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Bornological Completion of Locally Convex Cones

Davood Ayaseh'* and Asghar Ranjbari®

ABSTRACT. In this paper, firstly, we obtain some new results about
bornological convergence in locally convex cones (which was studied
in [0]) and then we introduce the concept of bornological completion
for locally convex cones. Also, we prove that the completion of a
bornological locally convex cone is bornological. We illustrate the
main result by an example.

1. INTRODUCTION

A nonempty set P endowed with an addition and a scalar multiplica-
tion for nonnegative real numbers is called a cone whenever the addition
is associative and commutative, there is a neutral element 0 € P and for
the scalar multiplication the usual associative and distributive properties
hold. Therefore, a(fa) = (af)a, (a+F)a = aa+Pa, a(a+b) = aa+ab,
la = a and 0a = 0 for all a,b € P and «, 3 > 0.

The theory of locally convex cones as developed in [6] and [8], uses an
order theoretical concept or a convex quasiuniform structure to intro-
duce a topological structure on a cone. In this paper we use the latter.
For recent researches see [@, G].

A collection 4 of convex subsets U C P2 = P x P is called a convex
quasiuniform structure on P, if the following properties hold:

(Uy) ACU forevery U e i (A ={(a,a):acP});

(Uy) for all U,V € U there is a W € U such that W C U NV;
(U3) N\UopuU C (A+ p)U for all U € U and A, > 0;

(Uy) aU € 4 for all U € U and « > 0.
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Here, for U,V C P2, by U oV we mean the set of all (a,b) € P? such
that there exists ¢ € P with (a,c) € U and (¢,b) € V.

Let P be a cone and 4 be a convex quasiuniform structure on P. We
shall say (P,4) is a locally convex cone if

(Us) for each a € P and U € U there is some p > 0 such that
(0,a) € pU.
With every convex quasiuniform structure 4 on P we associate two
topologies: The neighborhood bases for an element a in the upper and
lower topologies are given by the sets

U(a)={beP:(ba) e U}, resp. (a)U ={be P:(a,b) €U}, U €l

The common refinement of the upper and lower topologies is called sym-
metric topology. A neighborhood base for a € P in this topology is given
by the sets

U(a)U =U(a)N(a)U, U €l

Let 4 and W be convex quasiuniform structures on P. We say that
31 is finer than W if for every W € W there is U € U such that U C W.

Let P be a cone. A subset B of P? is called uniformly convex whenever
it has the properties (U;) and (Uz). For F C P?, uch(F) is the smallest
uniformly convex subset of P? which contains . The locally convex
cone (P,4) is called a uc-cone whenever 4 = {aU : a > 0} for some
U e U (see [2]).

The extended real number system R = R U {400} is a cone endowed
with the usual algebraic operations, in particular a + (+00) = 400 for
all a € R, a - (+00) = +oo for all @ > 0 and 0 - (+00) = 0. We set
V = {&:e > 0}, where

€=14(a,b E@Q:agb—l—s .
GR j

Then V is a convex quasiuniform structure on R and (R, V) is a locally
convex cone.

For cones P and Q, a mapping T : P — Q is called a linear operator
if T(a+b)=T(a)+ T(b) and T(aa) = aT'(a) hold for all a,b € P and
a > 0. If both (P,4) and (Q, W) are locally convex cones, the linear
operator T is called (uniformly) continuous if for every W € W one can
find U € 4 such that (T'x T)(U) C W.

A linear functional on P is a linear operator i : P — R. We denote
the set of all linear functional on P by L(P) (the algebraic dual of P).
For a subset F of P? we define polar F° as follows

F° = {3 € L(P) : ula) < u(b) + 1, ¥(a,) € F}.
Clearly ({(0,0)})° = L(P). A linear functional p on (P, 4l) is (uniformly)
continuous if y € U° for some U € Y. The dual cone P* of a locally
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convex cone (P, $1) consists of all continuous linear functionals on P and
is the union of all polars U° of neighborhoods U € 1.

