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Bornological Completion of Locally Convex Cones

Davood Ayaseh1∗ and Asghar Ranjbari2

Abstract. In this paper, firstly, we obtain some new results about
bornological convergence in locally convex cones (which was studied
in [1]) and then we introduce the concept of bornological completion
for locally convex cones. Also, we prove that the completion of a
bornological locally convex cone is bornological. We illustrate the
main result by an example.

1. Introduction

A nonempty set P endowed with an addition and a scalar multiplica-
tion for nonnegative real numbers is called a cone whenever the addition
is associative and commutative, there is a neutral element 0 ∈ P and for
the scalar multiplication the usual associative and distributive properties
hold. Therefore, α(βa) = (αβ)a, (α+β)a = αa+βa, α(a+b) = αa+αb,
1a = a and 0a = 0 for all a, b ∈ P and α, β ≥ 0.

The theory of locally convex cones as developed in [6] and [8], uses an
order theoretical concept or a convex quasiuniform structure to intro-
duce a topological structure on a cone. In this paper we use the latter.
For recent researches see [4, 5].

A collection U of convex subsets U ⊆ P2 = P × P is called a convex
quasiuniform structure on P, if the following properties hold:

(U1) ∆ ⊆ U for every U ∈ U ( ∆ = {(a, a) : a ∈ P});
(U2) for all U, V ∈ U there is a W ∈ U such that W ⊆ U ∩ V ;
(U3) λU ◦ µU ⊆ (λ+ µ)U for all U ∈ U and λ, µ > 0;
(U4) αU ∈ U for all U ∈ U and α > 0.
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Here, for U, V ⊆ P2, by U ◦ V we mean the set of all (a, b) ∈ P2 such
that there exists c ∈ P with (a, c) ∈ U and (c, b) ∈ V .

Let P be a cone and U be a convex quasiuniform structure on P. We
shall say (P,U) is a locally convex cone if

(U5) for each a ∈ P and U ∈ U there is some ρ > 0 such that
(0, a) ∈ ρU .

With every convex quasiuniform structure U on P we associate two
topologies: The neighborhood bases for an element a in the upper and
lower topologies are given by the sets

U(a) = {b ∈ P : (b, a) ∈ U}, resp. (a)U = {b ∈ P : (a, b) ∈ U}, U ∈ U.

The common refinement of the upper and lower topologies is called sym-
metric topology. A neighborhood base for a ∈ P in this topology is given
by the sets

U(a)U = U(a) ∩ (a)U, U ∈ U.

Let U and W be convex quasiuniform structures on P. We say that
U is finer than W if for every W ∈ W there is U ∈ U such that U ⊆ W .

Let P be a cone. A subset B of P2 is called uniformly convex whenever
it has the properties (U1) and (U3). For F ⊆ P2, uch(F ) is the smallest
uniformly convex subset of P2 which contains F . The locally convex
cone (P,U) is called a uc-cone whenever U = {αU : α > 0} for some
U ∈ U (see [2]).

The extended real number system R = R ∪ {+∞} is a cone endowed
with the usual algebraic operations, in particular a + (+∞) = +∞ for
all a ∈ R, α · (+∞) = +∞ for all α > 0 and 0 · (+∞) = 0. We set
V = {ε̃ : ε > 0}, where

ε̃ =
{
(a, b) ∈ R2

: a ≤ b+ ε
}
.

Then Ṽ is a convex quasiuniform structure on R and (R, Ṽ) is a locally
convex cone.

For cones P and Q, a mapping T : P → Q is called a linear operator
if T (a+ b) = T (a) + T (b) and T (αa) = αT (a) hold for all a, b ∈ P and
α ≥ 0. If both (P,U) and (Q,W) are locally convex cones, the linear
operator T is called (uniformly) continuous if for every W ∈ W one can
find U ∈ U such that (T × T )(U) ⊆ W .

