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Weighted Composition Operators Between Extended
Lipschitz Algebras on Compact Metric Spaces
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Reyhaneh Bagheri' and Davood Alimohammadi?*

ABSTRACT. In this paper, we provide a complete description of
weighted composition operators between extended Lipschitz alge-
bras on compact metric spaces. We give necessary and sufficient
conditions for the injectivity and the sujectivity of these operators.
We also obtain some sufficient conditions and some necessary con-
ditions for a weighted composition operator between these spaces
to be compact.

1. INTRODUCTION AND PRELIMINARIES

Let X be a Hausdorff space. We denote by C(X) the set of all
complex-valued continuous functions on X. Then C(X) is a complex
commutative algebra with unit 1x, the constant function on X with
value 1. The set of all bounded function in C(X) is denoted by C*(X).
We know that C?(X) is a unital commutative complex Banach algebra
with unit 1x when equipped with the uniform norm

Illx =sup{|f(@)] :2 € X}, (feC(x)).

Note that C°(X) = C(X) whenever X is compact.

Let X; and X9 be Hausdorff spaces and let A; and As be linear
subspaces of C'(X1) and C(X3), respectively. A map T : Ay — Ao
is called a composition operator from A; to As if there exists a map
@ X9 — X1 such that Tf = fop for all f € A;. Then T is denoted
by C, and called the composition operator from A; to Ay induced by
@w. Amap T : Ay — Ay is called a weighted composition operator
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from A to Ao if there exist a complex-valued function u on X5 and a
map ¢ : Xo — X7 such that Tf = u.(foyp) for all f € A;. Then T
is denoted by uC, and called the weighted composition operator from
Ay to Az induced by u and ¢. Clearly, uC,, is a linear operator. In the
case u = lx,, the weighted composition operator uCy, reduces to the
composition operator C.

Let X be a compact Hausdorff space. A Banach function algebra
on X is a complex subalgebra A of C'(X) that contains 1x, separates
the points of X and is a unital Banach algebra with an algebra norm
IIll. Let (A,]|-]|]) be a Banach function algebra on X. For each z € X,
the map eq x : A — C defined by eq x(f) = f(x) for all f € A, is an
element of A(A), the character space of A, which is called the evaluation
character on A at x. This fact implies that A is semisimple and || f|| y <

Hf H agay < 1 for all f€ A, where f is the Gelfand transform of f.

Note that the map « ~» e4 x : X — A(A) is an injective continuous
mapping from X to A(A) with the Gelfand topology. If this map is
surjective, we say that A is natural.

Let (X,d) and (Y,p) be metric spaces and let K be a nonempty
subset of Y. A map ¢ : K — X is called a Lipschitz mapping
from (K,p) to (X,d) if there exists a positive constant M such that
d(e(x),o(y)) < Mp(z,y) for all z,y € K. A map ¢ : K — X is
called a supercontractive mapping from (K, p) to (X, d) if for each e > 0
there exists a 6 > 0 such that W < ¢ for all z,y € K with
0 < p(z,y) <9.

Let (X, d) be a metric space. For a complex-valued function f on X,
the Lipschitz constant of f in (X, d) is denoted by p(x 4)(f) and defined
by

|f(z) = f(y)]
d(z,y)

A complex-valued function f is called a Lipschitz function on (X, d) if
f is a Lipschitz mapping from (X,d) to the Euclidean metric space C.
Clearly, f is a Lipschitz function on (X, d) if and only if p x q)(f) < oo.
For each o € (0, 1], the map d* : X x X — R defined by

p(x,d)(f)—sup{ :x,yeK,x#y}-

d*(z,y) = (d(z, )", ((z,y) € X x X)),

is a metric on X and the induced topology on X by d“ coincides with the
induced topology on X by d. For a € (0, 1], we denote by Lip(X, d*) the
set of all complex-valued bounded Lipschitz functions on (X, d“). Then
Lip(X,d®) is a self-adjoint complex subalgebra of C?(X) containing 1y
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which separates the points of X. Moreover, Lip(X, d“) is a unital com-
mutative complex Banach algebra with the a-Lipschitz algebra norm

1 lipx,aey = 1fllx + Pxae)(f),  (f € Lip(X,d)).

These algebras are called Lipschitz algebras of order a on (X,d) and
were first studied by Sherbert in [I4] and [T5].

Kamowitz and Scheinberg in [I0] characterized compact unital en-
domorphisms of Lip(X,d) whenever (X,d) is a compact metric space.
Jiménez-Vargas and Villegas-Vallecillos in [0] characterized compact com-
position operators on Lip(X,d) whenever (X, d) is a metric space, not
necessarily compact. Golbaharan and Mahyar in [7] studied weighted
composition operators on Lip(X,d) whenever (X,d) is a compact met-
ric space. They obtained necessary and sufficient conditions for the
injectivity, the surjectivity and the compactness of a weighted compo-
sition operator on Lip(X,d). Weighted composition operators between
Lip(X,d) and Lip(Y, p) were studied in [?], where (X,d) and (Y, p) are
metric spaces not necessarily compact.

