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Some Results on the Field of Values of Matrix Polynomials

Zahra Boor Boor Azimi' and Gholamreza Aghamollaei®*

ABSTRACT. In this paper, the notions of pseudofield of values and
joint pseudofield of values of matrix polynomials are introduced
and some of their algebraic and geometrical properties are studied.
Moreover, the relationship between the pseudofield of values of a
matrix polynomial and the pseudofield of values of its companion
linearization is stated, and then some properties of the augmented
field of values of basic A-factor block circulant matrices are inves-
tigated.

1. INTRODUCTION AND PRELIMINARIES

Let M,, be the algebra of all n x n complex matrices. The field of
values and numerical radius of A € M, are defined, respectively, as
W(A) == {z*Az: 2 € S'} and r(A4) := max{|z| : 2 € W(A)}, where
S' denotes the unit sphere in C”, i.e., S' = {x € C": 2*x = 1} . These
concepts are useful in studying of matrices and operators; e.g., see [5] and
its references. They have also many applications in quantum physics,
numerical analysis, differential equations, systems theory, etc; e.g., see
[8, 5-17] and references cited there.

Let e > 0 and A € M,. The e-pseudospectrum (pseudospectrum for

short) of A is defined and denoted by
0:(A)={2€C:z€0(A+ FE) for some FE € M, with ||E|| <&}

= U oc4+B),

EeMn,||E|l<e
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where o(-) denotes the spectrum and ||.|| is the spectral matrix norm
(i.e., the matrix norm subordinate to the Euclidean vector norm). Also,
the e-pseudofield of values of A is defined, e.g., see [[d], as

(1.1) We(A) = ) W@A+A).
AEM,,||A|<Le

It is easy to see that W.(A) = W(A) + D(0,¢), where
D(0,e) ={peC:luf <e}.

Note that og(A) = o(A) C W(A) = Wp(A), and 0.(A) C W.(A). In [B,
p. 103], the set W(A) + D(0,¢) is called the augmented field of values
of A. For more information and some properties of pseudofield of values
and its generalizations of matrices, see [[]. The theory of pseudospectra
provides an analytical and graphical alternative for investigating non-
normal matrices, gives a quantitative estimate of departure from non-
normality, and also gives some information about the stability; e.g., see
[T0] and its references.

The our main motivation concerns the study of perturbed matrix
polynomials. Recall that matrix polynomials arise in many applications
and their spectral analysis is very important when we study the linear
systems of ordinary differential equations with constant coefficients; e.g.,
see [d]. Suppose

(1.2) P(\) = Ap \" 4+ Ay i N4 AN+ Ay,

is a matrix polynomial, where 4; € M, (i =0,1,...,m), 4,, # 0 and A
is a complex variable. The numbers m and n refer to the degree and the
order of P(\), respectively. The matrix polynomial P()\), as in ([2), is
called a monic matrix polynomial if A,, = I,,, where I,, denotes the n xn
identity matrix. It is said to be a selfadjoint matrix polynomial if all the
coeflicients A; are Hermitian matrices. A scalar \g € C is an eigenvalue
of P()) if the system P(Ao)xz = 0 has a nonzero solution xy € C". This
solution z is known as an eigenvector of P(\) corresponding to Ag, and
the set of all eigenvalue of P()) is the spectrum of P()), i.e.,

o[P(AN)] ={p € C:detP(u) =0}.
The (classical) field of values of P()), as in (I22), is defined and de-
noted by
WIP(\)] :={u € C:2"P(u)x = 0 for some nonzero x € C"},

which is a closed set and contains o[P(\)]. For the case P(\) = A\, — A,
where A € M,,, we have W[P(\)] = W(A). The field of values (or the
numerical range) of matrix polynomials plays an important role in the
study of overdamped vibration systems with finite number of degrees of
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freedom, and is also related to the stability theory; e.g., see [4, 8] and
references therein.