A linear functional on P is a linear operator µ : P → R. We denote
the set of all linear functional on P by L(P) (the algebraic dual of P).
For a subset F of P2 we define polar F ◦ as follows

F ◦ = {µ ∈ L(P) : µ(a) ≤ µ(b) + 1, ∀(a, b) ∈ F} .
Clearly ({(0, 0)})◦ = L(P). A linear functional µ on (P,U) is (uniformly)
continuous if µ ∈ U◦ for some U ∈ U. The dual cone P∗ of a locally
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convex cone (P,U) consists of all continuous linear functionals on P and
is the union of all polars U◦ of neighborhoods U ∈ U.

We shall say that the locally convex cone (P,U) has the strict sepa-
ration property if the following holds:

(SP ) For all a, b ∈ P and U ∈ U such that (a, b) /∈ ρU for some
ρ > 1, there is a linear functional µ ∈ U◦ such that µ(a) > µ(b) + 1
([6], II, 2.12).

Also, we shall say that the subset V of P2 has the property (CP ) if the
following holds:

(CP ) if (a, b) /∈ V , then there is µ ∈ P∗ such that µ(a) > µ(b) + 1
and µ(c) ≤ µ(d) + 1 for all (c, d) ∈ V .

Suppose that (P,U) is a locally convex cone. We shall say that F ⊆ P2

is u-bounded (uniformly bounded) if it is absorbed by each U ∈ U. A
subset A of P is called bounded above (below) whenever A × {0}(res.
{0} ×A) is u-bounded (see [2]).

In locally convex cone (P,U) the closure of a ∈ P was defined to be
the set

a =
∩
U∈U

U(a),

(see [6], chapter I). The locally convex cone (P,U) is called separated if
a = b implies a = b for a, b ∈ P. It was proved in [6] that a locally convex
cone is separated if and only if its symmetric topology is Hausdorff.

In [6], a dual pair is defined as follows.
A dual pair (P,Q) consists of two cones P and Q with a bilinear

mapping

(a, x) →< a, x >: P ×Q → R.
If (P,Q) is a dual pair, then every x ∈ Q is a linear mapping on

P. We denote the coarsest convex quasiuniform structure on P that
makes all x ∈ Q continuous by Uσ(P,Q). In fact (P,Uσ(P,Q)) is the

projective limit of (R, Ṽ) by x ∈ Q as linear mappings on P (projective
limits of locally convex cones were defined in [7]).

Let (P,Q) be a dual pair. We shall say that a subset B of P is
Uσ(P,Q)-bounded below whenever it is bounded below in locally convex
cone (P,Uσ(P,Q)). Let B be a collection of Uσ(P,Q)-bounded below
subsets of P such that

(a) αB ∈ B for all B ∈ B and α > 0,
(b) For all X,Y ∈ B there is Z ∈ B such that X ∪ Y ⊂ Z.
(c) P is spanned by

∪
B∈BB.

For B ∈ B we set

UB =
{
(x, y) ∈ Q2 :< b, x >≤< b, y > +1, for all b ∈ B

}
,
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and UB(Q,P) = {UB : B ∈ B}. It is proved in [6], page 37, that
UB(Q,P) is a convex quasiuniform structure on Q and (Q,UB(Q,P)) is
a locally convex cone.

2. Bornological Completion

Bornological locally convex cones studied in [2]. Suppose that (P,U)
and (Q,W) are locally convex cones and T : P → Q is a linear operator.
We shall say T is u-bounded if (T × T )(F ) is u-bounded in Q2 for every
u-bounded subset F of P2. We shall say (P,U) is a bornological cone
if every u-bounded linear operator from (P,U) into any locally convex
cone is continuous (see [2]).