Let (X, d) be a pointed metric space with a basepoint designated by
zo. We denote by Lipy(X,d) the set of all complex-valued Lipschitz
functions f on (X,d) for which f(zp) = 0. Then Lipy(X,d) is a Banach
space with the p(x 4)(0)-norm. For further general facts about Lipschitz
spaces Lipg(X,d), we refer to [I6]. Compact composition operators on
Lipg(X,d) characterized by Jiménez-Vargas and Villegas-Vallecillos in
[@) whenever (X,d) is also bounded. Weighted composition operators
between Lip (X, d)-spaces studied in [6] and the authors obtained some
necessary conditions and some sufficient conditions for the injectivity,
the surjectivity and the compactness of a weighted composition operator
T = uC,, from Lipy(X,d) to Lipy(Y, p).

Let (X, d) be a compact metric space and let K be a nonempty com-
pact subset of X. For a € (0, 1], we define the extended Lipschitz algebra
Lip(X, K, d*) as following:

Lip(X, K,d*) = {f € C(X) : f|x € Lip(K,d*)}.

Then Lip(X, K,d%) is a complex subalgebra of C(X) and Lip(X,d®)
is a complex subalgebra of Lip(X, K,d%). Moreover, Lip(X, K,d®) =
Lip(X,d*) whenever K = X and Lip(X, K,d*) = C(X) whenever K
is finite. It is known [8] that Lip(X, K, d®) is natural Banach function
algebra on X. We know [5] that Lip(X, K,d*) is a regular Banach
algebra. Some properties of unital homomorphisms between extended
Lipschitz algebras were studied in [5]. For further details of the extended
Lipschitz algebras, we refer to [1], [3], [4], [I1] and [T2].

In this paper we assume that for j € {1,2}, (X;,d;) is a compact
metric space, K is a nonempty compact subset of X; and «; € (0, 1].
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In Section B, we study some properties of weighted composition oper-
ators between Lip(X1, K1,d]") and Lip(Xa, K2,d3?). In particular, we
show that these operators are bounded. In Section B, we give some
necessary conditions and some sufficient conditions for the injectivity
and the surjectivity of a weighted composition operator T' = uC, from
Lip(X7, K1,d{") to Lip(Xa, K2,d3?). In Section A, we give some neces-
sary conditions and some sufficient conditions that a weighted composi-
tion operator T' = uC, from Lip(Xy, K1,d]") to Lip(Xa, K2,d5?) to be
compact.

2. SOME PROPERTIES OF WEIGHTED COMPOSITION OPERATORS

Throughout this section we always assume that (X;,d;) is a compact
metric space, K; is a nonempty compact subset of X;, a; € (0,1] and
A; = Lip(X}, Kj, d?j), where j € {1,2}. For a complex-valued function
u on a nonempty set Y, we denote by coz(u) the set of all y € Y for
which u(y) # 0.

We first give some sufficient conditions that T' = uC, be a weighted

composition operator from A to As.

Lemma 2.1. Let u be a complex-valued continuous function on (Xs, ds)
and let ¢ : Xo — X be a map with ¢(K2) C K. Suppose that
Pleon(u) 95 @ continuous mapping from (coz(u),dy?) to (X1,df") and f
is a complez-valued continuous function on (X1,dy). Then u - (fop) is
a complex-valued continuous function on (Xs,ds).

Proof. Assume that yo € coz(u). Since coz(u) is an open set in (Xs, d5?),
 is a continuous mapping in yo and f is a complex-valued continuous
function on (Xi,d;"). We deduce that fop is continuous at yo and so
u - (fop) is continuous at yo. Let yo € X2 \ coz(u) and € > 0 be given.
The continuity of u at yg implies that there exists 6 > 0 such that

<&
L+ fllx,

for all y € Xo with da(y,y0) < 9. Let y € Xy with da(y,y0) < d. Then
u- (fop)(y) —u- (fop)(yo)| = luy)| £ ((y))]
= |u(y) — u(yo)| | f(v(y))]

3
T I
L [ £llx,

<e.

u(y) — u(yo)|

IN

Thus, u - (fop) is continuous at yg. Therefore, u - (fop) is a complex-
valued continuous function on (Xs,ds). O
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Theorem 2.2. Letu € A, ¢ : Xo — X1 be a map for which p(K2) is a
subset of K1 and let ¢|co, () be a continuous mapping from (coz(u),ds?)
to (X1,di"). If Ko € X\ coz(u) or Ko Ncoz(u) # 0 and ¢|x,ncon() 5
a Lipschitz mapping from (KaNcoz(u),dy?) to (Kq,di"), then T = uC,
s a weighted composition operator from Ay to As.

Proof. Let f € A;. By Lemma P, T'f is a complex-valued continuous
function on (X, d5?). We first assume that Ky C X \ coz(u). Then for
each z,y € Ko with = # y, we have T'f(z) = T'f(y) = 0 and so

Tf (=) —Tf(y)
dy* (z,y)
Therefore, T'f is a complex-valued Lipschitz function on (K>, d5?) and
soTf e A,.
We now assume that Ka N coz(u) # 0 and ¢|g,ncon(u) is @ Lipschitz
mapping from (K3 Ncoz(u),dy?) to (Ki,d;"). Then there exists a posi-
tive constant M such that

(2.1) i (p(x), o(y)) < Md3*(x,y),
for all x,y € Ky Ncoz(u). We prove that

Tf(z) —Tf(y)l
dy? (z,y)
for all x,y € Ko with z # y. To this aim, pick z,y € Ko with x # y.

