = (1 - an) Yn + anTyn
(1'2) Yn = (1 - Bn) Zn + /BnTzn
Zn = (1 - 7n> Tn +VTxn, neN,

where {a,,}, {8,} and {v,} are sequences of positive numbers in [0,1].
The following iteration method is called CR iteration method [5],

Unt1 = (1 — ap) vy + @ Ty,
(1.3) vp = (1 = Bn) Tup + BnTwy,
wyp, = (1 = v) un + 1 Tun, neN,

where {a,, }, {8} and {v,} are sequences of positive numbers in [0,1].
Karahan and Ozdemir [8] have introduced an S* iteration method as
follows:

Tnt1 = (1 —ap) Tay + oy Tyn
(1.4) Yn = (1 = Bn) Txpn + BT 2y
zn=1=v)xn +mTT,, neN,

where {a, }, {6} and {v,} are sequences of positive numbers in [0,1].

Sometimes there can be two or more iteration methods which are
convergent to a fixed point of a particular mapping (see [d],[TT]). In
such a case, it is an important problem from theoretical and practical
aspects to determine that the iteration method converges faster than
others (see [21],[6],[I2], [IT5]).

In this study, we prove that S* iteration method (I2) is strongly con-
vergent to the fixed point of almost contraction mappings (ICH). More-
over, we show the equivalence of convergence between S* and CR iter-
ation methods. We also compare the rate of convergence of CR and S*
iteration methods for these mappings. In order to support this result we
give a numerical example. Finally, using S* iteration method, we give a
data dependence result for almost contraction mappings. Now, we give
some lemmas and definitions which will be useful in obtaininig our main
results.

Lemma 1.1 ([20]). Let {a,},~, and {b,},2 | be nonnegative real se-
quences satisfying the following condition:

Ap+1 < (1 - ,Un)an + bna

o0

where py, € [0,1] for all m > ng, > pn = 0o and Z—" — 0 as n — oo.
n=1 "

Then lim,_ s an = 0.

Lemma 1.2 ([19]). Let {a,},2, be a nonnegative real sequence and

there exists ng € N such that for all n > ng the following condition
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holds:
ap41 < (1 - Mn)an + UnMn,

where p, € (0,1) such that > p, = oo and n, > 0. Then the following
n=1

inequality holds:

0 < lim supa, < lim supmn,.
n—oo n—o0

In 2003, Berinde [3] introduced almost contraction type operators on
a normed space X satisfying

(1.5) [Tz =Tyl <6llx -yl + L. ly — Tz,

for any x,y € X, 6 € (0,1) and L > 0.

Theorem 1.3 ([3]). Let X be a Banach space and T : X — X be an
operator satisfying () such that

(1.6) [Tz — Tyl < 6 llz — yll + L1. ||z — Tz||.

Then, T has a unique fized point.

Definition 1.4 ([15]). Suppose that {a,} -, and {b,} -, are two it-
eration methods converging to the same fixed point p. of a mapping 7T'.
We say that {ay},., converges faster than {b,} -, to p, if

i lan —pill _
im ——— =
n—00 [|bn, — ||

Definition 1.5 ([9]). Let T, S : C — C be two operators. We say

that S is an approximate operator of T for all z € C' and a fixed € > 0
if |Tax — Sz|| <e.

0.

2. MAIN RESUTS

Theorem 2.1. Let C' be a nonempty closed convex subset of a Ba-
nach space X and T : C — C be an almost contraction mapping sat-
isfying condition (I@). Let {xy},_, be iterative sequence generated by

o

(T7) with a real sequence {ay,},-, € [0,1] satisfying . ay, = co. Then
n=1

{xn}2 converges to a unique fized point p. of T.

Proof. Tt can be easily seen from (ICH) that, p, is the unique fixed point
of T. We shall show that z,, — p. as n — oo. From (ICB) and (IA), we
have
(2.1) [z = pall = (1 = ) 2n + 1T 2n — ps

< (=) lzn = pell + W [ Tzn — Tyl

<{l = (L= 8)} lzn — pll,
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and
(2.2) 1yn = pell = (X = Bn) Ton + BnTzn — s
< (1= Bn) Tz — Tpsll + Bn | T2 — Tps|l
< (1= Bn) 0 llzn — pall + Bnd |20 — pol -
Substituting (20) in (222), we obtain

