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Fixed Point Theorems on Complete Quasi Metric Spaces Via
C-class and A-Class Functions

M.Tugba Yal¢mn', Hakan Simgek? and Ishak Altun®*

ABSTRACT. In this paper, we present some fixed point theorems
for single valued mappings on K-complete, M-complete and Symth
complete quasi metric spaces. Here, for contractive condition, we
consider some altering distance functions together with functions
belonging to C-class and A-class. At the same time, we will consider
two different type M functions in contractive conditions because the
quasi metric does not provide the symmetry property. Finally, we
show that our main results includes many fixed point theorems pre-
sented on both complete metric and complete quasi metric spaces
in the literature. We also provide an illustrative example to show
importance of our results.

1. INTRODUCTION

After the introduction to the concept of quasi metric space by Wilson
[23], besides the topological properties of it, fixed point theory studies
have been made and rapidly developed on this space [, [T, 2, I8, I8, 22].
In this paper, we point out some results for fixed points of single valued
mappings on quasi metric spaces. To do this, we will consider a general
contractive condition, by taking into account some recent concepts of
real valued functions such as altering distance functions [I7], C-class
and A-class functions [8]. First, let us recall some fundamental concepts
of quasi metric spaces.

Let X be any set. Then a function d : X x X — [0, 00) is said to be
a quasi metric on X if it has the following properties: for all x,y,z € X
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(d1) d(z,z) = 0;

(d2) d(z,y) < d(z,2) +d(2,y);
(d3) d(z,y) =d(y,z) = 0=z =1y.
If a quasi metric d satisfies the additional condition
(d4) d(z,y) =0=2z =y,
then d is said to be Ti-quasi metric. A quasi (resp. Tj-quasi) metric
space is a pair (X, d) such that X is a nonempty set and d is a quasi
(resp. T1-quasi) metric on X.

Given a quasi metric space (X,d) and any real number £ > 0, the
open ball and closed ball, respectively, of radius € and center xg € X
are the sets By(zo,¢) C X and By[xg,e] C X defined by

By(zg,e) ={y € X : d(x0,y) < €}
and

Bglzo,e] = {y € X : d(zo,y) < e}.
Every quasi metric d on X, generates a natural topology on X. This
topology on X generated by the family of open balls {By(z,¢) : x € X
and £ > 0} as base is called the topology 74 (or, the topology induced
by the quasi metric d). If (X, d) is a quasi metric space, then 74 is a Tj
topology and if (X, d) is a T1-quasi metric space, then 7, is a T} topology
on X.

Let d be a quasi metric on a set X. Define the functions d~! and d*
as follows: for all z,y € X

dil(az, y) = d(y, z), d® = max {d(x,y), dil(x,y)} )

If d is a quasi metric on X, then d~! is also a quasi metric and d* is an
ordinary metric on X.

Definition 1.1. Let {z,} be a sequence in the quasi metric space (X, d)
and z € X. Then {z,} is said to be convergent to = with respect to 74
(or simply d-convergent) iff lim,,_,~ d(x,z,) = 0.

Remark 1.2. It is clear that, a sequence {z,} in a quasi metric space
(X,d) is both d and d~!-convergent iff it is d*-convergent.

There are several notions of Cauchy sequences in quasi-metric spaces.
Reilly et al. [21] defined six such notions, three of them being as follows:

Definition 1.3. A sequence {z,} in a quasi metric space (X, d) is called

o left K-Cauchy if for every € > 0, there exists ng € N such that
Vn,k,n >k >ng, d(zg,x,) <e,

e right K-Cauchy if for every € > 0, there exists ng € N such that
Vn,k,n>k>ng, d(zg,xg) <,
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e d°-Cauchy if for every € > 0, there exists ng € N such that
Vn,k >ng, d(zp,xr) <e.

Remark 1.4. It is obvious that a sequence in a quasi metric space is
d®-Cauchy if and only if it is both left K-Cauchy and right K-Cauchy.