Let us distinguish the following cases.
Case 1. z € K3 and y € K3 \ coz(u). Then

Tf (@) =Tf)| _ |ul@)f(e(@) = uly)f(eW))l
dy* (2, y) dy* (x, y)
()] | f(e(z))|
dy* (2, y)
oy 1) 00
= (et M
< fllx, P(}Q,d?)(“ :
Case 2. x € Ky \ coz(u) and y € Ky. Then

[ Tf(x) =T _ |u@)f(e() — u(y) (o))l

<1

(2.2)

< M ullx, p(Kl,d?l)(f) +1fllx, p(Kz,de)(u)a

dy* (z,y) dy?(w,y)
_ =u@)lf (o)l
dy* (z,y)

~ 1t M)
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< Ifllx, p(Kg,d§2)(U)-
Case 3. z,y € Ky Ncoz(u) and p(z) = ¢(y). Then
[Tf(x) =T _ |u@)f(e(x)) — u(y) (o))l

dy*(z,y) dy* (z,y)

— /(o)) W
< I fllx, P(K27d;2)(u).

Case 4. z,y € Ko Ncoz(u) and p(z) # ¢(y). Then
Tf(z) =Ty _ |u@)fle(x)) —uly)f(e(y))]

d3*(z,y) dy?(x,y)

|wah—ﬂwwﬂ

dy*(z,y)

lu(z) — u(y)|

+ ‘f(%o(y))’ de (:E, y)

|V@@»—ﬂwwﬂﬁ%ﬂ@w@»
di (p(x), (y)) dy* (2, y)

[u(z) —u(y)|
+ ‘f(%o(y))’ dgz (x’ y)
< M lullx, Pr, a0y () + 1l x, Py aoz) (w)-

= |u(z)

= |u(z)

Summarizing, we have proved that (222) holds for all z,y € Ky with
x # y. Therefore, Tf € Ay and so the proof is complete. O

Corollary 2.3. Let u € As and let ¢ : Xo — X1 be a continuous
mapping from (Xa,d5?) to (X1,d]") with o(K2) C Ky. If o|k, is a Lip-
schitz mapping from (K, d5?) to (K1,d}"), then T = uCy, is a weighted
composition operator from Ay to As.

The following example shows that there exists a nonzero weighted
composition operator uCy, from A; to Ay where Ko Ncoz(u) # () and ¢
is not a Lipschitz mapping from (K3 N coz(u),d5?) to (K, dy?).

Example 2.4. Let X = [-2,2], K = [-1,1] and d be the Euclidean
metric on X. Define the function u : X — C by

0, -2<z< -1,
u(x)=¢ 142, -1<zx<1, (x € X).
2, 1<z<2,
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Clearly, v € Lip(X, K,d"). Define the map ¢ : X — X by

Z, _2§x§_1a
p@)=4 VZ+2r—1, —-1<z<], (z € X).
Z, lng27

Then ¢ is a continuous mapping from (X,d') to (X,d'), ¢ and it is
injective on K and ¢(K) C K. Moreover, K Ncoz(u) = (—1,1]. Since
foreachn € N, -1+ 1 -1+ 2 € K Ncoz(u) and

o1+ Dp(-112)  [V2r2(-1+8) —2+2(-1+2)

a4 ) Cie - (14 3)

B
_ (2_ﬂ>
“\Vn T v
:(2—\@)\/5,

we deduce that ¢ is not a Lipschitz mapping from (K N coz(u),d') to
(K,dY).

Now we show that T' = uC,, is a weighted composition operator from
A to A, where A = Lip(X, K, d'). Let f € A. It is clear that T'f is a
complex-valued continuous function on (X,d'). We prove that

ey <§3(; o WL < e any (1) + prscany @) 111

for all x,y € K with x # y. To this aim, pick z,y € K with z # y. Let
us distinguish the following cases.
Case 1. x = —1and y € K \ {—1}. Then
Tf(x) =TfW)| _ | =u)
dl(l',y) - dl(l',y) |f(<)0(y))|
_ Ju(z) —u(y)]

< pany () | fllx -

Case 2. x € K\ {—1} and y = —1. Then

Tf(x) —Tf)] _ |ul@)]
d'(z,y) d'(z,y)

[ (e ())]
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_ Ju(z ) u(y)|
w) [1fllx -

< Kdl(

Case 3. z,y € K\ {—1} and = # y. Then
Tf(z) =Tfy)l _ |ul@) [fle(@)) = Fle@)] + [ulz) = u(y)] fey))]

d'(z,y) |z — 9
_ lu(@)[1£(0(@) = Fe®)
- |z — ]
+W|f( )

() — )] 1)) — Fle())]
=+l |2 y\ lo(x) — @(y)]
+W|f( )