Let P(A) be a matrix polynomial as in (I2). For a given ¢ > 0 and
an ordered set of nonnegative weights w = {wo, w1, ...,w,} with at least
one nonzero element, we denote the associated compact convex set of
perturbations of P()\) by:

(1.3) B(P,e,w) :={Pa(X) : [|Aj|| < ew;j,j=0,1,...,m},

where PA(A) := (Ap + Ap)N" + -+ + (A1 + A + (Ao + Ap). The
weighted e-pseudospectrum of P(A) which was first introduced in [9], is
(1.4)

ew[P(N)] = {p € C:detPa(p) = 0 for some PA(X) € B(P,e,w)}

= U o[Pa(N)]-
PA(N)eB(Pe,w)
For the case wg = 1,w; = 0, and P(\) = AI,, — A, where A € M,,, we
have o.[P(\)] = 0-(A); this shows that the pseudospectrum of matrix
polynomials is a generalization of the pseudospectrum of matrices.

In this paper, we are going to introduce and study the notions of
pseudofield of values and joint pseudofield of values of matrix polynomi-
als. For this, in Section 2, we state definitions and some basic properties
of pseudofield of values and also its relation with the augemented field of
values of matrix polynomials. In Section 3, we introduce and character-
ize the notion of joint field of values of matrix polynomials, and then we
establish some of its properties and also its relation with the pseudofield
of values of matrix polynomials. In Section 4, we investigate the rela-
tionship between pseudofield of values of a matrix polynomial and the
pseudofield of values of its companion linearization, and then we study
some properties of the augmented field of values of basic A-factor block
circulant matrices.

2. DEFINITIONS AND BASIC PROPERTIES

We begin this section by introducing the notion of e-pseudofield of
values of matrix polynomials.

Definition 2.1. Let P(\) be a matrix polynomial as in (I2). For a
given ¢ > 0 and an ordered set w = {wg,wr,...,wn} of nonnegative
weights with at least one nonzero element, the weighted e-pseudofield of
values (pseudofield of values for short) of P()\) is defined and denoted
by

Wew[PN)] ={peC:0e W(Pa(n)) for some Pa(X) € B(P,e,w)},
where B(P, e, w) is the set of all perturbations, as in (I=3), of P(\).
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It is clear that:
(2.1) WI[P(\)] = ﬂ Wa,w[P(/\)]'
e>0

Also, using Definition I, we have the following observation which will
be useful in our discusions:

(2.2) WewlPO = 1 WIPAO)-
Pa(N)EB(Pe,w)

In the following Theorem, we show that in relation (22), the union
can be taken over all perturbed matrix polynomials Pa(\) € B(P, e, w)
with rank(4A;) at most one.

Theorem 2.2. Let P(\) be a matriz polynomial as in (2). Then
WeulPWI= U wPaO),
PA(N)eBM) (Pye,w)
where BY (P, e, w) := {Pa(\) € B(P,e,w) : rank(A;) < 1,j =0,...,m}.
Proof. Let pu € Wew[P(X)]. Then by Definition P71, there exist a vector
z € St and (Ag,...,An) € M such that ||Aj|| < ew; for j =
0,...,m, and
(2.3) (*(Am + Ap)x)p™ + - + 2" (Ao + Ag)z = 0.
Now, by setting A;- = z(Ajz)* for j = 0,...,m, we see that HA;H <
l|lz||[|z*[|[|A;]] < ew; and rank(A;.) < 1. Therefore,
Pyr(N) = (A + A )A™ 4 (A + ADA+ (Ao + Ag) € BD(P e, w).
Relation (Z3) shows that 0 € W(P,/(x)). Therefore,
Wew[P(M)] € U WIPAN)].
PA(N)eBM (Pe,w)
By relation (232), the opposite inclusion also holds. So the proof is
complete. O

In the following proposition, we state some general properties of the
e-pseudofield of values of matrix polynomials.

Proposition 2.3. Let P(\) be a matriz polynomial as in (I2). Then
the following assertions are true:
(i) Wew[P(N)] is a closed set in C which contains og [P (N)];
(i) WewP(A+ )] = We [P(N)] — o, where a € C;
(iil) We wlaP(N)] = WﬁM[P(/\)], where o € C is nonzero;
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(iv) If QN\) = AmP(AL) i= ApA™ + AN+ A N+ Ay,
then

W, [\ {0} = {; 1€ W[ POV], 1 # 0,

where w = {Wm, ..., wo} is the ordered reversal of w;

(V) Wew|U*P(NU] = We o[P(N)], where U € M, is unitary;

(vi) If P(X) is selfadjoint or all the coefficients A; are real matrices,
then We [ P(X\)] is symmetric with respect to the real awis.