If every Cauchy sequence in a metric space is convergent, then the
space is said to be complete. But, in a quasi-metric space, completeness
cannot be uniquely defined. Altun et al. [?] classified nine different
definitions of completeness, three of them are as follows:

Definition 1.5. A quasi metric space (X, d) is called

e left (right) K-complete if every left (right) K-Cauchy sequence
is d-convergent,

o left (right) M-complete if every left (right) K-Cauchy sequence
is d~'-convergent,

o left (right) Smyth complete if every left (right) K-Cauchy se-
quence is d°-convergent.

Now, we will remember some classes of real valued functions which
are introduced by Ansari [3] as C-class and A-class.

Definition 1.6. A function ¢ : [0,00) — [0,00) is called an altering
distance function if the following properties hold:

(1) % is continuous and non-decreasing,

(¥2) ¥(t) =0 if and only if t = 0,

(13) ¥(t) > Mt+ for every t > 0 where M, > 0 are constants.

Definition 1.7. A function ¢ : [0,00) — [0, 00) is called an ultra alter-
ing distance function if the following properties hold:

(pl) ¢ is continuous,
(¢2) @(t) > 0 for ¢t > 0.

Definition 1.8. A function f : [0,00) x [0,00) — R is of C-class if the
following properties hold:

(f1) f is continuous,

(£2) f (s,1) <'s,

(f3) f(s,t) =s=s=0o0rt=0.
Definition 1.9. A function & : [0,00) — [0,00) is of A-class if it is
continuous and h(t) > ¢ for all t € [0, 00).

Considering the C-class and A-class functions in the contractive con-
ditions, many authors obtained nice fixed point results for single valued
mapings on different type of spaces such as metric space, b-metric space,
generalized metric space etc. (see [@-10, I3, T4, 19, 20]). The aim of this
paper is to present some fixed point results for single valued mappings
on quasi metric spaces via C-class and A-class functions.
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2. FIXED PoINT THEOREMS

There are many researches in fixed point theory including different
contraction conditions on complete metric spaces (X, d). Many of them
contain the maximum of some terms d(z,y), d(z,Tz), d(y,Ty), and
$d(z, Ty) + d(y,Tz)] to give flexibility to the mapping 7' : X — X.
Here, if d is a metric, it is not important to change the order under d in
these terms. However, if d is a quasi metric, then it is quite important.
In [27], considering the function

2
Simsek and Yalgin presented a fixed point result on quasi metric spaces
using the simulation function. Here, taking into account the functions
M;i(z,y) and the following Ms(x,y) in (some kind of complete) quasi
metric spaces, we obtain some new results via C-class and A-class func-
tions:

(o) = e {d(e. ), e, Ta). dly. o) S do. Ty) + d(Ta)] .

Mi(z,y) = max {d<x, y).d(Te,2),d(Ty,y), d(x. Ty) + d(Te, y)]} ,

Theorem 2.1. Let (X,d) be a right K-complete T1-quasi metric space,
Y :[0,00) = [0,00) be an altering distance function, ¢ : [0,00) — [0, 00)
be an ultra altering distance function, f : [0,00) x [0,00) — R be a
function of C-class and h : [0,00) — [0,00) be a function of A-class. Let
T: X — X satisfies

(2.1) h{p(d(Te, Ty))] < [ (Mi(z,y)), o(Mi(z,y))],

forx,y € Y whereY is a closed subset of X invariant under T. Then T
has a fixed point in Y.

Proof. For an arbitrary xop € Y, we can construct a sequence {z,} such
that x,, = Tx,_1 since Y is invariant under 7. Replacing z with x, and
y with x,,—1 in (Z0), we have

(2.2) Y(d(Tn+1,70)) < h[p(d(Tnr1,70))]
< fI(My(zn, 2n-1)), (M1 (T, Tn-1))]

where

_ d($n7$n—l)7d(xn+17xn)’d($"’x”_1)’
Ml (‘TTM ‘T’Vl—l) = max { % [d(ﬂj‘n, l’n) + d(ajn-‘rlu l‘n_l)] .

