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A New Iterative Algorithm for Multivalued Nonexpansive
Mappping and Equlibruim Problems with Applications

Thierno Mohadamane Mansour Sow

ABSTRACT. In this paper, we introduce two iterative schemes by a
modified Krasnoselskii-Mann algorithm for finding a common ele-
ment of the set of solutions of equilibrium problems and the set of
fixed points of multivalued nonexpansive mappings in Hilbert space.
We prove that the sequence generated by the proposed method
converges strongly to a common element of the set of solutions of
equilibruim problems and the set of fixed points of multivalued non-
expansive mappings which is also the minimum-norm element of the
above two sets. Finally, some applications of our results to opti-
mization problems with constraint and the split feasibility problem
are given. No compactness assumption is made. The methods in
the paper are novel and different from those in early and recent
literature.

1. INTRODUCTION

Let (X,d) be a metric space, K be a nonempty subset of X and
T : K — 2% be a multivalued mapping. An element z € K is called
a fixed point of T if x € Tx. The fixed point set of T" is denoted by
F(T):={xeD(T):z €Tz}

It is easy to see that single-valued nonexpansive mapping is a partic-
ular case of multivalued nonexpansive mapping.

For several years, the study of fixed point theory for single-valued and
multivalued nonlinear mappings has attracted, and continues to attract,
the interest of several well known mathematicians (see, for example,
Kakutani [I3], Nash [I7, O8], Geanakoplos [I1], Nadla [(6], Downing
and Kirk [R], Sow et. al [23]).
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2 T.M.M.SOW

Interest in the study of fixed point theory for multivalued nonlinear
mappings stems, perhaps, mainly from its usefulness in real-world appli-
cations such as Game Theory and Non-Smooth Differential Equations.

1.1. Nonsmooth differential equations. A large number of problems
from mechanics and electrical engineering leads to differential inclusions
and differential equations with discontinuous right-hand sides, for ex-
ample, a dry friction force of some electronic devices. Below are two
models.

du

(1.1) e f(t,u), ae.,tel:=][—a,a], u(0) = uo,

a,ug € R. These types of differential equations do not have solutions in
the classical sense. A generalized notion of solution is what is called a
solution in the sense of Fillipov.

Consider the following multi-valued initial value problem.

—% Gu—%—isign(u—l) on Q = (0,7);
(1.2) u(0) = 0;
u(m) = 0.

Under some conditions, the solutions set of equations () and (I2)
coincides with the fixed point set of some multivalued mappings.

Let D be a nonempty subset of a normed space E. The set D is called
proximinal (see, e.g., [[Y]) if for each € E, there exists u € D such
that

d(x,u) = inf{||z -yl : y € D}
=d(z, D),

where d(z,y) = ||[z—y|| for all z,y € E. Every nonempty, closed and con-
vex subset of a real Hilbert space is proximinal. Let CB(D), K (D) and
P(D) denote the family of nonempty closed bounded subsets, nonempty
compact subsets, and nonempty proximinal bounded subsets of D, re-
spectively. The Hausdorff metric on CB(K) is defined by:

H(A, B) = max {sup d(a, B),sup d(b, A)} ,
acA beB
for all A, B € CB(K). A multivalued mapping T': D(T) C E — CB(FE)
is called L-Lipschitzian if there exists L > 0 such that

(13) H(Tw,Ty) < Llw —yl, Va,y e D(T).

Existence theorems for fixed point of multi-valued contractions and
nonexpansive mappings using the Hausdorff metric have been proved by
several authors (see, e.g., Nadler [16], Markin [I5], Lim [14]). Later, an
interesting and rich fixed point theory for such maps and more general
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maps was developed which has applications in control theory, convex
optimization, differential inclusion, and economics (see, Gorniewicz [17]
and references cited therein).

Let H be a real Hilbert space and let C be a nonempty, closed and
convex subset of H. Let f be a bifunction of C x C into R, where R is
the real numbers. The equilibrium problem for f is to find x € C such
that

(1.4) f(z,y) >0, VyeC.

The set of solutions is denoted by EP(f). Equilibrium problems which
were introduced by Fan [9] and Blum and Oettli [1] have had a great
impact and influence on the development of several branches of pure and
applied sciences. It has been shown that the equilibrium problem theory
provides a novel and unified treatment of a wide class of problems which
arise in economics, finance, image reconstruction, ecology, transporta-
tion, network, elasticity, and optimization. It has been shown [22, 27|
that equilibrium, problems include variational inequalities, fixed point,
the Nash equilibrium, and game theory as special cases. A number of
iterative algorithms have recently been studying for fixed point and equi-
librium problems, see [0, 20, Z1] and the references therein. However,
there were few results established for fixed point of set-valued mappings
and equilibrium problems.

It is our purpose in this paper to construct and study a new iterative
algorithm and prove strong convergence theorems for approximating a
common element of the set of solutions of equilibrium problems and
the set of fixed points of multivalued nonexpansive mappings in the
setting of a real Hilbert spaces. Then, we apply our main results to
optimization problems with constraint and the split feasiblity problem.
No compactness assumption is made, the iterative algorithms and results
presented in this paper generalize, unify and improve the previously
known results in this area. Finally, our method of proof is of independent
interest.