Let P be a cone and U be a uniformly convex subset of P. We
set PU = {a ∈ P : ∃λ > 0, (0, a) ∈ λU} and UU = {α(U ∩ P2

B) :
α > 0}. Then (PU ,UU ) is a locally convex cone (a uc-cone). In [2],
it is shown that there is the finest convex quasiuniform structure Uτ on
locally convex cone (P,U) such that P2 has the same u-bounded subsets
under U and Uτ . The locally convex cone (P,Uτ ) is the inductive limit
of the uc-cones (PU ,UU )U∈B, where B is the collection of all uniformly
convex u-bounded subsets of P2 (the inductive limit of locally convex
cones were defined in [7]). If (P,U) is bornological, then U and Uτ are
equivalent.

A net (xi)i∈I in (P,U) is called upper (lower) Cauchy if for every
U ∈ U there is some γU ∈ I such that (xα, xβ) ∈ U (respectively,
(xβ, xα) ∈ U) for all α, β ∈ I with β ≥ α ≥ γU . Also (xi)i∈I is called
symmetric Cauchy if for each U ∈ U there is some γU ∈ I such that
(xβ, xα) ∈ U for all α, β ∈ I with β, α ≥ γU .

The concept of bornological convergence studied in [1]. We review
some definitions from [1]. Let (P,U) be a locally convex cone. We
shall say that the net (xi)i∈I is upper (lower or symmetric) bornological
Cauchy whenever there is a u-bounded uniformly convex subset U of P2

such that (xi)i∈I is upper (lower or symmetric) Cauchy in the uc-cone
(PU ,UU ). Similarly, we shall say that the net (xi)i∈I is upper (lower
or symmetric) bornological convergent whenever there is a u-bounded
uniformly convex subset U of P2 such that (xi)i∈I is upper (lower or
symmetric) convergent in the uc-cone (PU ,UU ). We shall say that the lo-
cally convex cone (P,U) is upper (lower or symmetric) bornological com-
plete whenever every upper (lower or symmetric) bornological Cauchy
sequence is upper (lower or symmetric) bornological convergent. In [1],
we proved that every upper (lower or symmetric) complete locally con-
vex cone with (SP ) is upper (lower or symmetric) bornological com-
plete. Note that one can apply sequences instead of nets in the studding
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of bornological convergence (see [1]). In the following, we work with
sequences instead of nets.

Let (P,U) be a locally convex cone and A ⊆ P. We denote the closures
of A ⊆ P, with respect to the upper, lower and symmetric topologies by

A
u
, A

l
and A

s
, respectively. For a sequence (xn)n∈N in (P,U) and x ∈ P

we write xn
ub−→ x, xn

lb−→ x or xn
sb−→ x whenever (xn)n∈N is upper, lower

or symmetric bornological convergent to x.

Definition 2.1. Let (P,U) be a locally convex cone. For A ⊆ P, we set

A
ub

=
{
a ∈ P : ∃(an)n∈N ⊆ A s. t. an

ub−→ a
}
,

A
lb
=

{
a ∈ P : ∃(an)n∈N ⊆ A s. t. an

lb−→ a
}
,

A
sb

=
{
a ∈ P : ∃(an)n∈N ⊆ A s. t. an

sb−→ a
}
,

and we call them upper, lower and symmetric bornological closure of A,
respectively.

Definition 2.2. Let (P,U) be a locally convex cone and A ⊆ P. The
set A is called upper, lower or symmetric bornological closed whenever

A
ub

= A, A
lb
= A or A

sb
= A, respectively.

IfM is a subcone of P, then the upper, lower and symmetric bornolog-
ical closure of M is also a subcone of P, since the algebraic operations of
P is continuous with respect to bornological convergence (see [1], Lemma
2.8).

Proposition 2.3. Let (P,U) be an upper (a lower or a symmetric)
bornological complete locally convex cone and M be an upper (a lower
or a symmetric) bornological closed subcone of P. Then M is an upper
(a lower or a symmetric) bornological complete subcone of P.