We shall say that the locally convex cone (P,4l) has the strict sepa-
ration property if the following holds:

(SP) For all a,b € P and U € 4 such that (a,b) ¢ pU for some
p > 1, there is a linear functional u € U® such that p(a) > u(b) + 1
([6], IL, 2.12).
Also, we shall say that the subset V of P? has the property (CP) if the
following holds:
(CP) if (a,b) ¢ V, then there is p € P* such that p(a) > pu(b) +1
and p(c) < p(d) + 1 for all (¢,d) € V.

Suppose that (P, ) is a locally convex cone. We shall say that F' C P?
is u-bounded (uniformly bounded) if it is absorbed by each U € 4. A
subset A of P is called bounded above (below) whenever A x {0}(res.
{0} x A) is u-bounded (see [2]).

In locally convex cone (P,4l) the closure of a € P was defined to be
the set

a= () Ula),

(see [B], chapter I). The locally convex cone (P,{l) is called separated if
@ = bimplies a = b for a,b € P. It was proved in [6] that a locally convex
cone is separated if and only if its symmetric topology is Hausdorff.

In [6], a dual pair is defined as follows.

A dual pair (P, Q) consists of two cones P and Q with a bilinear
mapping

(a,7) =< a,x>:PxQ—R.

If (P,Q) is a dual pair, then every x € Q is a linear mapping on
P. We denote the coarsest convex quasiuniform structure on P that
makes all € Q continuous by U, (P, Q). In fact (P,Us(P,Q)) is the
projective limit of (R, f/) by x € Q as linear mappings on P (projective
limits of locally convex cones were defined in []).

Let (P,Q) be a dual pair. We shall say that a subset B of P is
i, (P, Q)-bounded below whenever it is bounded below in locally convex
cone (P,U,(P,Q)). Let B be a collection of i, (P, Q)-bounded below
subsets of P such that

(a) aB € B for all B € B and o > 0,
(b) For all X,Y € B there is Z € B such that X UY C Z.
(c) P is spanned by (Jgcp B-

For B € ‘B we set
Up = {(w,y) € Q% :<bx><<by>+1, forallbe B},
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and Up(Q,P) = {Up : B € B}. It is proved in [6], page 37, that
Uy (Q, P) is a convex quasiuniform structure on Q and (Q, Uy (Q,P)) is
a locally convex cone.

2. BORNOLOGICAL COMPLETION

Bornological locally convex cones studied in [2]. Suppose that (P, L)
and (Q, W) are locally convex cones and T : P — Q is a linear operator.
We shall say T is u-bounded if (T x T)(F) is u-bounded in Q? for every
u-bounded subset F of P2. We shall say (P,4) is a bornological cone
if every u-bounded linear operator from (P,4l) into any locally convex
cone is continuous (see [2]).

Let P be a cone and U be a uniformly convex subset of P. We
set Py = {a € P:3X\>0, (0,a) € \U} and Uy = {a(UNPE) :
a > 0}. Then (Py,iy) is a locally convex cone (a uc-cone). In [2],
it is shown that there is the finest convex quasiuniform structure i, on
locally convex cone (P, ) such that P? has the same u-bounded subsets
under Y and .. The locally convex cone (P,4l;) is the inductive limit
of the uc-cones (Py, U )ves, where 9B is the collection of all uniformly
convex u-bounded subsets of P? (the inductive limit of locally convex
cones were defined in [[7]). If (P,4) is bornological, then 4l and 4L, are
equivalent.

A net (z;)iez in (P,4) is called upper (lower) Cauchy if for every
U € il there is some vy € Z such that (zq,25) € U (respectively,
(xg, o) € U) for all o, f € T with > a > yy. Also (z;)iez is called
symmetric Cauchy if for each U € U there is some vy € Z such that
(xg, o) € U for all o, B € T with 5, a0 > vy