VITIE — I () — Flew)

e EERE)
+ o)
<1+ 2| |\/2+2|i_;/|2+2y|p(1(,d1)(f)

+ (W) [ fllx
| (24 22) — (24 2y) |
|z —y|}\/2+2$—\/2—|—2y‘
+ pireany (W) (|l x
211+ «|
\/2 +2r—2+2y
+ (W) [ fllx
2(1+x)
ﬁ pr,an)(f) + pirany (W) | fll x
=vV2V/I+zp (i,aty (f) + pex,any(w) | fllx
< 2pg,ar)(f) + pircany(w) [l x -
Summarizing, we have proved that (223) holds for all z,y € K with
x # y. Therefore, Tf € Lip(X,K,d') = A. Hence, T = uC, is a
weighted composition operator from A to A.

=1+ z| pr,av)(f)

P(x,a) (f)
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We now give some necessary conditions that 1" = uCy, be a weighted
composition operator from A; to As.

Theorem 2.5. Let u be a complez-valued function on Xo and let ¢ :
Xo — X1 be a map with p(Ks) C Ki. If T = uCy, is a weighted
composition operator from A1 to Ao, then u € Ay and T is a bounded

linear operator from <A1, || - HLip(Xl,Kl,df‘l)> to <A2, || - HLip(X%KQ,dg%).

Proof. Let T' = uC, be a weighted composition operator from A; to As.
Then T is a complex linear operator from A; to As. Since 1x € A
and T1x = u, we deduce that u € Ay. To prove the continuity of T’

from (Ah [ - HLip(XLKLd‘l"l)> to (A27 [ - ||Lip(X2,K2,d§2))7 let {fn}oo, be
a sequence in A; with

(2'4) nll_{glo Jn= Ox,, (in (Ala H ’ ”Lip(X1,K17d(f1)>> ’
and g € As with
@5)  dm Thi=g, (in (Al e )

Let y € X3 be given. By (E4), we deduce that lim,,_,« || fn|| x = 0 which
implies that

(2.6 T £, (e(9)) = 0.
According to (E8) and the boundedness of u on X5, we get
(2.7) Jim u(y) fu(e(y)) = 0.

By (Z3), we deduce that lim, . [[u.(fnop) — gllx, = 0 which implies
that

(2.8) Jim u(y) f(p(y)) = 9(y)-

From (2Z3X) and (Z4), we get

(2.9) g(y) =0.

Since (2Z9) holds for all y € X5, we deduce that g = 0x,. Therefore, T is
a continuous mapping from the Banach space (Al, I Nip s, o, dclxl)> to

the Banach space (Ag, I Nip(xs, K d;’2)> by the closed graph theorem
for Banach spaces. Hence, the proof is complete. O

Theorem 2.6. Let u be a complex-valued function on Xa, let Ko N
coz(u) # 0 and let ¢ : Xo — X1 be a map with p(K3) C K. If
T = uCy is a weighted composition operator from Ay to Az, then ¢ is a
continuous mapping from (Ko N coz(u),ds?) to (X1,d7") and a Lipschitz
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mapping from (K,d5?) to (X1,d7") for all compact subset K of Ko N
coz(u) in (Xg,ds).

Proof. By Theorem P33, u € Ay and T is a bounded linear operator
from (A1, [ - ||Lip(X1’K17d‘1)‘1)> to (Az, [ - ||Lip(X27K27d;2)>- We first show
that ¢ is a continuous mapping from (K3 Ncoz(u),dy?) to (Xi,d7).
Suppose that yo € Ko N coz(u) and ¢ is not continuous at yo. Then
there exist a positive number ¢ and a sequence {y, },-; in X» such that

d3%(yn,yo) < 1 and d*(o(yn), (o)) > € for all n € N. Define the
function hy(y0).e : X1 —> C by

e —d7" (z,(v0))
g

hep(yo) () = max {07 } , (re Xy).

Then hy () - € Lip(X1,dT") and 50 hy(yy) . € A1. Since limy, 00 Yn = Yo
in (X2,dy?) and Thyy,) . € A2, we deduce that

Jim Thyyg),e(Yn) = Theyo) .« (%0),
that is,
(2.10) Tim w(yn) ho(ye) e (0(Yn)) = w(¥o)h(ye) (£ (50))-
According to hy(yy) < (¢(yn)) = 0 for all n € N, we get

(2.11) Jim w(yn)hg(yy).e(#(yn)) = 0.
From (210) and (21), we deduce that

By (E12) and yo € coz(u), we get hy(yg) . (¢(y0)) = 0 which contradicts
t0 N(yo),e(#(0)) = 1. Therefore, ¢ is continuous on K3 N coz(u).

Let K C Ky Ncoz(u) be a compact set in (X2, d2). We show that ¢
is a Lipschitz mapping from (K, d5?) to (X, d;*"). Take

C =inf{|u(y)| :y € K}.