2. PRELIMINARIES

This section collects some lemmas and definitions which will be used
in the proofs for the main results in the next section. Some of them are
known; others are not hard to derive.

Definition 2.1. Let E be real Banach space and T : D(T) C E — 2F
be a multivalued mapping. I — T is said to be demiclosed at 0 if for
any sequence {x,} C D(T) such that {z,} converges weakly to p and
d(xp, Tzy) converges to zero, then p € Tp.
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Lemma 2.2 ([5, Demi-closeness Principle]). Let E be a uniformly con-
vex Banach space satisfying the Opial condition, K be a nonempty closed
and conver subset of E. Let T : K — CB(K) be a multivalued nonex-
pansive mapping with convex-values. Then I —T is demi-closed at zero.

Lemma 2.3 ([6]). Let H be a real Hilbert space. Then, for any z,y € H,
the following inequality holds:

lz +ylI* < llel® + 2{y, = + ).

Lemma 2.4 ([26, Xu]). Assume that {ay} is a sequence of nonnegative
real numbers such that a1 < (1 —ap)an + o0y, for alln > 0, where {a,}
is a sequence in (0,1) and {o,} is a sequence in R such that

o0
(a) Z ay = 00,
n=0
o

. On
b) limsup — <0 or on| < 00.
() timsp 22 <0 or 3 o

Then lim a, = 0.
n—oo

Lemma 2.5 (4, Chidume et al.]). Let X be a reflexive real Banach
space and let A, B € CB(X).

Assume that B is weakly closed. Then, for every a € A, there exists
b € B such that

la — bl < H(A, B).
For solving the equilibrium problem for a bifunction f : C' x C' — R,

let us assume that f satisfies the following conditions:

(Al) f(z,z) =0 for all z € C;
(A2) f is monotone, i.e., f(z,y)+ f(y,z) <0 for all z,y € C;
(A3) for each z,y,z € C,

lim f(tz + (1 = t)z,y) < f(2,y)

(A4) for each x € C, y — f(x,y) is convex and lower semicontinuous.
The following lemma appears implicitly in [1].
Lemma 2.6 ([ll]). Let C be a nonempty closed convex subset of H and

let f be a bifunction of C x C into R satisfying (Al1)-(A4). Let r > 0
and x € H. Then, there exists z € C such that

1
f(Z,y)+;<y—Z,Z—.T>ZO, vyec

The following lemma was also given in [25].
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Lemma 2.7 ([25]). Assume that f : C x C — R satisfies (Al)-(A4).
Forr >0 and x € H, define a mapping T, : H — C' as follows

T (x) = {zeC, f(z,y)—i—%(y—az—a:) >0, VyeC’},

for all x € H. Then, the following hold:

1. T, s single-valued;

2. T, is firmly nonexpansive, i.e., |T.(z) — T.(y)|> < (Tro —
Tyy,x —vy) for any x,y € H;

3. F(T,) = EP())

4. EP(f) is closed and convex.

Lemma 2.8. Let H be a real Hilbert space, K a nonempty, closed and
convex subset of H. Let S : K — CB(K) be a multivalued nonezpansive
mapping such that F := EP(f) N F(S) # (0. Suppose that Sp = {p} for
all p € F. Then

(x —v,x—p)y >0, VeeK,pe F,veST,z.
Proof. Using Schwartz inequality, properties of S and 7)., we obtain
(r—vz—p)=(z—v+p—px—p)

= lz = p[* = (v = p,z —p)
> |lz = pl* = v = plllz - p|
> |l = pl* = H(STyx, ST,p)|lx — p|
> |l = pl* = | T = Topll|z = p|
> |l = pl* — [l = pl* > 0.

Hence, (z — v,z —p) > 0. O

3. MAIN RESULTS

Let K be a nonempty, closed convex cone of a real Hilbert space and
S : K — CB(K) be a multivalued nonexpansive mapping. Let A be
a constant in (0,1). Let {7, } be a sequence of mappings defined as
Lemma P7. Consider a multivalued mapping S, on K defined by

Spx = an(Az) + (1 — o) STy, x, Ve K, n>0,

where {«,, } is a real sequence in (0, 1). We show that S, is a contraction.
For this, let x,y € K. We have:

H(Spz, Spy) = max{ sup d(zl, Sny), sup Cl(ZQ, Snaf)} .
21EShx 290E€ESnY
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For z; € Sy, there exists z3 € ST, x such that
21 = an(Ax) + (1 — ay)zs.