The concept of bornological convergence studied in [0]. We review
some definitions from [0l]. Let (P,4) be a locally convex cone. We
shall say that the net (x;);ez is upper (lower or symmetric) bornological
Cauchy whenever there is a u-bounded uniformly convex subset U of P?
such that (x;);cz is upper (lower or symmetric) Cauchy in the uc-cone
(Pu, 4y ). Similarly, we shall say that the net (z;);cz is upper (lower
or symmetric) bornological convergent whenever there is a u-bounded
uniformly convex subset U of P? such that (z;);cz is upper (lower or
symmetric) convergent in the uc-cone (P, LUy). We shall say that the lo-
cally convex cone (P, ) is upper (lower or symmetric) bornological com-
plete whenever every upper (lower or symmetric) bornological Cauchy
sequence is upper (lower or symmetric) bornological convergent. In |1,
we proved that every upper (lower or symmetric) complete locally con-
vex cone with (SP) is upper (lower or symmetric) bornological com-
plete. Note that one can apply sequences instead of nets in the studding
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of bornological convergence (see [1]). In the following, we work with
sequences instead of nets.

Let (P, ) be a locally convex cone and A C P. We denote the closures
of A C P, with respect to the upper, lower and symmetric topologies by

A", A" and A’ respectively. For a sequence (z,)ney in (P, 4) and z € P

. ub b sb .
we write x,, — x, T, — x or x,, — x whenever (z,),en is upper, lower
or symmetric bornological convergent to x.

Definition 2.1. Let (P, ) be a locally convex cone. For A C P, we set

A% — {ae P:F(an)neny € A s.t. ay b, a},

At = {aE P :3(an)neny € A s.t. ay &a},

A% = {a €P :Jan)neny C A s.t. ay sb, a} ,
and we call them upper, lower and symmetric bornological closure of A,
respectively.

Definition 2.2. Let (P,4l) be a locally convex cone and A C P. The
set A is called upper, lower or symmetric bornological closed whenever

A= A, A= Aor A% = A, respectively.

If M is a subcone of P, then the upper, lower and symmetric bornolog-
ical closure of M is also a subcone of P, since the algebraic operations of
P is continuous with respect to bornological convergence (see [1], Lemma
2.8).

Proposition 2.3. Let (P,4U) be an upper (a lower or a symmetric)
bornological complete locally convex cone and M be an upper (a lower
or a symmetric) bornological closed subcone of P. Then M is an upper
(a lower or a symmetric) bornological complete subcone of P.

Proof. Let (an)nen be an upper (a lower or a symmetric) bornological
Cauchy sequence in M. Then (a,)nen is upper (lower or symmetric)
bornological Cauchy in (P, ). Since (P,4) is upper (lower or symmet-
ric) bornological complete, there is a € P such that (a,)nen is upper
(lower or symmetric) bornological convergent to a. Now, we have a € M,
since M is upper (lower or symmetric) bornological closed. O

Proposition 2.4. Let (P,4) be a locally convex cone. For A,B C P
and o > 0 the following statements hold:

(a) A c A", A" c A" and A c A°,

(b A° AN A",

(¢) aA™ = A", oA

—lb —sb —sb
=aA  and aAT = oA,
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@) A +B" c A+ B", A"+ B" C A+ B" and A" + B” C
———sb
A+B”.

Proof. For (a), let a € A", Then there is a sequence (an)nen, which
is upper bornological convergent to a. Since every upper bornological
convergent is upper convergent (see [0]), we conclude that (ap)nen is
convergent to a. This implies that a € A”. The other statements are
proved in a similar way.

For (b), let a € A Then there is a sequence (ap)nen, which is
symmetric bornological convergent to a. This means that there is a uni-
formly convex u-bounded subset U of P? such that (an)nen is symmetric
convergent to a in the uc-cone (Py, ). Since the symmetric topology
of (Py,4y) is finer than the upper and lower topologies, we conclude
that (an)nen is upper and lower convergent to a in (Py,Uy). There-
fore (apn)nen is upper and lower bornological convergent to a. Then

—ub o~ —lb
ac A NA".

For (c), let a € aA"™. Then there is a sequence (ap)nen in A such
that («an)nen is upper bornological convergent to a. This shows that
(an)nen is upper bornological convergent to aa. Therefore, éa € v
In the other words a € aA"™. The converse inclusion and the other
statements are proved similarly.