Since d(xy, zy) = 0 and
1 1
id(xn—i-l: xn—l) < 5 [d(mn—l—l? xn) + d(l’n, xn—l)]
S max {d(l'n, xn—1)7 d($n+1, xn)} )
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we get
Mi(xp, xp—1) = max {d(zp, Tn-1), d(Tp+1,Tn)} -
If for some ny,
M1($n07$n0—1) = d(xnoJrl,xno)
then (222) becomes,
w(d(l'noJrl’ $n0)) <h [¢(d($n0+1, xno))]
< f [w(d(l‘n0+1, xno))7 Qp(d(xnoJrla xno))] :

Since f is a function of C-class, by (f2) we have

f [¢(d(mno+1a :L'no))a @(d($n0+17 $n0))] < T/)(d(ffnoﬂ, xno))a
so that by (f3)

¢(d(xn0+17 wno) =0 or ‘p(d(xno-&-lv xno)) =0.
Since 1 is an altering distance and ¢ is an ultra altering distance func-
tion, by (¢2) and (¢2) we deduce d(Tpy+1,%n,) = 0. Since X is a
T'1-quasi metric space, Tp,4+1 = ZTn, and so T, is the fixed point of 7.
Now, let
max {d(l‘n, -Tn—l)v d(fL'n-i-la xn)} = d($n, -Tn—l)v

for all n > 0. Therefore, {d(zp,zn—1)} is a decreasing sequence. Let
limy, 00 d(Zp, xn—1) = r. Hence, letting n — oo in (24) we obtain that

P(r) < h[Y(r)] < fo(r), o(r)].
Taking (f3), (102) and (¢2) into account, we can conclude that
(2.3) lim d(xy,zp—1) =0.

n—oo

Now, we need to prove that the limit of d(z,_1, x,) is also zero. Starting
with the replacement of z by z,_1 of y by x,, in (E0), we get

(24) (@ 2ns1) < b [H(d(@n 2nr))]
<f W(Ml(xn—laxn))a‘P(Ml(wn—laxn))] )
where

M]_ ($n71,$n) _ max{ d(xn—l)xn)v d(xn7wn—1)7 d($n+1,$n), } .

%(d(wnfla Tpt1) + d(Tn, Tn))

Since {d(zn,xn—1)} is a decreasing sequence we have by the triangular
inequality,

d(xn—laxn)’d(xn’xn—l)a }
Mi (21, 20) < .
HEn-1,2n) max{ Yd(n-1,an) + d(zn, Ts1))

Now, if for some ng,

max{d(xno—lv $n0)7 d('xno ) xno—1)7 d('xno ) xno-‘rl)} = d($n0, xno-‘rl)v
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then (E4) becomes,

¢(d(xno7xno+1) h [¢(d(mn0’ xnoJrl))]
/ [¢(M1 (wn0*17 xno))v @(Ml (an*l’ xno))]
< ¢(M1($n0*1’$n0))7

since f is a function of C-class. Now, we have
1/J(d($no7$no+1) < ¢(Ml (mno—h $no))7
since ¢ is nondecreasing. Therefore, we can say that

1/1(d(l’noa xno-l—l) < w(Ml (xno—lawno)) < w(d(wnoawno-i-l))a

which yields d(zp,, Zng+1) = 0 and so z,,, is the fixed point.
Hence, for all n > 0 we can assume that

<
<

Mi(zp—1,2n) = max {d(zp—1,%n),d(Tn, Tn-1)}.

Now, we will consider the following cases.

CASE 1: If d(xn,—1,%n;) > d(xp,,Tn,—1), for only finite i, say for
1 <i <k, then if n > ng, we have d(z,—1,2,) < d(z,,x,—1) and from
(23) we can conclude that

lim d(zp—1,z,) =0.
n—oo

CASE 2: If for infinitely many n; we have d(zpn,—1, Tn;) > d(Tn,, Tn,—1),
then we have