Hence,
(3.1) d(z1, Spy) = d(an(Az) + (1 — o) 23, Sny)
= inf [a,(Az)+ (1 —ap)zs — 22|
Z2€Sny

< lan(Az) + (1 — ap)z3 — 22| V22 € Spy.
For z9 € Sy, there exists z4 € ST, y such that
29 = ap(Ax) + (1 — o) 24.
So, from (B), it follows that,
d(z1, Sny) < [lan(Az) + (1 — an)zs — an(Ay) — (1 — an)z|
< anAllz =yl + (1 — an)llzs — 2]
< apAllz =yl + (1 — an)d(z3, STr,y), Vza € STr,y.
Therefore,

sup d(z1,Sny) < apAllzr —y||l+ (1 —an) sup  d(z3, ST, y)
z1E€EShx 23€STr,x

< anAllz =yl + (1 = an) H(ST,,z, ST, y)
< anAllz =yl + 1 = an) | Tz = Tr,y |
< apAllz =yl + (1 — an)llz =y
<=0 =XNan]llz =yl
Hence,

(32) Sup d(z1,5ny) < [1 = (1 = ANaw]llz —yl|.
Z21€EonT

Similary, we have

(3.3) sup d(zz, Spx) < [1— (1= Nay]l|lz —yl.
29€SnY

Using (B2) and (B33), it follows that
H(Sna, Spy) < [1 = (1= Naw]llz -y,

That implies that S,, is a contraction. Therefore, from the contraction
mapping principle,(see.eg, [3]), there exists z, € K such that,

(3.4) Zn € an(Azpn) + (1 — an) ST}, 2n.
Using (B834), there exists y,, € ST, z, such that
zn = an(Azn) + (1 — an)yn.

We now prove the following results.
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Theorem 3.1. Let K be a nonempty, closed convex cone of a real Hilbert
space H. Let f be a bifunction from K x K — R satisfying (Al)-(A4), let
S : K — CB(K) be a multivalued nonexpansive mapping with convez-

values such that F := EP(f)NF(S) # 0 and Sp={p}, for allp € F. Let
A be a constant in (0,1) and {zn} and {u,} be sequences defined by:

(3.5) Zn = oan(Azn) + (1 — an)yn, Yn € Sun, n >0,
. f(un,y)+%<y—umun—zn>20, Vy € K,
where uy, = Ty, zn, {rn} C|0,00[ and {ay} C (0,1), satisfy:

lim a,, =0, lim infr, > 0.
n—oo n—oo

Then, {zn} and {u,} defined by (B3) converge strongly to x* € F, where

x* is the minimum-norm element of F.

Proof. We split the proof into four steps.
Step 1. We prove that {z,} is bounded. Let p € F. Then from u, =
1., %n, we have

lun —pll = 1T 20 — Tr,pll < 20 —pll, VR >0.
Using (Bd), the fact that Sp = {p} and S is nonexpansive, we have
120 = pll = lan(Azn) + (1 = an)yn — p
< Aanlzn = pll + (1 = an)llyn = pll + an(l = Mlp]]
< Aaplzn = pll + (1 = an) H(Sun, Sp) + an(1 = A)|p]|
<[ =1 =XNanlllzn = pll + an(l = A)lpll,
which implies that
Iz = pll < pll-
Hence, {z,} is bounded and so {y,}.

Step 2. We show that {z,} is relatively norm compact as n — oc.
Using (B3H) and the boundeness of {z,}, we have

(3.6) lzn — ynl| = anl|Azn — ynl] — 0, as n — oo.

For p € F, we have

lun — plI?> = 1T+, 20 — Tl
< <T7"7LZTL - Trnp’ Zn — p>
S <un — D, zZn _p>
1
=3 (lun = pI* + 120 — pII* = 20 — unl?) ,

and hence

(3.7) lun =2l < Nz = pII* = ll2n — unll*.
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Therefore, from (83) and (BZ1), we get that
120 = pII* = llan(Azn) + (1 = an)yn — pl?
< flan((Azn) = p) + (1 = an)(yn — p)|1?
< (1= an)?llyn = plI* + 240 {(Azn) =, 20 — p)
< (1= an)?[lun = plI? + 200\ (20 — P, 20 — p)
+2(1 = Nan(p,p — zn)
<(@1- an)Q(Hzn - pH2 —lzn — unH2) + 20|20 _pH2
+ 2an(1 = A)lpllllzn — 2l
= (1 —2an + OJEL)HZTL _pH2 —(1- Oén)QH'zn - unH2
+2anA[[zn = pII* +2(1 = Naw|lpll[|2n — p]
< lzn — pH2 + an|2n _PH2 -(1- O‘N)2Hzn - un”2
+ 205 A||l20 = pl|* +2(1 = Naw|pllllzn — 2l
and hence
(1= )2 lzn—tinll? < anllzn—plP+ 20| 2n—pI*+2(1= Nt 20—l
So, we have ||z, — u,|| — 0, as n — oo. Since ||y, — un| < ||2n — ynll +
[z — un |, it follows that ||y, — un|| — 0, as n — co. Hence,
(3.8) d(up, Su,) — 0, as n — oo.
Let p € F. From (B3H) and the fact that Sp = {p}, we have

Iz = plI* = {an(Azn) + (1 = @n)yn — P, 20 — D)
= anM(zn — P, 2n — P) + (1 — @) (Yn — P, 2n — D)
— (1 = Nan(p, 2n — p)
<1 = (1= Nan]llzn —pI* = (1 = Nan(p, 20 — p).
So,
(3.9) lzn = plI* < (9,0 — 20).