(23)  llyn = pell < {1 = Bn) 0 + Brd[l — 7 (1 = 0)]} [[n — pull -
Also,
(2.4) [2n1 = pall = |(1 = o) Tz + anTyn — px||

< (1= an) |Tzn — Tpul[ + om | Tyn — Tpx||
< (1 - an) d Hxn _p*H + apd ||yn _p*H .
Substituting (Z3) in (Z4), we obtain

Hxn—f—l _p*H < (1 - an) o Hxn _p*H
+mﬁ{ﬂ—ﬂm5+@ﬁﬂ—ﬁmﬂ—5ﬂ}Wn—mW

Since § € (0,1) and ay, Bn, 7n € [0,1] for all n € N, we have
(2.5) [2nt1 = pull < O[1 = an (1 = 8)] [|an — pu]]

S[T—an (=98] llen —ps .
By induction, inequality (E75) yields

n
Jens1 — pell < llzo — pull T — a1 = 8))
k=0

It is well-known from classical analysis that 1 —x < e™* for all z € [0,1].
By considering this fact, we obtain

n
(2.6) [Zns1 — psll < [lzo — Pl H e (1=0)en
k=0
—(1-6) 32 an
= [|zo — p«| € k=0

Taking the limit of both sides of inequality (Z8), x,, — p. asn — co. O

Theorem 2.2. Let C', X and T with a fixed point p, be as in Theorem
2.1. Let {un},” o and {xzn},, be two iterative sequences defined by (T-3)
forug € C and (3) for xo € C with the same real sequences {aun oo
ABn}oro Aoy € [0,1]. Then the following assertions are equivalent:
(i) The S* iteration method (4) converges to the fized point p, of

T.
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(i) The CR iteration method (I=3) converges to the fixed point p.
of T.

Proof. We will show that (i) = (ii), that is if the iteration method (I4)
converges, then the iteration method (I=3) does too. Now, by using
(r4), (I3) and (), we have
(2.7) 2n — wnll = [[(1 = vn) @n + Tzn — (1 = n) un — ¥ Tun||

< (X =) lzn — unll +v0 [ T2n — Tun|

<= =] lzn — unll + YL |20 — Tan|,

and
(2.8)  yn —vnll = (1 = Bn) Tzn + BTz — (1 = Bn) Tun — BuTwn ||
< (1= Bp)d lzn — unll + (1 = Bp) L [[#n — Tn|
+ Bnd lzn — wall + BnL |20 — Tn|| -
Substituting (272) in (2), we obtain
(2.9) [Yn = vnll < 0[1 = Buyn(l = 0)] [[2n — unl|

+{(1 = Bn)L + Bu L} |l2n — Tan|
+ BuL |20 — Tz -

Also,
(2.10)
|2 — wnll = [|zn — (1 = vn) un — T un |
< (1 =) llzn — unll + 0 20 — Tl + V0 | T20 — Tap||
<=y =) lzn — unll + X+ L)vn |20 — Tan|,
and

(2.11) |20 — vnll = |2 — (1 = Bn) Tun — BpnTwy||
< (1= Bn) |z — Tun| + Bp l|lzn — Tw||
< (A =Bn) lzn = Tan| + (1 = Bn) [ Tzn — Tun||
+ Bn lzn — Tan|| + B | Tzn — Twn ||
< (1= Bn) b llzn — unll + Bnd [[2n — wal|
+ (4 L) ||zn — Ty

Using the last two inequalities, we get

(2.12) [2n = vnll < 0[L = By (1 = 0)] lzn — un|
+ {(1 + L)(1 + ,37{}’”(5) Hxn - Tan .
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Then,
(2.13)
[Zn+1 — Uns1ll = [(1 = an) Top + @nTyn — (1 — an) vn — aTvy ||
< (1 —an)llzn = Tap|| + (1 — o) [z — vnl|
+ and [lyn — vnll + anL ([yn — Tyn| -
Substituting (29) and (2Z12) in (Z13), we obtain
[Zn+1 — tntal] < (1 — ) [[2n — Tan||

(1= an) 811 = Bua(1 — 8)] o — ua
+ (1= an) {1+ L)(1 + Buynd) [z — Ty ||
+ an52[1 = Bnyn(1 = 0)] [[2n — ua|
+ 0n8{(1 = Bu)L + BuOL} i — T
+anL |yn — Tynll + andBnL [|2n — Tznl| .