Proof. Let (an)n∈N be an upper (a lower or a symmetric) bornological
Cauchy sequence in M . Then (an)n∈N is upper (lower or symmetric)
bornological Cauchy in (P,U). Since (P,U) is upper (lower or symmet-
ric) bornological complete, there is a ∈ P such that (an)n∈N is upper
(lower or symmetric) bornological convergent to a. Now, we have a ∈ M ,
since M is upper (lower or symmetric) bornological closed. □

Proposition 2.4. Let (P,U) be a locally convex cone. For A,B ⊆ P
and α > 0 the following statements hold:

(a) A
ub ⊆ A

u
, A

lb ⊆ A
l
and A

sb ⊆ A
s
,

(b) A
sb ⊆ A

ub∩
A

lb
,

(c) αA
ub

= αA
ub
, αA

lb
= αA

lb
and αA

sb
= αA

sb
,
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(d) A
ub

+ B
ub ⊆ A+B

ub
, A

lb
+ B

lb ⊆ A+B
lb

and A
sb

+ B
sb ⊆

A+B
sb
.

Proof. For (a), let a ∈ A
ub
. Then there is a sequence (an)n∈N, which

is upper bornological convergent to a. Since every upper bornological
convergent is upper convergent (see [1]), we conclude that (an)n∈N is

convergent to a. This implies that a ∈ A
u
. The other statements are

proved in a similar way.

For (b), let a ∈ A
sb
. Then there is a sequence (an)n∈N, which is

symmetric bornological convergent to a. This means that there is a uni-
formly convex u-bounded subset U of P2 such that (an)n∈N is symmetric
convergent to a in the uc-cone (PU ,UU ). Since the symmetric topology
of (PU ,UU ) is finer than the upper and lower topologies, we conclude
that (an)n∈N is upper and lower convergent to a in (PU ,UU ). There-
fore (an)n∈N is upper and lower bornological convergent to a. Then

a ∈ A
ub∩

A
lb
.

For (c), let a ∈ αA
ub
. Then there is a sequence (an)n∈N in A such

that (αan)n∈N is upper bornological convergent to a. This shows that

(an)n∈N is upper bornological convergent to
1

α
a. Therefore,

1

α
a ∈ A

ub
.

In the other words a ∈ αA
ub
. The converse inclusion and the other

statements are proved similarly.
Since the algebraic operations of a cone are continuous with respect

to bornological convergence, all statements of (d) are true. □

Corollary 2.5. In a locally convex cone every upper (lower or symmet-
ric) closed subset is upper (lower or symmetric) bornological closed.

We know that the symmetric bornological convergence implies the
symmetric convergence, but the converse is not true in general (see [2]).
In the following proposition we find a condition under which the sym-
metric convergence concludes the symmetric bornological convergence.

Proposition 2.6. Let (P,U) be a separated locally convex cone such that
for each symmetric compact subset K of P there is a u-bounded subset
B of P2 such that K is symmetric compact in (PB,UB). Then the
symmetric convergence implies the symmetric bornological convergence.

Proof. Suppose (xn)n∈N is convergent to x with respect to the sym-
metric topology of (P,U). Then the set A = {xn : n ∈ N} ∪ {x} is
symmetric compact in (P,U) and by the assumption it is compact in
the symmetric topology of (PB,UB) for some u-bounded subset B of
P2. Since the inclusion mapping I : PB 7→ P is continuous with respect
to the symmetric topologies of PB and P then the symmetric topologies
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of PB and P coincide on A (in fact each continuous one to one map-
ping from a compact space into a Hausdorff space is a homeomorphism).
Then we conclude that (xn)n∈N is convergent to x with respect to the
symmetric topology of (PB,UB). This shows that (xn)n∈N is symmetric
bornological convergent to x. □

Corollary 2.7. Let (P,U) be a separated locally convex cone such that
for each symmetric compact subset K of P there is a u-bounded subset
B of P2 such that K is symmetric compact in (PB,UB). Then for each

subset A ⊆ P, we have A
s
= A

sb
by Propositions 2.4 and 2.6.