Since K C coz(u) and u is a continuous complex-valued function on
(X2,d5?), we deduce that C' > 0. Let z,y € K with = # y. Define the
function f,q) : X1 — C by

Fot) @) =di' (te(y),  (t€ X1).
It is easy to see that fw(y) c Lip(th?l), wa(y)HXl < (diam(Xl))O‘l
and P(Xl,d;"l)(f@(y)) < 1. Therefore, f,) € A1 and

(2.13) <1+ (diam(X;))™ .

wa(y) HLip(Xl,Kl,d'fl)
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By the definition of f,,), the boundedness of 7" and (213), we get

di'(e(x),e(y)) 1 ()| di' (p(z), (y))
dy?*(,y) lu(z)] dy*(,y)
(

1 [u(@) for) (0(2) — uy) fou) (#(y))]
z)| dy*(z,y)

1 T fou () = Tfou) (y)]

()] dy*(z,y)

P(X5,d52) (wa(y))

|u

IN

IN

HTst(y) HLip(Xz,Kz,dg2)

IN
~Qlm,QlmQl- g

1| wa(y)HLip(Xl,Kl,dfl)
< 5 IT) (1 + (diam(X1)*).

Since the inequality above holds for all z,y € K with x # y, we deduce
that ¢ is a Lipschitz mapping from (K,d5?) to (Xi,d{"). Hence, the
proof is complete. O

Theorem 2.7. Letu be a complez-valued function on Xa, ¢ : Xo — X1
be a map with p(K2) C K1 and let ¢|coy(u) be a continuous mapping from
(coz(u),d3?) to (X1,d7"). Then T is a weighted composition operator
from Ay to As if and only if u € Ag and

dy* (p(x), ¢(y))
2.14 sup{ w(z)| = d
(214) I
Proof. We first assume that 7' is a weighted composition operator from
Aj to As. By Theorem B3, u € Ay and T is a bounded linear oper-
ator from (Al, | - ||Lip(X1,K17d‘1"l)> to (Az, | - ||Lip(X2’K2’d;2))- To prove

]E)E:IZH), let z,y € Ky with z # y. Define the function f ) : X1 — C
Yy

:a:,yEKg,w;éy} < 0.

fgo(y)(t) = dtll1 (tv 90(3/))7 (t € Xl)'
Then f,(,) € A1 and
(2.15) 1 i, ko) < (diam(X))* 4 1.
According to T'f = uC, f € Ay and (E13), we get

o] @) _ [l (o). 0) = ) (2 (0). )
dy* (z,y) dy* (z,y)
_ |u($) (feo(y)o‘p) (z) —u(y) (fw(y)w) (y)}
d3*(x,y)
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_ |Tf<p(y) (IE) - Tf«p(y) (y)’
dy* (2, y)
< P(K,d5?) (Tfso(y))

= HTfso(y)HLip(Xz,Kz,dSQ)

<7 Hfgo(y) HLip(Xl,Khd(fl)
< || (diam(X1))™ +1).

Since the inequality above holds for all x,y € Ko with x # y, we deduce
that

di* (o(z), ¢(y)) . : o
sup {]u(g;)] 1 () cx,y € Ko, o # y} < |IT] ((diam(X7))** + 1),

and so (2Z4) holds.
We now assume that u € As and (214) holds. Take

dy* (o(z), ¢(y))
2.16 C:sup{uac L eon cx,y € Ko,o £y
(216) )
Let f € A;. By Lemma P, T'f is a complex-valued continuous function
on (Xo,d3?). We now show that

Tf(x) —Tfy)l _
dy*(z,y)
for all x,y € Ko with z # y. To this aim, pick z,y € Ko with x # y.

Let us distinguish the following cases.
Case 1. p(z) # ¢(y). By ¢(K2) C K1, (218) and u € Ag, we get

Tf(x) =TF)| _ [ul@)f(e(@)) —u(y) fle(y))l

(2.17)

< Opk, 4o )(f)+p(K2 y(@) [Lf[x,

dy*(z,y) d5? (z,y)
< Ju(z) |f(e(z)) — fle(y)] 47 (p(@), ¢(y))
B At (e(x), ¢(y)) dy?*(z,y)
|u(z) — u(y)]
+WI (o())]

< Cpireyaoty(F) + Py azzy (@) [ f 1l x, -
Case 2. ¢(z) = ¢(y). Then
Tf(x) =T _ |u(@)f(e(x)) — u(y) ()]

dy? (z,y) dy?*(z,y)

_ Ju(@) — u(y)|
= ) @)

< p(Kz,d;2 ( ) Hf”Xl
< Cp(Kl,dfl)(f) +P(K2,d;2)(u) Hf||X1 :
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Therefore, (212) holds for all x,y € Ky with x # y. This implies that
Tf|x, € Lip(Ks, d?).

Summarising, we have shown that T f is a complex-valued continuous
function on (Xs,d5?) and T f|k, € Lip(Ks,d5?) for all f € Ay. There-
fore, Tf € As for all f € Ay and so T' = uCj, is a weighted composition
operator from A; to As. O

3. INJECTIVITY AND SURJECTIVITY

Throughout this section we always assume that (X;,d;) is a compact
metric space, K; is a nonempty compact subset of X;, a; € (0,1] and
Aj = Lip(Xj,Kj,d(;j), where j € {1,2}.