Since the algebraic operations of a cone are continuous with respect
to bornological convergence, all statements of (d) are true. O

Corollary 2.5. In a locally convex cone every upper (lower or symmet-
ric) closed subset is upper (lower or symmetric) bornological closed.

We know that the symmetric bornological convergence implies the
symmetric convergence, but the converse is not true in general (see [2]).
In the following proposition we find a condition under which the sym-
metric convergence concludes the symmetric bornological convergence.

Proposition 2.6. Let (P, L) be a separated locally convex cone such that
for each symmetric compact subset K of P there is a u-bounded subset
B of P? such that K is symmetric compact in (Pg,Ug). Then the
symmetric convergence implies the symmetric bornological convergence.

Proof. Suppose (zp)nen is convergent to x with respect to the sym-
metric topology of (P,4). Then the set A = {z,, : n € N} U {z} is
symmetric compact in (P,4) and by the assumption it is compact in
the symmetric topology of (Pp,iUp) for some u-bounded subset B of
P2. Since the inclusion mapping I : P — P is continuous with respect
to the symmetric topologies of Pp and P then the symmetric topologies
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of Pp and P coincide on A (in fact each continuous one to one map-
ping from a compact space into a Hausdorff space is a homeomorphism).
Then we conclude that (z,),en is convergent to x with respect to the
symmetric topology of (Pp,iUp). This shows that (z,,),en is symmetric
bornological convergent to x. U

Corollary 2.7. Let (P,4l) be a separated locally conver cone such that
for each symmetric compact subset K of P there is a u-bounded subset
B of P? such that K is symmetric compact in (Pg,Ug). Then for each

subset A C P, we have A® = a® by Propositions and Z4.

Example 2.8. Consider the locally convex cone (R, f/), and let ¢y be the
cone of all sequences in R which are symmetric convergent to 0. We set
P = HCO R. We consider on P the projective limit convex quasiuniform
structure and denote it by 4. Define x,, € P by (,), := p(n) = pn,
where n € N and p € ¢y. Then (x,)pen is symmetric convergent to 0 in
(P, 4l), because this is true for each component. The sequence (z)nen
is not symmetric bornological convergent to 0, otherwise, by Proposi-
tion 2.4 from [0], there exist a u-bounded uniformly convex subset B
of P? and a sequence (An),en of positive reals converging to infinity
such that (A,zp,0) € B and (0, \,z,,) € B for all n € N. We project
Vem
(An - \/%’0) € (P, x P,)(B), where P, is the component mapping.
Then (v/A,,0) € (P, x P,)(B) for all n € N. This is a contradiction,
since (P, x P,)(B) is u-bounded in (R, V). Then (z,) is not symmetric
bornological convergent to 0.

In fact in the above example, the subset K = {z, : n € N} U {0}
of P is symmetric compact in (P,4l), but it is not symmetric compact
in any (Pp,4p). This shows that the conditions of Proposition B8 is
necessary.

the first relation on the component p =

) . Then we have
neN

The concept of completion for locally convex cones has been estab-
lished in [3]. For a locally convex cone (P,4) with (SP), the comple-
tion P of P, is the subcone ¢y (P + ({0} x U°)°) of L(P*) endowed

with the convex convex quasiuniform structure i = ﬂg(ﬁ, P*), where
B = {U°: U € U}. For details see [3].

Lemma 2.9. The completion of a uc-cone with (SP) is a uc-cone.

Proof. Let (P,4) be a uc-cone with (SP) and 4 = {aU : a > 0}.
As mentioned above, the completion (P,4) of (P,4) is the subcone
Nuey(P + ({0} x U°)°) of L(P*) endowed with the convex convex qua-

siuniform structure g (P, P*), where B = {U° : U € {}. We have
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Un (P, P*) = {aUpe : o > 0}, since Uy = Uiye = aUypo. This
shows that the convex quasiuniform structure £ = $ly (P, P*) is created
by Uye. Therefore (P, L) is a uc-cone. O

Proposition 2.10 ([8, Proposition 2.12]). Let (P,{) and (Q, W) be
locally convex cones with (SP) and T : (P,4U) — (Q, W) be a continuous
linear mapping. Then T has an extension T which is a continuous linear
mapping of (P,41) into (Q,W).