Hence we have

[Zn+1 — tntall < [1 — an(l = )1 = Bayn(l = 6)] [lzn — unl|

+{O—awﬂ+ﬂ+mﬂ+6w&ﬂ

+ apd[(1 — Bn)L + ﬁnyn(SL]} lxn — Tzy|
+ an L ||yn — Tynl| + @ndBnL ||zn — Tznl| -
Since 0 € (0,1) and [1 — By (1 — d)] < 1, we obtain

[#n41 = tnga|| < [1 = an(l =) [[on — un|

+{a—amu+u+mu+m%m

4ﬂmm—mw+&wﬁ@mwﬂm|

+ anL ||yn — Tyn|| + @ndBnL ||2n — T2y|| -
Furthermore, using T'p, = p. and ||z, — p«|| = 0, we have
[2n — Tan|| < |20 — pell + 6 [|n — pull + L[|« — Tp:]|
= (1+6) lzn —pul,
so, ||zy — T'xy|| — 0. Similarly,
[yn = Tynll < lyn — pell + [ TPs — Tyn||
< (140) llyn — pull
< (L40) (1= Bn) [Tzn — Tps|| + (1 +6)By [ T2 — Tps||
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< (@+6) (L= Bu) {0 llzn — pull + L [lzn — Twn||}
+ (1 +6)Bn {6 |20 — pull + L |20 — Tz} -
Moreover,
[z = Tznll < |20 = pull + | Tps — Tz|
< llzn = pell + 0 [z — Pl + L [Ips — T'ps||
= (14 0)[lzn —pull,
and
2 = pell = [[(1 = ) T + ¥ Tx0 — D]
< (=) llzn = pell + 90 [ Tzn — Tps|
< (1 =) llwn — pell + Wb [l2n — pall + WL [|ps — Tl
=[1 = (1 = )] |zn — pull,

then ||z, — p«|| = 0 as n — oo. Thus, ||z, — Tz,|| — 0 as n — oc.
Then, we obtain ||y, — Ty,|| — 0 as n — oco. Denote

pn = an(1—4) € (0,1)

an = ||[Tn — unl|

b = {(1 = an)[L+ (1 + L)(1 + Snynd)]

+and[(1 — Bn)L + BpyndLl} |20 — Ty
+ anL[yn — Tynll + andBnL |20 — T2 -
Thus, from Lemma I, a,, = ||z, — uy| — 0 as n — oco. Consequently,
|Zns1 — Unt1]| = 0 as n — oo.
Now, we show that (ii) = (i):
[un = znll = [lun = (1 = ) zn — WTzn|

< (1 =) lun — 2ol + v lun = Tunll + 0 [[Tun — Tan|

<1 = (1 =0)] lun — @pll + (L + L) [[un — Tun|
and
(2.14) lwn = znll < (1 =) [tn — @nl| + W [[Tun — Ton||

< (1= (1 = )] tn — il + YL i — Tt
Also,
(2.15)  flon = ynll < (1= Bn) 6 lun — anll + (1 = Bn) L [[un — Tua||
+ Bnd [[wn = znll 4+ BuL [|wn — Twy| -

Substituting (Z14) in (Z13), we obtain
(2.16)
[on = ynll < 0[L = Buyn (1 = )] [Jupn — zn]|
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+{(1 = Bn) L+ BuyndL} ||un — Tupl| + BnL ||Jwy — Twy|| -

Moreover,

(2.17) [wn = 2|l = (1 = vn) un + Y0 Tun — 24|
< (=) lun — 2ol + 0 [ Tun — 20|
< un — 2p| + v lun — Tugl|,

and

(2.18) [vn — 2| = (1 = Bn) Tun + BnTwy — an ||

< (1= Bn) Jun — zp|| + (1 = Bn) [[un — Tug||
+ Bn ||wn, — Twy|| + Bn ||wn — 20| -

Substituting (Z17) in (Z18), we obtain

(2.19) |vn — @l < llun — 2|l + [1 = Ba(l — )] Jun — Tun||
+ B ||wn — Twy|| -

Then,

(2.20) |unt1 — Tpprll < (1= an) 6 [[vn — 20|l + @nd [[vn — ynll

+ (1 —an+L)||vy —Tvy] -
Substituting (Z16) and (Z19) in (220), we obtain
[uns1 = nsrll < {1 = @n)d + and®[1 = Buyn(l = O]} un — 2