Example 2.8. Consider the locally convex cone (R, Ṽ), and let c0 be the
cone of all sequences in R which are symmetric convergent to 0. We set
P =

∏
c0
R. We consider on P the projective limit convex quasiuniform

structure and denote it by U. Define xn ∈ P by (xn)µ := µ(n) = µn,
where n ∈ N and µ ∈ c0. Then (xn)n∈N is symmetric convergent to 0 in
(P,U), because this is true for each component. The sequence (xn)n∈N
is not symmetric bornological convergent to 0, otherwise, by Proposi-
tion 2.4 from [1], there exist a u-bounded uniformly convex subset B
of P2 and a sequence (λn)n∈N of positive reals converging to infinity
such that (λnxn, 0) ∈ B and (0, λnxn) ∈ B for all n ∈ N. We project

the first relation on the component µ =
(

1√
λn

)
n∈N

. Then we have

(λn · 1√
λn

, 0) ∈ (Pµ × Pµ)(B), where Pµ is the component mapping.

Then (
√
λn, 0) ∈ (Pµ × Pµ)(B) for all n ∈ N. This is a contradiction,

since (Pµ × Pµ)(B) is u-bounded in (R, Ṽ). Then (xn) is not symmetric
bornological convergent to 0.

In fact in the above example, the subset K = {xn : n ∈ N} ∪ {0}
of P is symmetric compact in (P,U), but it is not symmetric compact
in any (PB,UB). This shows that the conditions of Proposition 2.6 is
necessary.

The concept of completion for locally convex cones has been estab-
lished in [3]. For a locally convex cone (P,U) with (SP ), the comple-

tion P̂ of P, is the subcone
∩

U∈U(P + ({0} × U◦)◦) of L(P∗) endowed

with the convex convex quasiuniform structure Û = UB(P̂,P∗), where
B = {U◦ : U ∈ U}. For details see [3].

Lemma 2.9. The completion of a uc-cone with (SP ) is a uc-cone.

Proof. Let (P,U) be a uc-cone with (SP ) and U = {αU : α > 0}.
As mentioned above, the completion (P̂, Û) of (P,U) is the subcone∩

U∈U(P + ({0} ×U◦)◦) of L(P∗) endowed with the convex convex qua-

siuniform structure UB(P̂,P∗), where B = {U◦ : U ∈ U}. We have
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UB(P̂,P∗) = {αUU◦ : α > 0}, since U(αU)◦ = U 1
α
U◦ = αUU◦ . This

shows that the convex quasiuniform structure Û = UB(P̂,P∗) is created

by UU◦ . Therefore (P̂, Û) is a uc-cone. □

Proposition 2.10 ([3, Proposition 2.12]). Let (P,U) and (Q,W) be
locally convex cones with (SP ) and T : (P,U) → (Q,W) be a continuous

linear mapping. Then T has an extension T̂ which is a continuous linear
mapping of (P̂, Û) into (Q̂, Ŵ).

Theorem 2.11. The completion of a bornological locally convex cone
with (SP ) is bornological.

Proof. Let (P,U) be a bornological locally convex cone with (SP ). Then
(P,U) is the inductive limit of uc-cones (PB,UB)B∈B, where B is the
collection of all uniformly convex u-bounded subsets of (P,U) which

have (CP ). For every B ∈ B, (PB,UB) is a uc-cone. Therefore (P̂B, ÛB)
is a uc-cone by Lemma 2.9 and then it is bornological (see [2]). We
know that the locally convex cone (P,U) is the inductive limit of uc-
cones (PB,UB)B∈B by the inclusion mappings IB : PB → P. By the

Proposition 2.10, IB has the extension ÎB : P̂B → P̂. Now it is enough
to show that (P̂, Û) is the inductive limit of uc-cones (P̂B, ÛB)B∈B by

the mappings ÎB : P̂B → P̂, B ∈ B. For every B ∈ B, ÎB is continuous
by the Proposition 2.10. Let W be an arbitrary convex quasiuniform
structure on P̂, that makes all ÎB continuous. We show that Û is finer
than W. Let W ∈ W. For every B ∈ B, there is αB > 0 such that
(ÎB × ÎB)(αBUU◦

B
) = αBUU◦

B
⊆ W . We set V = uch(

∪
B∈B αBUU◦

B
).