Theorem 2.11. The completion of a bornological locally convexr cone
with (SP) is bornological.

Proof. Let (P, ) be a bornological locally convex cone with (SP). Then
(P,4) is the inductive limit of uc-cones (Pp,ip)pen, where B is the
collection of all uniformly convex u-bounded subsets of (P,4) which
have (C'P). For every B € B, (P, ) is a uc-cone. Therefore (P, $p)
is a uc-cone by Lemma P9 and then it is bornological (see [2]). We
know that the locally convex cone (P,4l) is the inductive limit of uc-
cones (Pp,Up)pep by the inclusion mappings Ip : Pp — P. By the
Proposition P10, I has the extension 15 : Pg — P. Now it is enough
to show that (79 iJ.) is the inductive limit of uc-cones (’PB,MB)Beg by
the mappings IB 773 — 77 B € B. For every B € B, IB is continuous
by the Proposition 0. Let W be an arbitrary convex quasiuniform
structure on 73, that makes all I continuous. We show that £ is finer
than W. Let W € W. For every B € B, there is ap > 0 such that
(Ip x IB)(QBUU%) = OZBUU% CW. Weset V= UCh(UBeBO‘BUUg)'
Then we have V.C W and V € {l. Then (P, ) is the inductive limit of
uc-cones (753,113)363 and then it is bornological. O

In the following we suppose (P, 4l) is a locally convex cone with (SP)
such that its bornologification (P,l;) has (SP). Let (7/3;,1/1;) be the
completion of P under the convex quasiuniform structure iL.. Since
for each locally convex cone (P,4) the locally convex cone (P,4;) is
bornological, Theorem P11, shows that (737, iLr) is a bornological locally
convex cone. Now, we prove the main result of this paper.

Theorem 2.12. For any locally convex cone (P,4) with (SP) there
exists a unique upper bornological complete locally convexr cone (73 il)
with the following properties:

(a) P is upper bornological dense in P,

(b) Every wu-bounded linear mapping T from (P,L) into an up-
per bornological complete locally conver cone (Q, W) has a u-
bounded linear extension T : P — Q.
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Proof. Let (P,4) be a locally convex cone with (SP). Then the com-
pletion (Pr,4l;) of (P,4l;) is an upper complete locally convex cone.

Then it is upper bornological complete. We set P = be (the upper
bornological closure of P in 7/7:) and 4 = {(VNP?:V ¢ ELF\} Then
(75 5:1) is an upper complete locally convex cone with (SP) by Proposi-
tion 3. Also P is upper bornologlcal dense in P by the deﬁmtlon of
P. For the uniqueness of (P,{l), we note that the completion (PT,LIT)
of (P,4;) is unique by the Proposition 2.14 from [3]. It is easy to
see that if (P,4l) is upper bornological complete, then (P,$l) = (P, ).
Now, let T : (P,4l) — (Q,W) be a u-bounded linear mapping, then
T : (P,4,) — (QW,) is u-bounded too, since P? has the same u-
bounded subsets under 4 and $l,. Then T is continuous, since (P, ;)
1s bornologlcal By Proposition 210, T' has the continuous extension

(PT,ELF) (QT, ) Since (Q, W) is upper bornological complete,
we have (Q,, W,) = (Q,W). Now, we suppose 1" is the restriction of 7'
on P. Then it is u-bounded, since it is continuous. O

Definition 2.13. Let (P, 4) be alocally convex cone with (SP). We call
(P, ) constructed in the above theorem, the bornological completion of
(P, 40).

Proposition 2.14. Let (P, 4l) be a locally convex cone with (SP). Then
the locally convex cone (77 11) is symmetric bornological complete.