Since H is reflexive and {u,, } is bounded, there exists a subsequence
{unkj} of {up, } which converges weakly to z* € K. From (BR) and
Lemma P2, we obtain z* € F(S). Without loss of generality, we can
assume that u,, — z*. Let us show z* € EP(f). It follows by (B3) and

(A2) that
1

7<y — Up, Up — Z’n> Z f(y;un)a
Tn

and hence

U —Z
<y - unka nkT Dk > Z f(ya unk)-
ng
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Since M — "% _y () and Up, — ¥, it follows from (A4) that f(y,z*) <
Ty

0 for ally € K. For t with 0 <t <1 and y € K, let y, = ty + (1 — t)z*.

Since y € K and z* € K, we have y; € K and hence f(y;,z*) < 0. So,

from (A1) and (A4) we have

0= f(ye,yr) <tf(ye,y) + (1 =) f(yt,2") < tf(ur,y),

and hence 0 < f(y:,y). From (A3), we have f(xz*,y) > 0 for all y € K
and hence z* € EP(f). Therofore, z* € F(S)NEP(f) = F.

Since z,, — z* as k — oo, it follows from (BM) that z,, — z* as
k — oo. This proves the relatively compactness of {z,}.
Step 3. We show that the sequence {z,} converges to z* € F. We claim
that the net {z,} has a unique cluster point. From Step 2, the sequence
{zn} has a cluster point. Now suppose that z* € K and z** € FE are
two cluster points of {z,}. Let {25, } and {2,,} be two subsequences of
{zn} such that z,, — z*, as k — oo and zp,, — ™.

Following the same arguments as in Step 2, it follows that o*, ** € F,
and the following estimates hold:

(3.10) l2n, — 2™ |I” < (2™, 2™ = zny),
and

(3.11) [2n, — &*||* < (a*,2* — 2,,).
Letting k — oo and p — oo in (BM) and (BZI) gives
(3.12) 2% — |2 < (@**, 2" — 2*)
and

(3.13) |l2** — z*||? < (z*, 2% — z**).

Adding up (B12) and (B13) yields
2”33* o :L,**H2 S ||£C* o x**HQ’
which implies that z* = z**.
Step 4. Finally, we show that z* is the minimum-norm element of F.
Following the same arguments as in Step 3, it follows that

||l‘*_p||2§<_pa$*_p>a pEF

Equivalently,
|2*]|* < (p,z*), VpeF.
This clear implies that
="l < lpll,  Vp € F.

Therefore, £* is the minimum-norm element of F. This completes the
proof. O
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We now apply Theorem B for solving variational inequality prob-
lems.

Theorem 3.2. The sequence {z,} defined by (B33) converges strongly
to a unique solution of the following variational inequality

(3.14) (x*, 2" —p) <0, Vp€eF.
Proof. 1t follows from (B3) that,
. E—

Z2n=—"——(2n — Yn)-

Using Lemma I8, for any p € F', we have
l-«
(2n,2n —p) = —ﬁ@n — Yny 2n —p) < 0.
n

Letting n — oo, noting the fact that z, — x*, we obtain
(3.15) (x*,z* —p) <0.

Finally, we show the uniqueness of the solution of the variational in-
equality (Bd). Suppose both z* € F and z** € F are solutions to
(814), then

(3.16) (¥, x* —2™) <0,

and

(3.17) (x™, 2™ — ™) <0.

Adding up (BT8) and (BI4) yields

(3.18) (" — ™ 2™ —2™) <0,

which implies that * = x** and the uniqueness is proved. O

We now apply Theorems Bl and B2 for finding a common element
of the set of fixed points of multivalued nonexpansive mappings and the
set of solutions of equilibrium problems.

In what follows, we use the following iteration scheme: let K be a
nompety, closed convex cone of a real Hilbert space H and S : K —
CB(K) be a multivalued nonexpansive mapping with convex-values.

Let {z,} and {u,} be sequences defined iteratively from arbitrary
xg € K by:

(3 19) f(unvy)+i<y_unvun_xn> ZO: Vy€K7

' Tnt1 = W (Anzn) + (1 — ap)yn, Yn € Sup,n >0,
(320) ”yn - ynfl” < H(SUTH Sunfl)a Vn > 17
where {a,,} € (0,1), {\,} € (0,1) and {r,} CJ0, oo[ satisfy:

(i) nl;rglo oy = 0;
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o0
(ii) E:O|an — 1| < 00; Jim A, = 1
n—=

o0

(iii) lim infr, >0 and Z|Tn+1 — 1| < o0

n—oo
n=0
(iv) Z|>\n — An—1] < 00 and Z(l — An)ay, = 00.
n=0 n=0

Remark 3.3. From y,_1, the existence of y, in (B19) satisfying (B=20)
is guranteed by Lemma PZ3.