M]. (.l'ni,l, CCnZ) = d(.Tni,l, ‘/Eni)v
and (2Z4) becomes,

(2'5) w(d(wnm xm—i-l) h [w(d(xm ) xm—&-l))]
f [w(d(xm—lv xm))a Sp(d(xm‘—lv wm))]
w(d('rni—17 xm))a

which implies {d(xy,—1,xn,)} is also a decreasing sequence. If we let

IAIN A

lim; 0 d(wni—ly $nl) =T,
and take limit as ¢ — oo in (ZZ3) we obtain

P(r) <h[p(r)] < f(r), er)],

which brings us to

(2.6) lim d(xp,—1,2n,) = 0.
1— 00

Let us relabel the elements of the sequence x,, which are not included in

the subsequence x,, as x,, for i € N. Then we know that d(z,,—1, Tm,) <

d(%m,;, Tm,;—1). If there are finitely many elements, then the limit does
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not change in (Z8) for x,. If there are infinitely many elements let us
take the limit as ¢ — oo,

lm d(@m,—1,Tm,;) < lim d(Tm,, Tm;—1) = 0.

i—00 1—00
Considering this equation with (E8), the sequence d(x,,_1, =) is a com-
position of two sequences whose limits are both zero, we can conclude
that
(2.7) lim d(xp—1,2,) = 0.

n—oo
Now, we need to prove that {z,} is a right K-Cauchy sequence. As-
suming the contrary, there exists £ € N such that for € > 0, we can find
ng > my > k satisfying d(xp,, Tm,) > € and d(zp,—1,Tm,) < . We
have

e <d(xn,,Tm,)
d(zny, Tn—1) + d(Zn,—1, Tmy,)
d

(ny, Tny—1) + €.

(VAN VARVAN

Letting k — oo in the above inequality and by using (E=3), we conclude
that
limy 00 d(Zny s Tmy) = €.
To obtain the same result for d(zy,—1,Zm,—1) we use the triangle in-
equality twice as follows;
d(xnk ) xmk> < d(wnmxnk—l) + d(xnk—h xmk—l) + d(xmk—lv xmk)
S d(wnmxnk—l) + d(xnk—h xnk) + d(.%‘nk, xmk)
+ d(xmmxmk—l) + d(xmk—la xmk)

By taking k& — oo, in the above inequality and considering (EZ3) and
(28), we obtain that limy_yo d(2n,—1, Tmy—1) = €.

Replacing = by ,, 1 and y by @, —1 in (Z1) we have
(2.8)

Y(d(zny,, Tm),) [(d(@ny, Tmy,))]

<h
<f WJ(Ml(xnk—lvxmk—l))vQO(Ml(xnk—l’xmk—l))]7

where
d(xnkfla xmk71)7 d(wn;C 5 xnkfl)a
Ml(xnk—lywmk—l) = max d(l'mkaxmkfl)y
%(d(mnk_h :Emk) + d(xnwxmk—l))

d(xnk—la xmk—l)’ d(xnk 5 xnk—l)u
d(xmk71"mk—1)7
% d(x”k*h xnk) + d(xmwxmk)
+d($nk s xnkfl) + d(xnkfla xmkfl)]

< max
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Here, we know

lim d(zp,—1, Tmy—1) = limg_00 d(Tn,,, Tmy,) = €,
k—o0

and

lim d(xy,, Tn,—1) = im d(zpm,, Tm,—1)
k—o0 k—o0

= lim d(zn,—1,2n,)
k—o0

= lim d(xm,—1,Tm,)
k—o0
=0.
Thus we obtain that

kllm Mi(zp—1,Tm,—1) = €.
By taking the limit in (238), we have
Y(e) S h[Y(e)] < fY(e), e(e)],

which is a contradiction. Thus {z,} is a right K-Cauchy sequence. Since
(X, d) is right C-complete, {z,} is d-convergent, i.e. there exists z € Y’
such that lim, . d(z,x,) = 0. We need to show that z is the fixed
point of T. If we replace y by x,, in (E) we get
(29)  $(d(TE ns1) < BE(TE, 20s1))]

< f W)(Ml ($, xn)), (P(Ml (.1‘, xn))] )
where

B d(x,zy),d(Tz,x),d(Tn+1, Tn),
Mi(x,xy,) = max{ %(d(m, Toin) + d(Ta;,JgUn)), } .