We first give some necessary and sufficient conditions for the injectiv-
ity of weighted composition operators from A to As.

Theorem 3.1. Let u be a complez-valued function on Xs, ¢ : Xo — X1
be a continuous mapping from (Xo,d3?) to (X1,dy") and let T = uCy, be
a weighted composition operator from Ay to As. If T is injective, then
K1 C ¢o(X2) and p(coz(u)) is dense in X;.

Proof. We first assume that K is not a subset of ¢(X2). Then there
exists s € K; such that s ¢ ¢(X32). The continuity of ¢ from (X, d2)
to (X1,d1) and the compactness of Xo in (Xo,ds) imply that o(X32)
is compact in (X7,d;). Since A;j is a regular natural Banach function
algebra on X7, there exists a function f € A; such that f(s) =1 and
f(p(X2)) = {0}. Thus f € A; \ {Ox,} and

Tf(y) =u(y)f(e(y) = u(y)0 =0,

for all y € Xa. Therefore, T' is not injective.
We now assume that 7' is injective and show that ¢(coz(u)) is dense
in X7. Define the function f: X; — C by

f(z) = distg, (z, p(coz(u))), (r € Xi).

It is easy to see that f € Lip(X;,d;) and so f € Ay. If y € coz(u), then
o(y) € p(coz(u)) and so f(p(y)) = 0 which implies that

Tf(y) =u(y)f(e(y)) = 0.
If y € X5\ coz(u), then

Tf(y) =u(y)f(ey) =0f(p(y)) = 0.

Therefore, T'f(y) = 0 for all y € Xy and so T'f = Ox,. The injectivity
of T implies that f = Ox,. Therefore,

distq, (z, p(coz(u))) = f(z) =0
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for all # € X;. This implies that z € go(coz(u))dl, the closure of

o(coz(u)) in (X1,d1), for all x € X;. Therefore, X; C (,p(coz(u))d1
and so p(coz(u)) is dense in Xj. O

Theorem 3.2. Letu be a complez-valued function on Xa, ¢ : Xo — X1
be a continuous mapping from (Xa,d5?) to (X1,dy") and let T = uC,
be a weighted composition operator from Aj to As. If p(coz(u)) is dense
in X1, then T is injective and K1 C ¢(X3).

Proof. Let ¢(coz(u)) be dense in X;. To prove the injectivity of T, let
f € Ay with Tf = 0x,. Assume that s € p(coz(u)). Then there exists
y € coz(u) with s = ¢(y). Therefore, u(y) # 0 and

Tf(y) = u)f(e(y)) = u(y)f(s)-

Hence, f(s) = 0. Since ¢(coz(u)) is dense in (X7, d{* and f(p(coz(u))) =
{0}, we deduce that f(X;) = {0} and so f = Ox,. Therefore, T is
injective. Hence, K7 C ¢(X2) by Theorem B and so the proof is com-
plete. O

Here, we give some sufficient conditions for the surjectivity of weighted
composition operators from A; to As.

Theorem 3.3. Let u € As and let ¢ : X9 — X1 be a surjective
Lipschitz mapping from (Xo,d5?) to (X1,d7") with o(K») = K. If

' (p(2), ¢(y))
dy?(x,y)

(3.1) inf{|u(a:)| :x,yeXg,x;éy} > 0,

then T'= uCy, is a surjective weighted composition operator from Ay to
As.

Proof. Since u € As and ¢ : X9 — X is a Lipschitz mapping from
(X2, d5?) to (X1,dy") with ¢o(K2) C Ki, we deduce that T' = uCl, is a
weighted composition operator from A; to As by Theorem EZ2. Suppose
that (80) holds. Then ¢ is injective on X2 and coz(u) = Xy. Take

(3.2)  C=inf {\u(x)\ d?léi(gz ;(y))

Since u is a complex-valued continuous function on (Xs, d5?) and coz(u) =
Xo, there exists yg € Xo such that u(yg) # 0 and

(3.3) lu(y)| < |u(yo)l,
for all y € X5. Define the function p : Xo x X5 :— R by

plz,y) = di"* (p(z), ¢(y)), (z,y € Xa).

weniar)
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The injectivity of ¢ : X3 — X; implies that p is a metric on Xo. Let
s,t € X1. Then ¢~ 1(s), 071 (t) € Xo. Take z = ¢~ !(s) and y = ¢~ 1(2).
Then s = ¢(x) and t = p(y). Thus

ple~(s), 0 (1) = pla,y) = dY (p(), 0(y)) = di* (s, 1).

Therefore, ¢!

is a Lipschitz mapping from (Xi,dj") to (X2,p) and
so ¢! is a continuous mapping from (Xi,d{") to (X2, p). Since ¢ :
Xy — X, is a Lipschitz mapping from (X2, d5?) to (Xi,d;"), there

exists a positive constant M such that

(3.4) di (p(x), o(y)) < Mdy?(x,y),

for all z,y € Xo. From (B3), (B3) for y = z, the definition of p and
(B3), we get

C
|u(yo)]

for all z,y € X5. This implies that the metrics d5? and p are boundedly
equivalent on Xy. Therefore, C(X3,d5?) = C(Xa2, p). Moreover, Ay and
Lip(X2, K32, p) have the same elements by [8, Theorem 2.5].