Theorem 3.4. Let K be a nonempty, closed convex cone of a real Hilbert
space H. Let f be a bifunction from K x K — R satisfying (A1)-(A4), let
S : K — CB(K) be a multivalued nonexpansive mapping with convez-
values such that F := EP(f)NF(S) # 0 and Sp = {p}, for allp € F.
Then, {x,} and {u,} defined by (B19) and (B=20) converge strongly to
x* € F, where ¥ is the minimum-norm element of F.

Proof. First, we prove that the sequence {x,} is bounded. Let p € F.
Then from u,, = T,,x,, we have
lun = pll = 1Ty, 20 = Trpll < llzn —pll, Y1 >0.
From (BT9) and the fact that Sp = {p}, we have
[Zn41 — pll = llan(Anzn) + (1 — an)yn — pl|
< anAnllzn —pll + (1 = An)an|lpll + (1 = an)llyn — 1|
< anAnllzn = pll + (1 = An)an|lpl| + (1 = o) H(Sun, Sp)
< anpllzn —pll + (1= An)anlpll + (1 — an) |2y — p|
= [1 = (1 = A)an][|lzn — pll + (1 = An)an]|pl,
and so
(3.21) [#n41 — pll < max {||lz, — pl|, [|pll}-

Hence, {z,} is bounded and so {y,}.
From (BTY) and (8720), it follows that

[Znt1 — 2nl| = lan(Anzn) + (1 = an)yn — an—1(An—12n-1)
— (1 = an—1)yn-1]|
= ||anAn(Tn — Tn-1) + an(An — Ap—1)Zn—1
+ (an - O‘nfl)(/\nfll'nfl) + (1 - an)(yn - ynfl)
=+ (O‘nfl - an)ynfln
< apAnllzn — zp—a |l + (1 — an)llyn — Y-l
+ lan — an—1[(An—1l|lzn-1ll + [[yn-1l])
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+ an|An = An—all| -1l
< anAnllTn — Tn-1]| + (1 — an) H(Sup, Stn—1)
+ lan — an—1|(An—1l|[zn-1ll + [[yn-1l])
+ an|An = An—al|lzn—1l.
Hence,
(3.22) [Zn41 — 2all < andnllzn — zp-1|l + (1 = o) l[un — tn—1]]
+ (Jan, — ap—1| + an| Ay — A1) M1,

where M; > 0 and Supn{Hxn—lH + Hyn—ln} < M.
On other hand, we have

1
and
1
(324) f(un-i-h y) + <y — Un+1, Unt+1 — $n+l> > 07

Tn+1
Putting y = up4+1 in (B223) and y = u,, in (B24), we have

1
f(unyun—l—l) + 7<un+1 — Up, Up — xn> 2 0
n

and
1

Tn+1

f(un+17 un) + <un — Un+1, Un41 — $n+1> > 0.

So, from (A2), we have

Up — Tn, Up4+1 — Tn41
Un4+1 — Un, - >0,
Tn Tn

and hence

Tn

(un—‘rl - $n+1)> > 0.
Tn+1

<un+1 — Up, Unp — Un+1 + Up+1 — Tp —

Without loss of generality, let assume that there exists a real number b
such that r, > b > 0 for all n € N. Then, we have

Tn

)(Un+1 - $n+1)>

Hun-i-l - UnH2 < <Un+l — Up, Tptl — Tp + (1 -
Tn+1

n

< lunss =l { s = anll 11 = s = 7l },

n-+

and hence

1
uns1 — unll < |Tnp1 — 2zl + g|rn+1 — |||t — Tng]]-
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This implies that

1
(3.25) |tn1 — unl| < ||Tny1 — za| + E|7‘n+1 — 7| L,
where L > 0 is such sup,,{||un+1 — zn+1|} < L.
So, from (B=22) we have

[Zn1 = zn|l = andnllzn — 2n-1l| + (1 — an)([[zn — zp-1]|

1
+ 8|7‘n - Tn71|L) + (|an - O‘n71| + Oln|)\n - )\n71|)M1

= [~ (1= M)andllan — znall+ (1= an)lro — ra a2
+ (lay — an—1] + an|An — Ap—1|) M
=[1- 1= M\)an]l|en — x| + %|Tn —rp1|L
+ (lan — ap—1| + an]An — An—1]) M.
Using Lemma P4, we deduce nEIEooH:EnJrl — Zp|| — 0 and from (B=23)
and |r, — rp—1| = 0, we have

ngr_il_loo [tns1 = unl| = 0.

Using (B20) and the fact that z, = ap—1(A—12n-1) + (1 — ap—1)Yn—1,
we have
|20 = ynll < llzn = yn-1ll + lyn—1 — ynll
< a1 [ An—1@n—1 = Yn—1ll + [un—1 — un|.
From «,, — 0, we have ||z, — yn| — 0. For p € F, we have
l[un — pl* = 1T,z — Tran2
< <TTn$’fL — Ty, 0, Tn — )

< (un —p, T —p)
1

= Q(Hun —p||2 + |z —p”2 — [Jzn — Un||2)

and hence
lun = pl* < llzn = plI? — lln — uall®.

Therefore, from (BT9) and Lemma 273, we get that
Jontr = pl2 = lan(aza) + (1 = )y — pll?