+ {1 = an)d[l = Bu(l — )]

+0,0[(1 = Bn) L + BrnyndL} [|wn — Tuy||

+ (1 —apn+ L) ||vn, — Ty

+{(1 — ay)dBy + andfn L} ||wy, — Twy|| -
Since ¢ € (0,1) and [1 — Bpyn(1 —9)] < 1, we get

[unt1 — Zptal] < [1—an(l = 0)] [Jun — 24|
+{(1 = an)d[l — Bu(l — )]
+a,0[(1 = Bn)L + BuyndL} ||un — Tuy||
+ (1 —ap+ L) ||lvp — Toy|
+{(1 — an)dBn + andfBpL} |[wy — Twy|| .

Furthermore, using T'p, = p« and ||u, — p«|| = 0 , we have

lun = Tun|| < llun = pell + 8 [lun = pell + L{[ps = Tl
= (1+0) [lun = p:ll
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S0, ||tun, — T'uy|| — 0. Similarly, we have ||v, — Tv,|| — 0 and ||w, — Twy| —
0 as n — oo. Denote
pn = anp(l—9) € (0,1)
an = [|zn — un|
b = {(1 — an)d[1l = Bn(1 — )] + and[(1 — Bn) L + BuynOL} ||t — Tuy||
+ (1 —an+ L) v — Top|| + {(1 — an)dBn + @ndBnL} ||wn — Twy]| -

Thus, from Lemma 1.1, a, = ||u, — x| — 0 as n — oco. Consequently,
|tunt1 — Tnti1]| = 0 as n — oo.

O

As a consequence of Theorem 2.2, we can give the following corollary:

Corollary 2.3. Let X be a Banach space, C be a nonempty, closed and
convex subset of X and T : C — C be an almost contraction mapping
satisfying condition (@) with fized point p.. If the initial point is the
same for all iterations, then the following assertions are equivalent:
(1) the Picard iteration [I'f] converges to py,

(ii) the Mann iteration [I3] converges to p.,
(iii) the Ishikawa iteration [1] converges to p,
(iv) the Noor iteration (I3) converges to p,

)

)

—

i

(v) the SP iteration (I3) converges to ps,
(vi) the CR iteration (I=3) converges to p.,
(vii) the S* iteration (4) converges to p.

Theorem 2.4. Let C', X and T with a fixed point p, be as in Theorem
2.1. For giwen uy = xg € C, consider the iterative sequences {un},-

and {zn},2, defined by (I23) and (I3), respectively. Then {un},-,
converges to p. faster than {x,},~, does.

Proof. From Theorem 2.1, we have

n
Jens1 — pell < llzo — pull T — a1 = 8))
k=0

Then, we obtain
(2:21) [ 2041 = pall < [lo = pull [1 = (1 = 6)]" .
From CR iteration method (I3), we obtain
[wn = pall = (1 = ) un + T un — p||
S (1 - ’Yn) Hun —P*H + 'Yn(s ”un —P*H + PYnL Hp* - TP*H
= [ = (L = )] [[un — pull,
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thus, we have
(2.22)
lon = pell = [[(1 = Bn)Tun + BpTwn — pu||
< (1= Bn)d |lun — pul| 4 Brd ||wn — psl|
< (1= Bn)d |un — psll + Brd [T — (1 — )] [[un — pxl|
={(1 = Bn)d + Bnd [1 — (1 = )]} [Jun — ps| -
Now by using (222), we have

[unt+1 = pel| = [[(1 = an)vn + anTvn — pu|
< (1= an) lvn = pall + and [[on — p.||
=[1 = an(1=9)] lvn — pll
<[ —an(l=8){(1 = Br)d+ Bud [1 = (1 = 0)]} lun — pull
61 —an(l=8)][1 = Byl —0)] [[un — pll-
Since 0 € (0,1) and [1 — By (1 — d)] < 1, we obtain
(233) s —pull <311 a1~ 8)] e —pu]
Then from (Z23), we have

n
”un+1 _p*H < HUO _p*H 5n+1 H[l - ak(l - 5)]
k=0

Then, we have
(2.24) 1 = poll < luo = pul 6" [1 = aa (1 = 9"
From (EZ20) and (EZ24), we can choose {ay} and {b,},

an = [lug = pu " 1 — ar (1 - )"

by = o —pu| [L = e (1 = 8)]" ",

respectively. Define
Gn
Q;Z)n - a
luo — pu]| 6" [1 — ar (1 — 8)]"
luo = pull [1 = ax (1 = 6))"
— 5n+1.