To prove the surjectivity of T', let g € A;. Then £ € Ay and so
% € Lip(Xaq, K9,p). Thus % is a complex-valued continuous function
on (Xo,p). Take f = %ocp_l. Then f is a complex-valued continuous
function on (X1,d{"). Assume that s,t € K;. Since ¢(K»3) = K1, we
get

(3.5) d3?*(z,y) < p(z,y) < Mdy?(z,y),

~
—
)
SN—
|
~
—~~
~
=
RS
—
~GI
_
—~
)
SN—
N~—
Q
—~
ﬁl
-
—
~
N~—
N—

) ple~ ' (s), 071 (1))
) dit (el (), ple (1))
) di(s,1).

S p(Kg,p)(

SN
=Q
=

= p(Kz,p)(

SSESHINSESNS

=Pz ()
Thus f|x, € Lip(K1,d]"). Therefore, f € A;. On the other hand, for
each y € Xy we have

Tf(y) =uy)flely) = u(y)%(sfl(w(y)) = u(y)T = g(v).

Therefore, T'f = g and so T is surjective. 0

We now give some necessary conditions for the surjectivity of compo-
sition operators and weighted composition operators between extended
Lipschitz algebras.
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Theorem 3.4. Let ¢ : Xo — X be a Lipschitz mapping from (Xo, d5?)
to (X1,d7") with o(K2) C Ky and let S be the composition operator from
Aq to Ay induced by . If S is surjective, then o is injective on Xo and

(3.6) inf { d?l((igggzj)(y)) s,y € Koo # y} > 0.

Proof. Let S be surjective. Assume that y € Xo. Define the function
gy : Xo — C by

gy(2) = d3*(z,y), (2 € Xa).
Then g, € Lip(X2,d5?), [lgyllx, < (diamg,(X2))*? andp(X%dga)(gy) <1
Therefore, g, € A2 and
9yl (X2, K2,d5?) < (diamg, (X2))** + 1.

To prove the injectivity of ¢ on Xo, let z,y € Xy with ¢(x) = ¢(y). The
surjectivity of S implies that there exists f € Ay such that g, = S(f) =
fop. It follows that

dy?(z,y) = gy(z) = Sf(x) = fle(x)) = f(e(y)) = Sf(y) = g,(y) = 0.

Therefore, z = y and so ¢ is injective.

To prove (B®E), define the map p : Xo x X9 :— R by

plz,y) = di" ((z), ¢(y)), (v,y € Xa).

The injectivity of ¢ on X5 implies that p is a metric on Xo. We claim
that

(3.7) Lip(K>2,d5?) C Lip(K3, p).

Let g € Lip(K2,d5?). By Tietze extension theorem [I3, Theorem 20.4],
there exists a complex-valued continuous function § on (Xa,d5?) such
that g|x, = g and [|g||x, < 2|lglx,- Therefore, g € Aa. The surjectivity

of S implies that there exists F' € A; such that g = SF. Since ¢(K>) is
a subset of K7, we get

9(x) —g(y)l _ _19(z) = g(y)|
p(z,y) di* (p(2), ¢(y))
_ [SF(z) - SF(y)|
dy* (p(x), ¢(y))
_ [Fle(x)) = F(e(y))|
i (p(x), (y))

< p(Kl,dclxl)(F)v

for all z,y € Ko with  # y. Hence, g € Lip(Kq, p) and so (821) holds.
By (B72), we deduce that the map g — ¢ : Lip(K3, d5?) — Lip(K2, p)
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is an algebra homomorphism from Lip(K»,d5?) to Lip(Kas,p). Since
(Lip(Kz, P, H'HLip( Ks, p)> is a semisimple commutative Banach algebra,
this map is continuous. Therefore, there exists a positive constant M
such that [|g|lrip(ks,p) < M||g||Lip(K27dgz) for all g € Lip(Ks,d5?). Let
z,y € Ky such that z # y. Since g, € Ay and ||9yHLip(X2,K2,d§2) <
(diamg, (X2))** + 1, we deduce that gy|k, € Lip(K2,d5?) and so

19y (%) = 94(v)| < P(2.0) (9y)

p(z,y)
< Hgy\Kz”Lip(Kz,p)
S M Hgy|K2HLip(K2,d32)
<M HngLip(XQ,K%d;Q)
< M ((diamg, (X2))** +1).