Proof. To prove (i), the inclusion o w[P(\)] € W, w[P())] follows from
relations () and (E2), and the fact that for every Pa () € B(P, e, w),
o[Pa(X)] € W[Pa(N)]. Also, by a routin way, we see that W, w[P(\)]
is closed. The result in (i) can be easily verify by Definition P
Also, the result in (i4i) follows from Definition B and this fact that
for every A := (Ag,...,Ap) € MPH (aP)A(N) = aPa()), where

2= (%, ..., &m) € M™*L. Using Definition 271 and the fact that for
every u € C\ {0} and A := (Ag,...,Ay) € MTTL Q. (1) = umPA(%),
where A" := (A, Ap1,...,A¢) € ML the result in (7v) holds.
Since for every unitary matrix U € M, and for every A € M"H!,
(U*PU)a(N) = U*Pyau+(A\)U, the result in (v) also holds. The re-
sult in (vi) follows from Definition 270 and this fact that for every
A € M, ||A|| = ||A]| = ||A*||. So the proof is complete. O

In the following proposition, we describe the pseudofield of values of
matrix polynomials for some special weights.

Proposition 2.4. Let P(\) be a matriz polynomial as in (I2) and
w={wy)=1,w; =0,...,wy =0}. Then

WewlPOV] = {11 € C: 0 € W(P(1)) + D(0, )}

Proof. Denote Z :={u € C:0€ W(P(u)) + D(0,¢)}, and let pp € W
[P(\)]. Then there exist a vector # € S! and A := (Ag,...,An) €
M™+ such that ||Aj]] < ew; for 5 = 0,...,m, and 0 = 2*Pa(u)x =
x*P(p)x+x*Agz. Now, by setting & := x*Agz, we see that || < [|Ag]| <
€. So, 0 € W(P(u)) + D(0,¢), and hence, p € Z. This shows that
Wew[P(N)] C Z.

Conversly, let 1 € Z. So, there exist a vector z € S' and & € D(0, €)
such that *P(u)zr + & = 0. By setting Ag := &I, and A; = 0 for
j=1,...,m, we have |[|Aj|| < ew; for j =0,...,m, and 2*Pa(p)r =
z*P(p)x + & = 0. Therefore, i € W, w[P(N)]. So, Z C W, w[P())], and
this completes the proof. O
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We know that for every A € M,,, W.(A) = W(A) + D(0,¢). In the
following example, we investigate the relationship between W [P (\)]
and W[P(\)] + D(0,¢).

Example 2.5. (a) Let P(\) = \2I; — A, where A = <(1) 8) By set-

ting w = {wp = 1,w; =0,ws =0} and € = %, we see, by Proposition
24, that W, w[P(\)] = /W: (A), and also a simple calculation shows
2

that W[P(\)] + D(0,¢e) = /W (A) + D(0, 5). So, we see that these sets
are not equal; see Flgure m.

08

FIGURE 1. The above is /W (A) + D(0, 3), and the be-
low is , /W1 (A) (Example P73).
2
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(b) Let P(\) = AI,,—A, where A € M,. By setting wy = 1 and w; = 0,
and using Proposition P4, we see that We w[P()\)] = W[P(A\)]+D(0,¢) =
W(A) + D(0,¢) = W.(A).

3. SOME ALGEBRAIC AND GEOMETRICAL PROPERTIES

We begin this section by introducing the notion of joint pseudofield
of values of matrix polynomials. Let P(\) be a matrix polynomial as
in (I2). The joint field of values of P(\) is defined as the joint field of
values of (Ag, A1,...,An); namely,

JWIPA)] =W (Ao, ..., Am)
= {(z*Apz,..., 2" Apx) 1z € S'}.