< Jlen((Anzn) = p) + (1 = an)(yn — p)II?

<(1- an)2||yn - p”2 + 200 ((An2n) — P, Tnt1 — p)

< (1= an)?|lun — plI* + 200 A (20 — P, Tnt1 — D)

+2(1 = An)an(p, Tnt1 — p)



14 T.M.M.SOW

< (L= an)* (2 = pl? = llen — un?)
+ 200 An |20 — plllzn+1 — pll + 200(1 = An)l|p|l[| 2041 — Pl
< (1 =20+ ai)Hxn _pH2 - (1= an)QHxn - un||2
+ 200 An[|zn — pll|lZn+1 — pll + 2001 = An) Pl [| 2041 — Pl
< |lzn = plI* + anllzn — pl* — (1 = an)?[lan — unlf?
+ 2anAnl|zn — plll|2na = pll + 200 (1 = An)llplllzn41 = pll,
and hence
(1 = )z — unll? < n = I = [2ns1 — pI? + anllzn — oIl
+ 20 An |20 — pll[|lzn+1 — pl|
+ 20 (1 = An) [Ipllf|n 1 = pll
< lznt1 = zall{lzn = pll + 2ns1 — plI} + anllzn —p|?
+ 20|20 — pll[|[2n41 — |
+ 20 (1 = M) [Iplllzn1 — pll

IN

So, we have ||z, — u,|| — 0 as, n — oo. Since ||yn — un| < |20 — ynll +

|xn — upl|, it follows that ||y, — u,|| — 0. Hence,
(3.26) lim d(uy, Sup,) = 0.

n—oo

Next, we prove that limsup(z*, z* — z,,) <0, where z* = lim z,.
n—+o00 n—o0
We choose a subsequence {zy, } of {z,} such that:

limsup(z*, 2" —zp,) = lim (2%, 2" — zy,).
n—-+oo k—+o0

Since H is reflexive and {u,, } is bounded, there exists a subsequence
{unkj} of {up,} which converges weakly to a € K. From (BZ@) and

Lemma P2, we obtain a € F(S). Without loss of generality, we can
assume that u,, — a. By the same argument as in the proof of Theorem
B0, we have a € F(S)N EP(f) = F. Hence,

limsup(z™, 2" — zp,) = lim (2%, 2" — xy,)
n—-+00 k—+o0

= (z*, 2" —a)) <0.
Finally, we show that z,, — z*. From (819) and Lemma 273, we get that
241 = 2| = (zps1 — 2%, @ng1 — )
= apAp{xy — 2% 21 — %) + (1 = A\p)an (2, 2" — 2pt1)
+ (1 = an){yn — 2", 2p41 — 27)
< ap ATy — 2, Tpp1 — ") + (1 — Ap)an (2", 2" — zpt1)
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+ (I = an)llyn — 2*[[[[xn1 — 27

< ap ATy — 2, i1 — %) + (1 — Ap)an (2, 2" — Zpt1)
+ (1= an)H(Sup, Sz7)|[nt1 — 27|

< anAnl|@n — 2" |[l@n — 27 4+ (1 = An)an (@™, 2" — 2ns1)
+ (1= an)llun — @*[|[|2n+1 — 27|

<1 = (1= A)anlllzn — 2 znss — o7
+ (1= Aoz, 2" — xpi1)

1—(1—-X)a
< T2 a2 4 - 2%)?)

+ (1= An)an(z®, 2% — zny1),
which implies that
n1 = 2[* < [1 = (1= An)an]llan — 2| +2(1 = An)an o™, ¥ — 2 p1).

We can check that all the assumptions of Lemma P4 are satisfied. There-
fore, we deduce x,, — x*. This completes the proof. O

Corollary 3.5. Let K be a nonempty, closed conver cone of a real
Hilbert space H, let S : K — CB(K) be a multivalued nonexpansive
mapping with convez-values such that F(S) # 0 and Sp = {p}, for
all p € F(S) and {x,} be a sequence defined iteratively from arbitrary
xo € K by:

(3.27) Tnt1 = O (Anxn) + (1 — apn)yn,  Yn € Sxp,n >0,

(328) ||yn - yn71|| < H(anv Smnfl)a Vn>1,
where {an} C (0,1), and {A\,} C (0,1) satisfy:
(i) ILm oy = 0;

o0
(i) > Jan = an-a| < oc; lim Ay = 1

" .
(ii) Y |An = An1| < 00 and Y (1= Ap)om = oo
n=0 n=0
Then, the sequence {x,} converges strongly to z* € F(S).

Proof. Put f(z,y) =0 for all x,y € K and r, = 1, we get u, = x, in
Theorem B. The proof follows from Theorem B4. O

Corollary 3.6. Let K be a nonempty, closed convex cone of a real
Hilbert space H, f be a bifunction from K x K — R satisfying (Al)-
(A4) and S : K — K be a nonexpansive mapping with convez-values
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such that F := EP(f) N F(S) # 0. Let {x,} and {u,} be sequences
defined iteratively from arbitrary xo € K by:

(3.29) Fun,y) + 5y =ty up — 20) >0, Wy € K,
. Tpt1 = on(Anpn) + (1 — an)Suny, n >0,

where {a,} C (0,1), {\} C (0,1) and {r,} C|0, 00| satisfy:

(i) nh_}n(lo oy = 0;

oo

n=0
o0
(i) lim infry >0 and Y _|rnsr —ra| < 003
n=0

(iv) Z|/\" — Ap—1| < 00 and Z(l — An)ay, = o0.
n=0 n=0

Then, {x,} defined by (B=Z9) converges strongly to z* € F(S).

Proof. Since every single-valued mapping can be viewed as a multivalued
mapping, the proof follows from Theorem B-. 0

Remark 3.7. In our theorems, we assume that K is a cone. But, in
some cases, for example, if K is the closed unit ball, we can weaken
this assumption to the following: Az € K for all A € (0,1) and = €
K. Therefore, our results can be used to approximate fixed points of
nonexpansive mappings from the closed unit ball to itself.

Corollary 3.8. Let H be a real Hilbert space, B be the closed unit
ball of H, f be a bifunction from B x B — R satisfying (Al)-(A4),
S : B — CB(B) be a multivalued nonexpansive mapping with convez-
values such that F := EP(f)NF(S) # 0 and Sp = {p}, for allp € F,

and {z,} and {u,} be sequences defined iteratively from arbitrary xy € B
by:
(3 30) f(un,y)+%<y—un,un—wn> 207 Vyer
' Tnt1 = W (Anzn) + (1 — an)yn, Yn € Sup,n >0,
(3.31) lyn — yn—1l| < H(Sup, Sup—1), Vn>1,
where {a,} C (0,1), {\} € (0,1) and {r,} CJ0, 00| satisfy:
(i) nh_}ngo oy = 0;
(ii) Z()]an — 1] < 005 nl;rglo An = 1;

o0
(iii) nh_}n;o infr, >0 and Z|rn+1 — | < o0

n=0
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(iv) Z|/\” — Ap—1| < 00 and Z(l — An)ay, = 00.
n=0 n=0

Then {x,} and {u,} defined by (B330) and (B=3T). converge strongly to
x* e F.

4. APPLICATION TO OPTIMIZATION PROBLEM WITH CONSTRAINT

In this section, we study the problem of finding a minimizer of a
proper convex function g defined in a real Hilbert space.

Proposition 4.1 ([24]). Let H be a real Hilbert space. Let A: H — H
be a monotone mapping such that K := D(A) is closed and convex.
Assume that A is bounded on bounbded subset and hemi-continuous on
K. Then, the bifunction f(x,y) = (Az,y — x) satisfies conditions (Al)-
(A4).

The following basic results are well known.

Lemma 4.2. Let E be a normed linear space, g : E — R be a real valued
differentiable convex function, and dg : E — E* denote the differential
map associated to g. Then the following holds. If g is bounded, then g is
locally Lipschitzian, i.e., for every xo € K and r > 0, there exists v > 0
such that g is vy-Lipschitzian on B(xg,r), i.e.,

l9(z) — g(y)| <Alle —yll, Va,y € B(xo,7).
Lemma 4.3. Let K be a nonempty, closed and convex subset of E and
g: K — R be a real valued differentiable convex function. Then x* is a
minimizer of g over K if and only if x* solves the following variational
inequality (dg(z*),z —x*) > 0 for all y € K.
Remark 4.4. Let K be a nonempty, closed convex subset of H, and

g : K — R be a real valued differentiable convex function. It is well
know that the differential map associated to g is monotone.

Lemma 4.5. Let K be a nonempty, closed and convex subset of a real
Hilbert space H and g : K — R be a real valued differentiable convex
function. Assume that g is bounded. Then the differentiable map, dg :
K — H is bounded.

Proof. For zy € K and r > 0, let B := B(zo,r). We show that dg(B) is
bounded. By Lemm B=2, there exists v > 0 such that
(4.1) 9(x) =gy <~lz—yl, Vz,yeB.

Let z* € dg(B) and x* € B such that z* = dg(x*). For u € E, since B
is open, then there exists ¢ > 0 such that «* + tu € B. Using the fact
that z* = dg(z*), convexity of g and inequality (21), it follows

(2% tu) < g(a” +tu) — g(27)
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< tylull-

So, (z*,u) < 9||ul]|,Yu € E. Therefore, ||z*|| < 7. Hence dg(B) is
bounded. O

Let K be a nonempty, closed convex cone of a real Hilbert space H,
S : K — CB(K) be a multivalued nonexpansive mapping with convex-
values such that F'(S) # 0 and g : K — R be a real valued continuously
differentiable convex function.
We introduce the following optimization problem:

min g(x)
(P) { x € F(9).

Finding an optimal point in the fixed points set of nonexpansive map-
pings is one that occurs frequently in various areas of mathematical
sciences and engineering.
We prove the following theorem.