Since
d(Tx,xy,) < dTzx,z)+ d(z,x,)
by letting n — oo we have M;(z,z,) — d(Tx,z) and (Z9) becomes
P(d(Tz,z) < h[p(d(Te, x))] < f YT, x)),p(d(Te, )],

which means d(T'z,x) = 0. Since X is a Tj-quasi metric space, we can
conclude that zx is a fixed point of T. Now, we prove that the fixed point
is unique. Let x = Tx and y = Ty for x,y € Y then we know

M (z,y) = max {d(x, y),d(Tz,z),d(Ty,y), %(d@7 Ty) 4+ d(Tx, y))}

— max {d@c, ). d(@.2).d(y.9). Sz y) + d(z y>>}
=d(z,y),
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and (1) becomes
Y(d(z,y)) < h[v(d(z,y))] < f(d(x,y)), pld(@,y))],

which means d(z,y) = 0 and that guarantees the uniqueness of the fixed
point. O

By inserting Ms(x,y) instead of M (z,y) in the contraction condition,
we can present the following result in a left M-complete quasi metric
space.

Theorem 2.2. Let (X,d) be a left M-complete Ty quasi metric space,
Y : [0,00) — [0,00) be an altering distance function, ¢ : [0,00) — [0, 00)
be an wultra altering distance function, f : [0,00) x [0,00) — R be a
function of C-class and h : [0,00) — [0,00) be a function of A-class. Let
T: X — X satisfies

(2.10) h{(d(Tz, Ty))] < f [p(Ma(z,y)), o(Ma(z,y))],

forx,y € Y whereY is a closed subset of X invariant under T' then T
has a fixed point in Y.

Proof. The proof is similar to the first theorem. In this case, we replace
x with z,_1 and y with x,, in (EZ10)

(211)  Y(d(@n, 2ps1) < h[Y(d(@n, Tne))]
< f [¢(M2($n—17 .Tn)), @(MQ(xn—lv Scn))] )

where

d(wn-1,@n), d(@n-1,20), d(@n, Tns1),
M n—1ls4n = .
2(Tn—1,,) = max { %(d(mn_l, Tpy1) + d(zp, z,)),

Since
d(wn—ly xn—H) < d(xn—h xn) + d(.%'n, xn-{—l)
we have
MQ(xn—la xn) = Inax {d<xn—17 xn); d(x7u mn-l—l)} .
Using the same idea in the main theorem, we conclude that for all n > 0
max {d(xn—l’ $n)7 d(xnv xn—i—l)} = d(xn—l’ $n)7

means {d(x,—1,%,)} is a decreasing sequence and we have both

(2.12) nh—>Holo d(zp—1,2n) =0,
and
(2.13) nh_>n010 d(xp, xn—1) = 0.

We should prove that {x,} is a left K-Cauchy sequence. Assuming the
contrary, there exists £k € N such that for ¢ > 0, we can find ny > my > k
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satisfying d(@m, ,zn,) > € and d(zp,, Tn,—1) < €. We use triangular
inequality and sandwich theorem to have

lim d(zm,,zn,) =€,
k—o0

lim d(xmkflyl'nkfl) =E£.
k—o0

We replace z by z,,—1 and y by x,,—1 in (Z10) to obtain

V(d(@mys Tny) < B [Q(d(@00y 5 Ty, )]
< f W}(MQ(xmkfl’ xnkfl))a QO(MQ(xmk*l’ mnkfl))] ;

where limy_,o0 M2 (%, —1, Tn,—1) = €. Taking limit as k — oo we have

Y(e) < h[p(e)] < Flv(e), (o)),

which is a contradiction showing that {x,} is a left K-Cauchy sequence.
Since (X, d) is left M-complete, {x,} is d~!-convergent, i.e. there exists
x € Y such that lim,_,~ d(x,,z) = 0. To show that z is the fixed point
of T, we replace = by z,, and y by x in (EZI0) we get

Y(d(@ntr, Tx) < h[p(d(@ns1, Tx))]
(2.14) < f (M, ), o(Ma(zn, 2))]

where
1
My (xy, ) = max {d(zn, x),d(xn, Tpt1),d(z, Tx), §(d(:un, Tx) 4+ d(zp+1, a:))} .