Proof. By the definition, (’P,il) is upper bornological complete. Also,

ﬂbSb —=ub b =ub .. ~ =ub .
we have P cP C P by Proposition Z4. Then P = P is
symmetric bornological closed. Now, Proposition 223 shows that (P, 4l)
is symmetric bornological complete. O

Corollary 2.15. Let (P,h) be a locally convex cone with (SP). Then
PCPCP,.

Example 2.16. Let X be a countable set and (P, 4l) be a locally convex
cone with (SP) and B be a collection of subsets of X such that (X, B)
is a bornological space. We say that the function f : X — P is bounded
below whenever f(B) is bounded below in P for each B € B. This
means that for every B € 8 and U € 4 there is A > 0 such that
{0} x f(B) C AU for all B € B. We suppose [*°(X,P) is the cone of
all functions f : X — P, which are bounded below on each B € 5. For
B e ®B and U € U, we set

Ve ={(f,9): f,9 € 1®(X,P),(f(b),9(b)) € U,¥b € B},

and Vg ¢ = {Var : B € B,U € i}. Then Vy ¢ is a convex quasiuniform
structure on [*°(X,P) and (I°°(X,P), Ve ) is a locally convex cone.
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For each continuous linear functional g on P and z € X, the function
pz : 1%°(X,P) — R acting as p.(f) = p(f(z)) is a continuous linear
functional on [*° (X, P). The linearity of y, is clear. We prove that it is
continuous. There is B € B and U € 4 such that x € B and p € U°.
We claim that p, € (Vpu)°. If (f,g) € Vpu, then (f(z),g(z)) € U.
Now, since p € U°, we have u(f(x)) < u(g(z)) + 1. Then px(f) <
ps(g) + 1. Also the locally convex cone (I°°(X,P),Vyy) has (SP).
Indeed, if (f,g) ¢ pVp,u for some p > 1, B € B and U € 4, then there
is b € B such that (f(b),g(b)) ¢ pU. Since (P,4l) has (SP), there is
p € P* such that p(f(b) > u(g(b))+1. This shows that uy(f) > up(g)+1.

Let (P,4) be a uc-cone and C.(X,P) be the cone of all f € I*°(X,P)
such that the support of f i.e. the set {x € X : f(x) # 0} is finite. Also
we suppose U = {eU : ¢ > 0}. For each B € B we define

Co(B,P)={f€l>®(B,P):Ve >0,{x € B: f(x) ¢ (0)(cU)} is finite}.

We set
Co(X,P) = () I5'(Co(B, P)),
Be®B
where Ip : [°°(X,P) — [°°(B, P) is the restriction map. We claim that
Cs(X,P) is the bornological completion of C.(X,P). We prove that

Co(X,P) = CC(X,P)Ub. Let f € Co(X,P) and supp(f) = {x1,22,...}.
Then for each B € B, Ig(f) € Co(B,P). This shows that for each
BeBandneN, E, ={z€X: f(z) ¢ (0)(2U)} is finite. Also, since

1 1
UD §U;> —U D .-+, we have E, C E,1 for each n € N. Now, we set

fn = f.xE,. Since £, is finite, the support of f,, is finite. This shows
that f,, € C.(X,P) for each n € N. We claim that {(nf,,nf) : n € N}
is u-bounded in (I°°(X,P),Vyy). Let U € i, B € B and b € B. For
n € N, if b € E,, then (nf,(b),nf(b)) = (nf(b),nf(b)) € A CU. If for
n €N, b¢ E,, then (nf,(b),nf(b)) = (0,nf(b)) € U by the definition
of E,. Then for each b € B, (nf,(b),nf(b)) € U. This shows that
(nfn,nf) € Vpy for all n € N. Therefore {(nfy,nf) : n € N} is u-
bounded. We set M = uch({(nfn,nf):n € N} U{(0, f)}). Then M is
a uniformly convex u-bounded subset of (1°°(X,P))2. We have (f,, f) €

1
—M for each n € N. This shows that (fy,)nen iS upper convergent to

n
f in the uc-cone ((I°(X,P))m, Vs gu)m). Therefore (fp)nen is upper
bornological-convergent to f.
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