Since ¢ € (0,1) we obtain lim, o ¥, = 0 which implies that {u,},_,
converges faster than {z,} .

In order to show validity of Theorem EZ4, we give a numerical example.
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Example 2.5. Let X =R and C = [0,00). Let T': C' — C be a mapping

defined by T'(z) =z — 1+ X for all = € C.

satisfies condition ([CB) with fixed point p.

n+3
n+57 7771 -

ﬁn:

n+2

n+4

and an initial value z;

= 0. Choose o, =
= 1. The following table

It is easy to show that T'

n+4
n+6"

and figure show that the CR iteration method (IZ3) converges faster
than all S* (I4), SP (I2) and Noor () iteration methods.

TABLE 1. Comparison rate of convergence among various itera-
tion methods

Iter. No SP Noor CR S*
1 1 1 1 1
2 0,12076334335371 | 0,34544918777689 | 0,08243789076071 | 0,12236144117368
5 0,00000061322593 | 0,00406927930341 | 0,00000000000000 | 0,00000000000001
6 0,00000000495537 | 0,00074014007758 | 0,00000000000000 | 0,00000000000000
9 0,00000000000000 | 0,00000271133087 | 0,00000000000000 | 0,00000000000000
18 0,00000000000000 | 0,00000000000000 | 0,00000000000000 | 0,00000000000000

Table I shows that CR iteration reaches the fixed point at the 5%
step while S* iteration method reachs at the 6" step.

The following figure is graphical presentation of the above result:

Iteration Values

Heration Mumbers

Ficure 1. Graph of SP, Noor, CR and S* iterations
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In recent years, the data dependence of fixed point in a normed space
has been studied extensively by researchers (see [9], [I0]).

Theorem 2.6. Let S be an approzimate operator of T. Let {x,},"
be an iterative sequence generated by (I-4) for T and define an iterative
sequence {up},~, as follows:

ug € C

Unt1 = (1 — ay)Suy + a,Sv,

vp = (1 = Bn)Supn + BnSwy,

wp, = (1 —yp)up + ¥ Sun, neN

(2.25)

where {an o> o, {Brntneo s {Intney are real sequences in [0,1] satisfying
(%) % < ayp for alln € N. If Tp, = px and Sz, = x4 such that u, — x
as n — 0o, then we have

4e
1-4’

P« = @l <
where € > 0 is a fived number.

Proof. Let us consider the iteration method (EZ23) according to (I4),
using (IA),(C2A) and (E23) we have

(2.26)
[2n — wnll < (1 =) lzn — wnll + v | T2 — Sua|
< (=) lzn — unll + v | T2n — Tun || + o ([ Tun — Sun||
<= =) lzn — unll + WL lzn — Tan|| + me,
and

(2.27) [yn — vnll < (1 = Bp) [T2n — Sunl| + By [ T2n — Swn|
< (1=80) Tzn — Tun|| + | Tun — Sun|}
+ B {lT2n — Twyl| + [[Twp, — Swal[}
< (1=8n){0llzn — unll + Ljzn — Tan|| + €}
+ Bn {0 ||zn — wn|| + L||2n — Tzl + €} -
Substituting (Z=28) in (2227), we obtain
[yn — vnll < (1 = Bp) {0 [[zn — un|l + L{|zn — Tznl| +}
+ B {6 [1 = (L = 0)] lzn — unll + 6y L |[zn — Tn|
+ 0vne + L||zn — Tznl| + €}
<61 = Bam( = 0)][lzn —unl + L1 = Bp(l = 0v)] [2n — Ty
+ BnL ||z — Tz + (1 = Br)e + Bnynde + Pre.
Since § € (0,1) and {8, }220, {m}oy € [0,1] for all n € N, we have
(1 furn(1 - 8)] < 1,
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[1— 8,1 —0dv) <1.
Using these inequalities, we obtain
19 — vnll < 6 ||@n — nl| + L ||2n — Tan| + L |20 — Tznl| + 2e.
Moreover,
[Zn41 — tntal] < (1 —an) [Txy — Sunl| + an [[Tyn — Svn |
< (1 —ap) {1 Txn — Tun || + | Tun — Sual[}
+ an {[|Tyn — Ton|| + |Tvn — Svn||}
< (1 —an) {6 llzn —unl + Lllzn — Tl + €}
+ ap {6 |yn — vnll + Lllyn — Tynll + €}
< (1 —an) {6 |lzn —unl + Lllzn — Tan|| + €}
+ @nd? |z — || + @ndL ||z, — Ty |
+ @ndL ||z — Tz + 200 + an L ||yn — Tyn|| + ane.
Since 0 € (0,1), we have
(2.28)  @nt — tnsll < [1 = an(1 = )] 20 — wnll + L | — T
+ anL||yn — Tynl| + anL ||zn — Tz
+ 2ape + €.
Using assumption (x), we obtain
1—oa, < a.
Hence from (E28), we have
[#n41 = unga || <1 —an(l = 8)][|on — unll + 200 L [[n — Tan||
+ anL ||yn — Tyn|| + anL||zn — T2yl + dane.
Denote that
an = [|[Tn — uall
tn = an(l —0) € (0,1)
i = {2L ||zy, — Tx,|| + L ||yn(1— Tg;H + L||zn — Tzl + 48}.