If we let n — oo we have Ms(xy,,z) — d(x,Tx) and (ZZ14) becomes

Y(d(z,Tz) < h[Y(d(z,Tx))] < fY(d(z,Tx)), p(d(z, Tz))]

which means d(x, Tz) = 0. Since X is a T1-quasi metric space, z is a fixed
point of T'. Uniqueness of the fixed point can be obtained identically. [

We can easily obtain similar results in the Smyth complete spaces
since d*-convergence requires both d and d~!-convergence.

Theorem 2.3. Let (X,d) be a right or left Smyth complete Ti-quasi
metric space, T : X — X be a mapping, ¥ : [0,00) — [0,00) be an
altering distance function, ¢ : [0,00) — [0,00) be an ultra altering dis-
tance function, f : [0,00) x [0,00) — R be a function of C-class and
h :]0,00) — [0,00) be a function of A-class. Assume that one of the
following conditions hold:

e (X,d) is right Smyth complete and for all x,y € Y
h{v(d(Tz, Ty))] < f [W(Mi(z,y)), o(Mi(z, )],
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e (X,d) is left Smyth complete and for all x,y € Y
h(d(Tz, Ty))] < f[b(Ma(z,y)), o(Ma(z,y))]

where Y is a closed subset of X invariant under T, then T has
a fized point in'Y.

3. CONCLUSION

The metric case including altering, ultra altering distance functions is
researched by many authors. The most similar theorem in complete met-
ric spaces, which also includes functions of C-class and A-class without
the maximum function is proven in [3].

Theorem 3.1 ([3]). Let T be a self mapping defined on a complete
metric space (X, d) satisfying the condition

h[(d(Tx, Ty))| < f[(d(z,y)), p(d(z,y))],

for x,y € Y where Y is a closed subset of X and invariant under T, 1
and @ are altering distance function and ultra altering distance function,
respectively, f a function of C-class and h a function of A-class, then
T has a fized point in'Y .

If we consider X as a complete metric space, Y as the set X itself,
h(t) =t and f(s,t) = s —t and replace M (z,y) with d(x,y) in the first
theorem, we approach to the Theorem 2.1 in [I5].

Theorem 3.2 ([15]). Let (X,d) be a complete metric space and let
T: X — X be a self mapping satisfying
where 1, ¢ : [0,00) — [0,00) are altering distance functions. Then T

has a unique fixed point in X.

Assume that X is a complete metric space, Y as the set X itself, h(t) =
t and f(s,t) = a(s)s where a : Rt — [0, 1) is a decreasing function and
replace Mj(x,y) by d(x,y) in the first theorem, we approach to the
Theorem 3 in [23].

Theorem 3.3 ([17]). Let (X, d) be a complete metric space, T be a self
map of X and @ be an altering distance function. Let a be a decreasing
function from Rt to [0,1) such that

old(Tz,Ty)] < ald(z,y)]eld(z,y)],
where x,y € X and x # y. Then T has a unique fized point.

Now, we present an illustrative example.
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Example 3.4. Let X = [0, 1] and define a quasi metric on X as

y—x , <y

d(z,y) =
1 , T >

Then (X, d) is a T1-quasi metric space. Also, (X, d) is right C-complete.
Indeed, let {z,} be a right K-Cauchy sequence in X. Then for ¢ > 0,
there exists ng € N such that for all n,k, n > k > ng, d(z,,zx) < €.
Choose 0 < ¢ < 1, then by the definition of d, we have zp — x,, < € or
xn < xp for n > k > ng. Therefore, {x,} is nonincreasing sequence in
[0,1] for n > ng. Hence there exists a € [0, 1] such that lim, o z, = a.
In this case, we have lim, o d(o, z,,) = limy,o0(x, — @) = 0, that
is, {zy}, which is right K-Cauchy sequence, is d-convergent. Therefore,
(X,d) is right C-complete. Now, let Y = {%, %, %} and define a mapping
T:X —- X by

, reyY

PN

Tr =
1—x , otherwise.
Then Y is a closed subset of X and invariant under 7. Moreover, since
d(Txz,Ty) =0 for all x,y € Y, the contractive condition (E7) is satisfied

for v(t) =t, o(t) = £, f(s,t) =s—t and h(t) =t.
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