Then we have V ⊆ W and V ∈ Û. Then (P̂, Û) is the inductive limit of

uc-cones (P̂B,UB)B∈B and then it is bornological. □

In the following we suppose (P,U) is a locally convex cone with (SP )

such that its bornologification (P,Uτ ) has (SP ). Let (P̂τ , Ûτ ) be the
completion of P under the convex quasiuniform structure Uτ . Since
for each locally convex cone (P,U) the locally convex cone (P,Uτ ) is

bornological, Theorem 2.11, shows that (P̂τ , Ûτ ) is a bornological locally
convex cone. Now, we prove the main result of this paper.

Theorem 2.12. For any locally convex cone (P,U) with (SP ) there

exists a unique upper bornological complete locally convex cone (P̃, Ũ)
with the following properties:

(a) P is upper bornological dense in P̃,
(b) Every u-bounded linear mapping T from (P,U) into an up-

per bornological complete locally convex cone (Q,W) has a u-

bounded linear extension T̃ : P̃ → Q.



BORNOLOGICAL COMPLETION OF LOCALLY CONVEX CONES 181

Proof. Let (P,U) be a locally convex cone with (SP ). Then the com-

pletion (P̂τ , Ûτ ) of (P,Uτ ) is an upper complete locally convex cone.

Then it is upper bornological complete. We set P̃ = Pub
(the upper

bornological closure of P in P̂τ ) and Ũ = {V ∩ P̃2 : V ∈ Ûτ}. Then

(P̃, Ũ) is an upper complete locally convex cone with (SP ) by Proposi-

tion 2.3. Also P is upper bornological dense in P̃ by the definition of

P̃. For the uniqueness of (P̃, Ũ), we note that the completion (P̂τ , Ûτ )
of (P,Uτ ) is unique by the Proposition 2.14 from [3]. It is easy to

see that if (P,U) is upper bornological complete, then (P̃, Ũ) = (P,U).
Now, let T : (P,U) → (Q,W) be a u-bounded linear mapping, then
T : (P,Uτ ) → (Q,Wτ ) is u-bounded too, since P2 has the same u-
bounded subsets under U and Uτ . Then T is continuous, since (P,Uτ )
is bornological. By Proposition 2.10, T has the continuous extension

T̂ : (P̂τ , Ûτ ) → (Q̂τ , Ŵτ ). Since (Q,W) is upper bornological complete,

we have (Q̂τ , Ŵτ ) = (Q,W). Now, we suppose T̃ is the restriction of T̂

on P̃. Then it is u-bounded, since it is continuous. □
Definition 2.13. Let (P,U) be a locally convex cone with (SP ). We call

(P̃, Ũ) constructed in the above theorem, the bornological completion of
(P,U).

Proposition 2.14. Let (P,U) be a locally convex cone with (SP ). Then

the locally convex cone (P̃, Ũ) is symmetric bornological complete.

Proof. By the definition, (P̃, Ũ) is upper bornological complete. Also,

we have Pub
sb

⊆ Pub
ub

⊆ Pub
by Proposition 2.4. Then P̃ = Pub

is
symmetric bornological closed. Now, Proposition 2.3 shows that (P̃, Ũ)
is symmetric bornological complete. □
Corollary 2.15. Let (P,U) be a locally convex cone with (SP ). Then

P ⊆ P̃ ⊆ P̂τ .