Theorem 4.6. Let K be a nonempty, closed convex cone of a real Hilbert
space H, g : K — R be a real valued continuously differentiable convex
and bounded function, and S : K — CB(K) be a multivalued nonexpan-
sive mapping with conver-values such that F(S) # 0 and Sp = {p} for
all p € F(S). Assume that (P) has the solution. Let {xn} and {u,} be
sequences generated iteratively from arbitrary xo € K by:

(4.2)

{ (dg(un),y = tn) + 7=(y = Un,up — xn) >0, VyeC
Tn+l = Oén()\n-rn) + (1 - an)yna Yn € Supn >0,

(43) Hyn - yn—1H < H(Suna Sun—l)a vn > 17
where {an} C (0,1), {\} € (0,1) and {r,} C|0, 00| satisfy:
(i) nh_}n;o oy = 0;
(ii) Zolan — 1] < 005 Jgglo)\n =1
(iii) nh_}rrgo infr, >0 and Z;]h"n_i_l — 1| < 00

(iv) Z|)\n — Ap—1| < 00 and Z(l — An)ay, = o0.
n=0

n=0
Then, {x,} converges strongly to x* solution of (P).

Proof. Let f(z,y) := (dg(x),y — x) for all x,y € K. From the properties
of g, Proposition B, Remark B and Lemma B3, it follows that dg
is monotone, continous and bounded on a bounbded subset on K. So,
f satisfies (A1)-(A4). Using the assumption that (P) has the solution
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and Lemma B3, we have z* is a solution of (P) if and only if z* €
F(S)N EP(f). Then, the proof follows from Theorem B. O

5. APPLICATION TO THE SPLIT FEASIBILITY PROBLEM

In this section, we study the problem of finding a common element of
the set of solutions of equilibrium problems and the set of solutions of
the split feasibility problem.

The split feasibility problem (SFP) was first introdued by Censor and
Elfving [4] in 1994. The SFP is to find

(5.1) x € K, such that Ax € Q,

where K is a nonempty, closed convex subset of a Hilbert space Hy, @Q is a
nonempty closed convex subset of a Hilbert space Ho, and A : H; — Ho>
is a bounded linear operator.

The split feasibility problem arises in many fields in the real world,
such as signal processing, image reconstruction, and medical care, for
details see, [0, 25, 27] and the references therein. Let {2 be the solution
set of the split feasibility problem.

The following lemma appears in [2].

Lemma 5.1. Given x* € H, x* solves SFP (1) if and only if x* is the
solution of the fized point equation x = P (I —yA*(I — Pg)A)x.

The following proposition was also given in [IT].

Proposition 5.2 ([i0]). Let K be a nonempty, closed and convex subset
of a Hilbert space Hy and Q be a nonempty, closed and convex subset of a
Hilbert space Hy, and A : Hy — Hs be a bounded linear operator. Let Py
and Pg denote the orthogonal projections onto sets K, @) respectively.
Let 0 < v < %, p be the spectral raduis of A*A, and A* be the adjoint of
A. Then, the operator T := P (I —yA*(I — Pg)A) is nonexpansive on
K.

Theorem 5.3. Let Hy and Hy be two real Hilbert spaces, A : Hy — Ho
be a bounded linear operator, and A* : Hy — Hy be a adjoint operator of
A. Let K be a nonempty, closed convex cone of Hy, Q be a nonempty,
closed and convex subset of Ho and f be a bifunction from K x K — R
satisfying (A1)-(A4). Assume that F:= EP(f)NQ #0. Let 0 < v < %,
p be the spectral raduis of A*A, and {z,} and {u,} be sequences defined
iteratively from arbitrary xo € K by:

f(unay)+r1n<y_un7un_a7n>207 Vy € K,
Tnt1 = an(Anxn) + (1 — an) P (I — vA*(I — Pg)A)up, n >0,

where {a,} C (0,1), {\} C (0,1) and {r,} CJ0, 00| satisfy:
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(i) lim «a, =0;

n—oo
o
(ii) Z|ozn — ap_1| < o0; nILHQO An =1
n=0
o
(iii) nh_)rgo infr, >0 and Zo|rn+1 — | < o0
n—=

(iv) Z]/\n — Ap—1| < 00 and Z(l — A\p) Q@ = 0.
n=0 n=0

Then, {x,} and {u,} converge strongly to x* € F, where x* is the
minimum-norm element of a common element of the set of solutions
of equilibrium problems and the set of solutions of the split feasibility
problem.

Proof. From Lemma B, we know = €  if and only if z = Pg(I —
vA*(I — Pg)A)z. From Proposition b3, we have the operator T' :=
Py (I —yA*(I — Pg)A) is nonexpansive on K. Using, Corollary B8, we
can obtain the sequences {z,} and {u,} converge strongly to z* € F,
where z* is the minimum-norm element of a common element of the
set of solutions of equilibrium problems and the set of solutions of split
feasibility problem. O

6. CONCLUSION

In this work, we introduce and analyze a new iterative method for
finding a common element of the set of solutions of equilibrium prob-
lems and the set of fixed points of multivalued nonexpansive mappings.
This method can be applied in solving the relevant problem, such as
optimization problem, the split feasiblity problem (SFF), and so on.
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