By the argument as in (22), we define the weighted e—joint pseud-

ofield of values of P(\) as:

(3.1) JWew[P(V)] = U JWI[PA(N)].
PA(N)eB(Pe,w)
Since JW. w[P(X)] is the range of the continuous function:
(x, (Ao, .., Ap)) — (" (Ao+A0)z, " (A1 + A1)z, ..., 2 (Am+Ap)x),
from the compact connected set
St x {(Agy. .., Ap) € ML IA)| € ew;, i =0,...,m},
to C™*1 we see that JW.[P()\)] is a compact and connected set in

C™*1. Also, from relations (22) and (B), we see that W w[P()\)] co-
incides with the following set:

{peC:app™+ - +ao=0,(ag,...,am) € JIW:w[P(N)]}.

Consequently, if (0,0,...,0) € JW, w[P(\)], then W, w[P(\)] = C. In
the following theorem, we characterize the joint pseudofield of values of
matrix polynomials. For this, we denote the weighted e-cell in C™*!

with center at a = (ag, a1, ..., a,) € C™! by
Ce(ag, ..., am) : = D(ag,ewp) X -+ X D(am, cwm)
={(205---y2m) : |zi —a;| <ew;,i=0,...,m}.

Theorem 3.1. Let P(\) be a matrixz polynomial as in (IB). Then
JWe w[P(N)] = W (A, ..., An) +C-(0,...,0).

Proof. Let (co,c1,...,¢m) € JWew[P(N)]. So, by (B), there exist
PA()\) = (Am + Am))\m + -+ (A1 + Al))\ + (Ao + Ao) S B(P,E,W)
and z € S! such that

(co,C1y.eyem) = (2% Agz, ... x* Apx) + (2" Aoz, . .., 2" Apx).
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Since |z*Ajz| < ||Aj]| < ew; for every j = 0,1,...,m, we see that
(cosC1y--vy0m) € W(Ag, ..., Apn) +C(0,...,0).

Conversly, let z € S' and § € Cfor j = 0,1,...,m, be such that
§;] < ew;. Then by setting A; = &;1,,, we see that Pa(\) € B(P,e,w)
and (z*Apgz+&o, x* A1z +&1, ..., 2" Apx+E&y) € JW[Pa(M)]. This shows
that W(Ao,...,Am) +C:(0,...,0) € JW.w[P()\)], and so, the proof is
complete. O

Now, we show that every interior point of JW, [P())] produces an
interior point of Wy w[P(\)].

Theorem 3.2. Let P(\) be a matriz polynomial as in (T3). If apu™ +
c~+arp+ag =0, where p € C and (ag, a1, . .., ay) € Int(JWe [P(N)]),
then p € Int(We [P(N\)]). Here, Int(S) denotes the set of all interior
points of S C C.

Proof. By hypothesis and Theorem B(i), u € W, w[P())]. Moreover,
by (B), there exist Pa(A\) € B(P,e,w) and x € S! such that a; =
z*(Aj+Aj )z for 5 =0,1,...,m, and a;y, A"+ - - +a1A+ag = 2*Pa(N)z.
So, *Pa(p)x = 0. Now, let Ay = p and Ag,..., A, be the roots of the
equation z*Pa(A)z = 0. Therefore,

T*PAN)T = am(A — p)(A = A2) -+ (A = An).
Now, if p ¢ Int(W.w[P(N)]), then there exists a sequence {ut},oq €
C\ Wew[P(N\)] such that iy — p as t — co. By setting
4t(A) + = am(A = p) (A = A2) - (A = Am)

(32) . m m—1
= A A" + bp— 14 + - 4 b1 A+ bo g,

where t € N, we see that
(33) tgnoo(bo’t’ ey bmfl,ta am) = ((I(), Ce ,am).

Since (ag, . .., am) € Int(JW, w[P(\)]), by (B33), there exists ty € N such
that for every t € N with ¢ > to, (bot,...,bm—1tam) € JWew[P(AN)].
So, by Theorem BT(:) and the fact, see (B2), that ¢:(ut) = 0, we see
that ps € Wew[P(N)] for all ¢ > ¢y, which is a contradiction. So, the
proof is complete. O

Since W[P())] is not bounded in general (see [§]), the inclusion W[P(\)] C
Wew[P(XN)] (see relation (1)) shows that Wew[P()A)] need not be a
bounded set. The following theorem is related to the boundedness of
the e-pseudofield of values of matrix polynomials.