It follows from Lemma 1.2 that

0 < lim sup [[zn — un ||
n—oo

< 1 {2L ||z, — Txp|| + L|Yyn — Tynl| + L||2n — Tznl|| + 4e}
< lim sup

e

S (1-9)

We know from Theorem 2.1 that z,, — p. and using hypotesis, we obtain
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o — )l < 1=
= T :
b =19
O
Example 2.7. Let C' = [—1, 1] be endowed with usual metric. Define
operator T': C — C by
tsinZ; ~1<z2<0

T(z) =
—lsin%; 0<z<l1.

It is easy to check that T satisfies condition (IB) with § € [1,1) and
hence it has a unique fixed point p, = 0. Define operator S : C'— C by

(2.29)
(£—0.07) i (z+0.1)®  (2-0.3)°  (z+0.2)7
3.95 95.04 7581.27 ~ 130160.02°

—-1<x<0
Sx =

oz (z=02)%  (z+0.1)° i (—0.5)7 0<z<I1.
1.88 109.85 7614.18 | 129970.84°

By utilizing Wolfram Mathematica 9 software package, we get
max |T — S| = 0.0217145.
zeC

Hence, for all x € C and for a fixed ¢ = 0.0217145 > 0, we have
T2 — Sz| < 0.0217145.

Thus, S is an approximate operator of T" in the sense of Definition 1.5.
Moreover, from (ICH), z, = 0.0000603 is a fixed point for the operator S

in C' = [—1,1]. Hence the distance between two fixed points p,. and .
is [ps — 2| = 0.0000603.
_ x (z—0.2)3  (z+0.1)° (z—0.5)7 )
If Su= —75 — oo — 7e1a1s T 120070.81 and we put a, = U3,
n = Z—ﬁ and v, = Z—fg for all n € N in (I4), then we obtain
(2.30)
ug € C,
w o Con+2) [ un  (wn—02)%  (up+0.1)° 4 (ur,—0.5)7
nt+l = n+3 1.88 109.85 7614.18 129970.84
nt2) [ vn _ (n—=02)3  (v,40.1)5 + (vn—0.5)7
s 188 109.85 7614.18 129970.84
v = (1 =043 (. _ (un=0.2)3  (up+0.1)5 + (un—0.5)7
n = n+d 1.88 109.85 7614.18 129970.84
4 (3 (—wn (wn—=0.2)3  (wp+0.1)° 4 (wn,—0.5)7
n+4 188 109.85 7614.18 129970.84
_ _ n+4 n+4) [ un _ (un—0.2)3  (up40.1)5 (urn,—0.5)7
Wn = ( n+5) Un + (n+5> ( 1.88 109.85 7614.18 T 129970.84
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The following table shows that the sequence {u, }72 , generated by (2=30)
converges to the fixed point z, = 0,0000603.

TABLE 2. Convergence test for the iteration method (2230)
Iter.No | Iter.Method (2230)

1 0.5
2 —0,0225150
3 0,0008848
4 0,0000348
5

6

0,0000610
0,0000603

Then, we can find the following estimate using Theorem 2.6,

4 % (0.0217145)
4

= 0.1158107.
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