Example 2.16. Let X be a countable set and (P,U) be a locally convex
cone with (SP ) and B be a collection of subsets of X such that (X,B)
is a bornological space. We say that the function f : X → P is bounded
below whenever f(B) is bounded below in P for each B ∈ B. This
means that for every B ∈ B and U ∈ U there is λ > 0 such that
{0} × f(B) ⊆ λU for all B ∈ B. We suppose l∞(X,P) is the cone of
all functions f : X → P, which are bounded below on each B ∈ B. For
B ∈ B and U ∈ U, we set

VB,U = {(f, g) : f, g ∈ l∞(X,P), (f(b), g(b)) ∈ U,∀b ∈ B},
and VB,U = {VB,U : B ∈ B, U ∈ U}. Then VB,U is a convex quasiuniform
structure on l∞(X,P) and (l∞(X,P),VB,U) is a locally convex cone.
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For each continuous linear functional µ on P and x ∈ X, the function
µx : l∞(X,P) → R acting as µx(f) = µ(f(x)) is a continuous linear
functional on l∞(X,P). The linearity of µx is clear. We prove that it is
continuous. There is B ∈ B and U ∈ U such that x ∈ B and µ ∈ U◦.
We claim that µx ∈ (VB,U )

◦. If (f, g) ∈ VB,U , then (f(x), g(x)) ∈ U .
Now, since µ ∈ U◦, we have µ(f(x)) ≤ µ(g(x)) + 1. Then µx(f) ≤
µx(g) + 1. Also the locally convex cone (l∞(X,P),VB,U) has (SP ).
Indeed, if (f, g) /∈ ρVB,U for some ρ > 1, B ∈ B and U ∈ U, then there
is b ∈ B such that (f(b), g(b)) /∈ ρU . Since (P,U) has (SP ), there is
µ ∈ P∗ such that µ(f(b) > µ(g(b))+1. This shows that µb(f) > µb(g)+1.

Let (P,U) be a uc-cone and Cc(X,P) be the cone of all f ∈ l∞(X,P)
such that the support of f i.e. the set {x ∈ X : f(x) ̸= 0} is finite. Also
we suppose U = {εU : ε > 0}. For each B ∈ B we define

C◦(B,P) = {f ∈ l∞(B,P) : ∀ε > 0, {x ∈ B : f(x) /∈ (0)(εU)} is finite}.
We set

C◦(X,P) =
∩
B∈B

I−1
B (C◦(B,P)),

where IB : l∞(X,P) → l∞(B,P) is the restriction map. We claim that
C◦(X,P) is the bornological completion of Cc(X,P). We prove that

C◦(X,P) = Cc(X,P)
ub
. Let f ∈ C◦(X,P) and supp(f) = {x1, x2, . . .}.

Then for each B ∈ B, IB(f) ∈ C◦(B,P). This shows that for each
B ∈ B and n ∈ N, En = {x ∈ X : f(x) /∈ (0)( 1nU)} is finite. Also, since

U ⊇ 1

2
U ⊇ 1

3
U ⊇ · · · , we have En ⊆ En+1 for each n ∈ N. Now, we set

fn := f.χEn . Since En is finite, the support of fn is finite. This shows
that fn ∈ Cc(X,P) for each n ∈ N. We claim that {(nfn, nf) : n ∈ N}
is u-bounded in (l∞(X,P),VB,U). Let U ∈ U, B ∈ B and b ∈ B. For
n ∈ N, if b ∈ En, then (nfn(b), nf(b)) = (nf(b), nf(b)) ∈ △ ⊆ U . If for
n ∈ N, b /∈ En, then (nfn(b), nf(b)) = (0, nf(b)) ∈ U by the definition
of En. Then for each b ∈ B, (nfn(b), nf(b)) ∈ U . This shows that
(nfn, nf) ∈ VB,U for all n ∈ N. Therefore {(nfn, nf) : n ∈ N} is u-
bounded. We set M = uch({(nfn, nf) : n ∈ N}

∪
{(0, f)}). Then M is

a uniformly convex u-bounded subset of (l∞(X,P))2. We have (fn, f) ∈
1

n
M for each n ∈ N. This shows that (fn)n∈N is upper convergent to

f in the uc-cone ((l∞(X,P))M , (VB,U)M ). Therefore (fn)n∈N is upper
bornological-convergent to f .
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