Theorem 3.3. Let P(\) be a matriz polynomial as in (I2). Then
We w[P(XN)] is bounded if and only if 0 ¢ We,, (Am).
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Proof. At first, we assume that 0 ¢ W, (A,,), and we will show that
We w[P(A)] is bounded. Since W, (Ay,) is a compact convex set, there
exists a real number § > 0 such that D(0,0)NW.y,, (4;n) = 0. By setting
M =& +1, where N = max {r(4;) + ew; : i =0,...,m}, we will show
that:
Wl POV € € € ] < M1}

For this, let p € W, w[P(X)]. Since M > 1, it is enough to assume that
|| > 1. There exist a vector x € St and A := (Ag, Aq,...,A,,) € MH

such that ||Aj]| < ew; for j =0,...,m, and *Pa(p)x = 0. Therefore,
by the fact, see ([I), that z*(Am + Apm)z € Wy, (Am), we obtain

m—1

™ < Y [ul'N
=0
_lm -1y
lul =1

So, |u] < % + 1 = M, and hence, the result holds.

Conversly, let 0 € W, (Ap). So, by () and [8, Theorem 2.3],
one of the admissible perturbed matrix polynomials of P(\) has an un-
bounded field of values, and hence by (E2), W w[P())] is unbounded.
This completes the proof. O

The following corollary follows from Theorem BZ3 by the fact that
Wo(Apm) = W(AR).

Corollary 3.4. Let w,, = 0, and P(\) be a matriz polynomial as in
(T3). Then W, [P (N)] is bounded if and only if 0 ¢ W (Ay,).

In the following theorem, we show that W w[P(\)] for monic matrix
polynomials is contained in a circular annulus.

Theorem 3.5. Let P()\), as in (8), be a monic matriz polynomial and
cwm < 1. Then

Wew[PN)] C{zeC:r; <|z| <141},

where
max {d(0, W (Ap)) — ewp, 0}

" Tnax {d(0, W (Ap)) — ewo, 0} + max {r(A;) + ew; i =1,...,m}’

and

max {r(4;) +ew; :1=0,...,m—1}

ro 1=
1—cewpn
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Proof. Let p € Wew[P(X)]. Then, by Definition P, there exist A :=
(Ao,Al,...,Am) € Mnerl with HAJH < EWj for g =0,....m, and a
vector z € S such that 2*Pa(u)x = 0. So,

(3.4)

(I + Ap)zp™ + 2" (A1 + A1) zp™ L - 4 2% (Ag + Ag)z = 0.

Now, to prove the left inequality, since r1 < 1, it is enough to consider
the case that |u| < 1. By (B4) and using (), we see that

max {d(0, W(Ap)) — ewp, 0} < |x*(Ap + Ag)x|

<- ‘_ﬂ‘m X Z:r?axm(r(Al) + ew;).
Hence, 1 < |ul.
To prove the right inequality, it is enough to consider the case that
|u| > 1. By relations (B4) and (I0), we have:

m—1
[ ™(1 = ewm) < Y |ulfa” (Ai + Ayal
=0
m—1
< ™ =1 x  max (r(A;) + ew;).

T pl -1 " i=0,..m-1
So, || <1+ re. This completes the proof. O

4. ON PSEUDOFIELD OF VALUES OF THE COMPANION
LINEARIZATION OF MATRIX POLYNOMIALS

Consider a matrix polynomial P()\) = A, A\ 4+ Ay 1AL+ 4+ A
as in (I22) in which m > 2. The companion linearization of P(\) is
defined, e.g., see [d], as the following linear pencil L(A) of order mn:

I, 0 0 - 0
0 I, 0 --- 0
1) L= .. oA
0 0 I, 0
0O 0 - 0 A,
o I, 0 0 0
o 0 I, 0 0
1o o - 0 1, 0
o 0 0 --- 0 I,



SOME RESULTS ON THE FIELD OF VALUES OF MATRIX POLYNOMIALS 65

In the following theorem, we state the relationship between pseudofield
of values of P(\) and the pseudofield of values of its companion lin-
earization L(\).

Theorem 4.1. Let P()\), as in (I3), be a matriz polynomial with the
companion linearization L(X) as in (). Then

Wew[P(N]UA{0} € Wy [L(V)],

/ ’ /
where w = {Wo = vmmax {wo,...,wnm-1},w; = wm} )

Proof. For every p € C and x € S, we consider the following vector:

X
1 i
y= 5 = — e Ccmn.
VI p+pt 4+ gl
Mm—lx

So, we have y*y = z*x = 1. Also, for every A := (Ao, ..., A,,) € M+
we consider the following two block matrices in M, ,:

0 0 0 0 0 0
—~ 0 0 0 — 0 0 0
Ao = : : - : ) Ar=|. R :
Ay =Dy - A 00 - A,

Jj=1%7
= /m, we have | Ao|| < vmmax {|| Aol ..., [[Am_1]l} < ewyand ||A;]| =
|An] < ewp,. Moreover, we have

Therefore, by the fact that max {tl dtod ottt ER YT 12 = 1}

Mmfl
[Pt [ P2

(4.2) y Lx(m)y z" Pa(p)z,

where A = (Ag, A1). Now, let y € Wewl[P(AN)]U{0}. If =0, then by
selecting any arbitrary vector x € S' and A € M and using relation
(A7), we see that y*Lz(0)y = 0. This shows that p =0 € W__/[L(A)].
For the case 1 € W w[P()\)], there exist a vector x € S' and A € M+
such that 2*Pa(u)r = 0. So, by (E2), we have y*Lz(u)y = 0, and
hence, p € W_ (/[L(A)]. This complets the proof. O

For the remainder of this section, using Theorem B, we study pseud-
ofield of values of the companion linearization of the matrix polynomial
P(X) = \"I,, — A, where m > 2 and A € M,,. By (E-T), the companion
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linearization of P(\) is L(\) = Ay, — 114, where

o 5 0 --- 0
o 0o I, --- 0
(4'3) ]'_'[A = E E ". ". : 6 an
o o0 --- 0 I
A 0 0 0

The matrix I14, as in (B23), is called the basic A—factor block circulant
matrix. These matrices have important applications in vibration analy-
sis and differential equations. For more details, see [?] and its references.
To state the following theorem, if S C C and m is a positive integer, then
the m-th root of S is denoted by ¥/S, ie., ¥/S:={ucC:pu™c S}.

Theorem 4.2. Let A € M.,,, and Il 4 be the basic A—factor block circu-
lant matriz as in (G-3). Then

conv < m\/WE(A)> C W, m(Ila).
Proof. Consider the matrix polynomial P(A\) = \™I, — A, and so, its
companion linearization is L(\) = Al,, — I14. By setting
w={wy=1lw =wy ="+ =wy, =0} and w = {wéz\/ﬁ,w1:0},
and also using Proposition P4 and relation (IZT), we have
Wew PN ={peC:0eW"I, —A) —D(0,¢)}
={neC:pu" e W(A)+D(0,6) = We(A)}
= Y W.(A).
Also, it is clear that
We,w/ [L(A)] = We\/ﬁ(HA)
So, by Theorem B, we have
VWe(A) U{0} = Wew[P(N]U{0} € W ( [LA)] = W /e (TLa).

Since m > 2,

conv < VW (A)U {0}) = conv( Y/ W:(A)).
This completes the proof. O

The final example shows that the set equality in Theorem B2 does
not hold in general.

1 0
0 -1
let w={wp=1, w1 =0, wy =0}, andw/:{wézﬁ,w;:O}, and

Example 4.3. Let P(\) = A\2I; — A, where A = < > Moreover,
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e = 5. We know, by Proposition P4, that We w[P(A)] = | /W%(A) and
W_ ./ [L(N)] = W 5(I14). Since A is unitary, by [0, Theorem 3.3], 114
' 2
is also a unitary matrix. Hence, W 5 (II4) = conv({1 , —1, i, —i})+
2

D(0, @) By comparing W 5 (I14) and , /W1 (A) as in Figure B, we see
z 2
that these sets are not equal.

FIGURE 2. The above is W 5(I14), and the below is
2

W% (A) (Example B23).
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