Take
) 1
M =

M ((diamg, (X2))*2 + 1)
Then M’ > 0 and
A" (p(x), 0(y)  plz,y)

dy*(z,y)  dy*(z,y)
_ o)
l9y(x) — gy (y)]

> M’
Since the inequality above holds for all z,y € Ko with x # y, we deduce
that

dst
d2 (xay)

Hence, (B8) holds and the proof is complete. O

Theorem 3.5. Let u € Ay, ¢ : Xo — X1 be a Lipschitz mapping
from (Xa,d3?) to (X1,d7") with o(K2) C K1 and let T = uC, be a
weighted composition operator from A1 to Ag. If T is surjective, then ¢
18 tnjective on Xo and

s
d2 (xvy)
Proof. Since T = uC, is a weighted composition operator from A; to

Ag, by Theorem 23, u € Ay. Let T be surjective. Since 1x, € A, there
exists a function f; € A; such that T'f; = 1x,. This implies that

1=Tfi(y) = uy) fr(e(y)),

:x,y€K2,$7éy} > 0.
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for all y € Y. Therefore, u(y) # 0 for all y € Y. This implies that
1€ Ay Tt follows that 1Tf € A, for all f € Ay. Thus, fop € A, for
all f € Ay. Therefore, C, : Ay — A3 is a composition operator from
Aq to Ag. Take

A o), o)
Ml—mf{ ldg‘Q(:L“,y) .x,yEKg,:n#y}.

We claim that C, is surjective. Let g € Az. Then ug € As. By the
surjectivity of T, there exists f € Ay such that
u.(fop) =Tf = ug.

This implies that C,, f = fop = g since u(y) # 0 for all y € X5. Hence,
our claim is justified. Therefore, ¢ is surjective and M; > 0 by Theorem
B4. Since Ky is a nonempty compact subset of X in (X2, d5?) and u is
continuous on Ks, there exists y; € K5 such that

u(y1)| = inf {Ju(y)| : y € Ko} .
By the argument above, |u(y;)| > 0. Let z,y € Ky with x # y. Then
di’ (p(z), o(y))

> M.
()| T P 2 luty)] My
Therefore,
: di" (o(z), (y))
inf { Ju(x)] 2= cx,y € Koo #y e > |u(yr)| M.
{jutan L2 u(w)
Hence, the proof is complete. Il

4. COMPACTNESS OF WEIGHTED COMPOSITION OPERATORS

This section is devoted to the compactness of weighted composition
operators between extended Lipschitz algebras. We first give a general-
ized of [ld, Theorem 4.1] that its proof can be done similarly.

Theorem 4.1. For j € {1,2}, let X; be a compact Hausdorff space and
(Aj, ||||J> be a compact Banach function algebra on X;. Suppose thatT

s a linear operator from A1 to As which is bounded from (Al, H||X1) to
(Ag, ||||X2) If T is compact, then {T'f,}," | converges to the function
Ox, in (A, ||-||y) for each bounded sequence { fn}>2, in (A, |-||;) which
converges uniformly to the function Ox,. The converse is true if the
closed unit ball of (A1, ||-||;) is relatively compact in (A, H||X1)

In the rest of this section, we always assume that (X, d;) is a com-
pact metric space, K; is a compact subset of X;, «a; € (0,1] and

Aj = Lip(Xj, Kj,d}7), where j € {1,2}.
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We give some necessary conditions for the compactness of weighted
composition operators from A; to As.

Theorem 4.2. Let u be a complex-valued function on Xa and let ¢ :
Xo — X1 be a map such that T = uC, is a weighted composition
operator from Ay to Aa. If T is compact, then {T f,}>7_, converges to the

n=1

function Ox, in (AQ, | - ||Lip(X2,K2,d§‘2)) for all bounded sequence { fr, }2°

in (Al, ||-HLip(X17K1’d?1)> which converges uniformly to the function Ox, .

Proof. Let T = uC,, is compact. Suppose that {f,}, - is a bounded se-
quence in (Al, I lip (e, df“)) which converges uniformly to the func-

tion Ox,. Since T' = uC,, is a weighted composition operator from A;
to As, we deduce that u € Ay and for each f € A; we have

ITf(y)| = u)fe)] = [u)] e < lullx, [ flx,
for all y € Xa. Therefore,

1T fllx, < llullx, 1£1x, »
for all f € Aj. This implies that

(4.1) 1T fullx, < llullx, [ fnllx,

for all n € N. Since u is a complex-valued bounded function on X,
{fn}5, converges uniformly to the function Ox, and (E=0) holds for all
n € N. We deduce that {T'f,}52, converges uniformly to the function
0x,. Since <A1, Il - HLip(Xl,Khd‘fl)) and <A2, I| - HLip(Xz,Kz,dg‘2)> are com-
plex Banach function algebras on X; and Xs, respectively, we deduce
that
nhjgo ”TanLip(Xg,Kg,d‘;?) =0,

by Theorem BT Hence, the proof is complete. O

Theorem 4.3. Let u be a complez-valued function on Xa, ¢ : Xo — X1
be a mapping and let T' = uCy, be a weighted composition operator from
Ay to Ay, If T is compact, then

dy (¢(z), £(y))
dy?* (2, y)
when x,y € Ko and di(p(x),¢(y)) tends to 0.

lim u(x) =0,

Proof. Let T be compact but 1imu(x)w # 0 when z,y €
2 T,

Ky and di(p(z),¢(y)) tends to 0. Then there exist ¢ > 0 and two
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sequences {x,}5°; and {y,}°>,; in Ky with x,, # y, for all n € N and
limy, 00 d1 (©(20), p(yn)) = 0 but

dt (p(n), ¢(yn))

(4.2) |u(zy,)| A5 (2, ) >e
for all n € N. