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New Generalization of Darbo’s Fixed Point Theorem via
a-admissible Simulation Functions with Application

Hossein Monfared!, Mehdi Asadi? and Ali Farajzadeh*

ABSTRACT. In this paper, at first, we introduce a,,-admissible, Z,-
contraction and N,-contraction via simulation functions. We prove
some new fixed point theorems for defined class of contractions
via a-admissible simulation mappings, as well. Our results can
be viewed as extension of the corresponding results in this area.
Moreover, some examples and an application to functional integral
equations are given to support the obtained results.

1. INTRODUCTION

Schauder fixed point theorem is one of the useful and important tools
in analysis. In 1955, Darbo [6], by using the concept of a measure of non-
compactness, proved the fixed point property for known contraction on a
closed, bounded and convex subset of Banach spaces. Darbo fixed point
plays a key role in nonlinear analysis especially in proving the existence
of solutions for a lot of classes of nonlinear equations. Since then, some
generalizations of Darbo fixed point theorem have been proved, see [,
[0, 16, I8] and the references therein. Recently, Chen et al. [3] proved
some new generalizations of Darbo fixed point theorem by using the
notion of simulation function that Khojasteh et al. [4, I3] proposed it.

In this paper, we investigate the existence of fixed points of certain
mappings via «aj-admissible simulation functions for a-set contraction
on a closed, bounded and convex subset of Banach spaces.

Throughout the paper, N, Ry and R, respectively, denote the set of
all positive integers, non-negative real numbers and real numbers. Now,
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let us recall some basic concepts, notations and known results which will
be used in the sequel. Let E be a Banach space with the norm ||.|| and
¥ be the zero element in E. The closed ball centered at = with radius
r is denoted by B(z,r) and simply by B, if z = 0. If X is a nonempty
subset of E, then we denote by X and ¢o(X) the closure and closed
convex hull of X, respectively. Moreover, let Mg be the family of all
nonempty bounded subsets of E and Ng be the subfamily consisting of
all relatively compact subsets of E. In [2], Banas et al. introduced the
concept of the measure of non-compactness.

Definition 1.1. A mapping i : Mg — Ry is said to be a measure of
non-compactness in F if it satisfies the following conditions:

(1) The set kerpy = {X € Mg : u(X) = 0} is nonempty and kerpy C

(2) X CY = pu(X) < pu(Y);

(3) 1(coX) = p(X) = u(X);

(4) pAX + (1 =NY) < Au(X) 4+ (1 = Nu(Y), for all X € [0, 1];

(5) If {X,} is a sequence of closed sets of Mg such that X,,1; C X,
for n = 1,2,... and lim;,, o u(X,) = 0, then the intersection
set Xoo = N2 X, is nonempty.

The set kerp described in (1) of Definition [T is said to be kernel of
the measure of non-compactness u. It is obvious that X, belongs to
kerp.

Theorem 1.2 (Schauder fixed point Theorem). Let 2 be a nonempty,
bounded, closed and convex subset of a Banach space E, then each con-
tinuous and compact map T : 0 — Q has at least one fized point in the
set 2.

The next theorem is an extension of Schauder fixed point Theorem
2 by reducing the compactness of the mapping 7.

Theorem 1.3 ([3, Darbo fixed point theorem]). Let 2 be a nonempty,
bounded, closed and convex subset of a Banach space E and let T :
Q — Q be a continuous mapping. Assume that there exists a constant
k €0,1) such that

W(TX) < ku(X),
for any nonempty subset X of 2, where u is a measure of non-compactness
defined in E. Then, T has a fized point in the set €.

In order to present the main results, we need the following definitions
and preliminary results.

Definition 1.4 ([I2, Khan et al.]). An altering distance function is a
continuous and non-decreasing mapping ¢ : [0,00) — [0, 00) such that

v 1({0}) = {0}
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In [I5], see Definition 3.2, the authors slightly modified the definition
of simulation function which introduced by Khojasteh et al. [I3] and
enlarged the family of all simulation functions.

Definition 1.5 ([I3]). A function o : [0,00) X [0,00) — R is said to be
simulation if it fulfills:

(Jl) 0(070) =0;

(02) o(t,u) <u—t, forall t,u > 0;

(03) if {t,}, {un} are sequences in (0, c0) such that lim ¢, = lim u, >
0. then n—00 n—oo

(1.1) lim sup o (tp, un) < 0.

n—o0

Let Z be the collection of all simulation functions o : [0, 00) x [0, 00) —
R. It follows from (o2) that

(1.2) o(t,t) <0, forall ¢>0.

Definition 1.6. ([3]) A function ¢ : [0,00) x [0,00) — R is said to be
generalized simulation if:

C(t,s) <s—t, forallt,s >0

Let N denote the family of all generalized simulation functions ( :
[0,00) x [0,00) — R.

Definition 1.7 ([6, @]). Let f: X - X and a: X x X — (—o00, +00)
be mappings. We say that f is an a-admissible mapping if a(z,y) > 1
implies that o(fx, fy) > 1, for all z,y € X.

In what follows, we recall the notion of (triangular) a-orbital admis-
sible, introduced by Popescu [14], that is inspired by the authors of [I77].

Definition 1.8 ([14]). For a fixed mapping o : M x M — [0,00), we
say that a self-mapping T : M — M is an «a-orbital admissible if

alu,Tu) >1 = a(Tu, T?u) > 1.

Let A denote the collection of all a-orbital admissible T': M — M.
In addition, T is called triangular a-orbital admissible if T" is a-orbital
admissible and

afu,v) >1 and a(v,Tv)>1 = au,Tv)>1.

Let O denote the collection of all triangular a-orbital admissible T' :
M — M.
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Definition 1.9 ([3]). Let © be a nonempty, bounded, closed and convex
subset of a Banach space F and let T': {2 — €0 be a continuous operator.
We say that T is a Z,,-contraction if there exists a simulation function
& € Z such that

(1.3) §(u(TX), (X)) =0,

for any nonempty subset X of 2, where p is an arbitrary measure of
non-compactness.

Now, we observe some useful properties of Z,-contractions in Banach
spaces.

Remark 1.10 (([8]). If T is a Z,-contraction with respect to { € Z,
then

(1.4) u(TX) < p(X),

for any nonempty subset X of Q. To prove it, applying (o2) and (I=3),
we have

0 < &(u(TX), n(X)) < (X)) — w(TX).
Hence, (IA) holds. We need the following fixed point theorem in the
sequel.

Theorem 1.11 ([3]). Let Q be a nonempty, bounded, closed and convex
subset of a Banach space E and T : Q2 — Q) be a continuous operator. If
T is a Z,-contraction with respect to § € Z. Then, T' has at least one
fixed point in ) .

Definition 1.12 ([3]). Let Q be a nonempty, bounded, closed and con-
vex subset of a Banach space E and let T : Q — Q be a continuous
operator. We say that 7" is a N,-contraction if there exists ( € N such
that

(1.5) C(u(TX), k(1(X))) = 0,

for any nonempty subset X of €2, where p is an arbitrary measure of
non-compactness, and k : [0,00) — R, is nondecreasing mapping on
R such that lim,_,~ k" (t) = 0, for each ¢ > 0.

Now, some useful properties of N,-contractions in the setting of Ba-
nach spaces are presented.

Remark 1.13. (1) By the definition of generalized simulation func-
tions, it is obvious that a generalized simulation function must
verify ((r,r) <0, for all r > 0.
(2) If T is N,-contraction with respect to ¢ € N, then

(1.6) w(TX) < k(u(X)),
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for any nonempty subset X of Q. To prove it, applying Defini-
tion T2, we have

0 < E(u(TX), k(u(X))) < K(u(X)) — W(TX).
Hence, (I8) holds.

2. FIXED POINT THEOREMS VIA a-ADMISSIBLE SIMULATION
FUNCTIONS

In order to prove our fixed point theorems, we need the following
related concepts.

Definition 2.1. Let ) be a nonempty, bounded, closed and convex
subset of a Banach space FE, T : Q) — § be a continuous mapping and
a: p(Mg) x pf(Mg) — (—o0,+00) be a mapping. We say that 7" is an
ay-admissible mapping if

a(pX),u(¥Y) 21 = a(TX),u(TY)) =1,

for any nonempty subsets X and Y of €2, where p is an arbitrary measure
of non-compactness.

Definition 2.2. Let €2 be a nonempty, bounded, closed and convex
subset of a Banach space E, T' : 2 —  be a continuous and o-
admissible operator. We say that T is an ay,-admissible Z,,-contraction
if there exists £ € Z such that

(2.1) &(a(u(X), w(TX)U(TX), p(X)) > 0.

for any nonempty subsets X of €, where p is the measure of non-
compactness.

Remark 2.3. If o(z,y) = 1, then T turns into a Z,-contraction with
respect to &.

Remark 2.4. If T is an oy -admissible Z,-contraction with respect to
&, then

(22) a(pu(X), (T X)) (TX) < p(X),

for all X C Q such that p(X) > 0. To prove the assertion, we assume
that X C Q. If u(TX) =0, then

a(pu(X), l(TX))(TX) =0 < p(X).

Otherwise, u(TX) > 0. If a(u(X),u(TX)) = 0, then the inequality is
satisfied trivially. So, assume that a(u(X),(TX)) > 0, applying (o2)
with (E01), we derive that

0 < &(a(pu(X), p(TX)(TX), (X)) < pu(X) —a(u(X), l(TX)) (T X),
so (222) holds.
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Theorem 2.5. Let ) be a nonempty, bounded, closed and convexr sub-
set of a Banach space E and let T : Q — Q be a continuous opera-
tor. If T' is an ay-admissible Z,,-contraction with respect to £ € Z and
there exits Xo C ) such that Xy be closed and convex, T Xy C Xy and
a(u(Xo), (T Xg)) > 1, then T has at least one fixed point in 2.

Proof. Let X C 2 be such that a(u(Xo), u(TXp)) > 1, and T Xy C Xp.
Define the sequence {X,,} as follows:
Xp =co(TX,,—1), for all n > 1.
It follows from the induction that
X, C X, 1and TX, C X,.
Hence, the hypothesis implies
TXo C Xp.
Thus,
X = Cb(TXo) - Cb(Xo) = Xp.
Now, suppose that X,11 C X, therefore we get
Xnyo = C_O(TXn_H) - C_O(TXn) = Xn+1,
and
TXnt1 CTX, Cco(TX,) = Xpy1.
If there exists natural number ng such that u(X,,) = 0, then X, is
compact and TX,,; C X,,. Thus, Theorem 2 implies that 7" has a

fixed point. Next, we suppose that p(X,) > 0, for all n > 0. Regarding
that T is ay,-admissible, we derive

a(u(Xo), u(X1)) =

which implies that
a(p(TXo), w(TX1)) = a(p(X1), n(Xz)) = 1.

Recursively, we obtain that

(2.3) a(w(Xp), w(Xns1)) > 1, for all n > 0.
On the other hand, by our assumptions and (I3), we get
(2.4) E(a(p(Xn), m(Xnt1)) m(Xnt1), 1(Xn))

= {(a(pu(Xn), p(co(T Xn))u(co(TXn)), p(Xn))
= f(a(M(Xn), ﬂ(TXn))M(TXn)7 ,U(Xn)) > 0.
Based on Remark P4, we can get
(2.5) 0 < &(a(u(Xn), t(Xnt1))1(Xnt1), m(Xn))
< p(Xn) = a(p(Xn), (Xng1)) po(Xng1)-
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From (23), (24) and (3), we infer that
(26)  p(Xns1) < a(u(Xn), p(Xns1)i(Xnr1) < p(X0).

Hence, {u(Xy)} is a decreasing sequence of positive real numbers. Thus,
there exists r > 0, such that u(X,) — r as n — oco. Next, we show that
r = 0. Suppose to the contrary that » > 0. We also have by (Z0):

a(w(Xn), w(Xnt1))p(Xns1) = r >0 as n — oo.
Applying the axiom (o3) in Definition [C3 to the sequences:

{tn = (X)), p(Xn41)) (Xnt1)} and {s, = p(Xn)}

(which have the same limit > 0 and verify ¢,, < s, for all n), it follows
that
lim sup §(a(u(Xn), p(Xn41)) p(Xnt1), #(Xn)) = limsup §(tn, sn) <0,

n—oo n—o0

which contradicts (24). We get r = 0 and hence p(X,,) — 0 as n — oc.
Now, since {X,,} is a nested sequence, in view of (5) of Definition I, we
conclude that X, = N>2;X,, is a nonempty, closed and convex subset
of Q. Moreover, we know that X,, belongs to keru. So, X,, is compact
and invariant under the mapping 7. Consequently, Theorem 2 implies
that T has a fixed point in X,,. Since X, C 2, then the proof is
complete. O

Corollary 2.6 ([3, Theorem 2.1]). Let £ be a nonempty, bounded, closed
and convex subset of a Banach space E, and T : 2 — Q be a continuous
operator. If T' is a Z,-contraction with respect to £ € Z, then T' has at
least one fized point in €.

Proof. In Theorem A let a(x,y) = 1. O

3. FIXED POINT THEOREMS VIA a-ADMISSIBLE GENERALIZED
SIMULATION MAPPINGS

Definition 3.1. Let €2 be a nonempty, bounded, closed and convex sub-
set of a Banach space F, T : ) — Q) be a continuous and o,-admissible
mapping. We say that T is an oj-admissible N,-contraction if there
exists £ € N such that

(3.1) (a(u(X), p(TX))(TX), k(p(X))) 2 0,

for any nonempty subset X of €2, where p is an arbitrary measure of
non-compactness and  : [0, 00) — R4 is nondecreasing on Ry such that
lim,, o k"™(t) = 0, for each t > 0.

Remark 3.2. If a(x,y) = 1, then T turns into a N,-contraction with
respect to &.
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Remark 3.3. If T is an «oj-admissible IV,-contraction with respect to
&, then

(3.2) a(u(X), p(TX))u(TX) < k(u(X)),

for all X C Q such that pu(X) > 0. To prove the assertion, we assume
that X C Q. If u(TX) =0, then

a(pu(X), l(TX))(TX) = 0 < (X))

Now, we suppose that u(TX) > 0. If a(u(X),u(TX)) = 0, then the
inequality is trivially satisfied. So, assume o(u(X),u(TX)) > 0 and
apply (BT). Hence,

0 < &(a(pu(X), u(TX))W(TX), k(p(X)))
< K(u(X)) = a(pu(X), p(T X)) (T X).

So, (B2) holds.
Next, we prove the following fixed point theorem.

Theorem 3.4. Let €2 be a nonempty, bounded, closed and convex sub-
set of a Banach space E and T : Q0 — € be a continuous operator.
If T is an oy-admissible N,-contraction with respect to £ € Z and
there exits Xo C € such that Xg be closed and conver, TXy C Xy
and a(pu(Xo), w(T'Xo)) > 1, then T has at least one fized point in Q.

Proof. Let Xy C € be such that a(u(Xo), u(TXp)) > 1 and T Xy C X,
then define a sequence {X,,} as follows:
X, =co(TX,,—1), for all n > 1.
If there exists natural number ng such that u(X,,) = 0, then X, is
compact. Since T'X,,, C X,,,, thus Theorem 2 implies that 7" has a
fixed point. Next, we suppose that u(X,) > 0, for all n > 0.
Regarding that T is ay,-admissible, we derive

a(p(Xo), u(X1)) = a(u(Xo), p(co(T Xo)))

= a(u(Xo), (T Xo)) > 1,

which implies that

a(pu(TXo), w(TX1)) = a(p(X1), u(X2)) = 1
Recursively, we obtain that
(3.3) al(w(Xn), W(Xp+1)) > 1, foralln=0,1,....
On the other hand, by our assumptions and (IH), we get

34)  &la(u(Xn), p(Xnt1))(Xns1), £(1(Xn)))
= &(a(p(Xn), p(co(TXn)))p(co(T Xn)), £(1(Xn)))
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= §(a(pu(Xn), (T X)) (T Xn), 5(1(Xn))) = 0.

Based on Remark B33, we can get

(3.5) 0 < &(a(pu(Xn), t(Xnt1)) (Xn1), £(1(X7)))
< K((Xn)) — a(p(Xn), p(Xnt1))u(Xny1)-

From (B3), (84) and (83), we infer that
(3.6)
i(Xns1) < a(u(Xa), (X)) i(Xnsn) < 6((X,), for all n € N,

Since & : [0,00) — R4 is nondecreasing, we can get

B.7)  p(Xn1) < s((Xn)) < R(R(P(Xn-1))) < - < " (1(Xo))-
In (B72), letting n — oo, we deduce

Jim pu(Xp41) = 0.

Since {X,} is a nested sequence, in view of (5) of Definition I, we
conclude that X, = N> X,, is a nonempty, closed and convex subset
of Q. Moreover, we know that X,, belongs to keru. So, X, is compact
and invariant under the mapping 7". Consequently, Theorem 2 implies
that T has a fixed point in X,. Since X, C 2, then the proof is
complete.

O

Corollary 3.5 ([3, Theorem 3.1]). Let 2 be a nonempty, bounded, closed
and convex subset of a Banach space E and T : Q — Q be a continuous
operator. If T' is a N-contraction with respect to § € Z, then T' has at
least one fized point in €.

Proof. In Theorem B4, take a(z,y) = 1. O
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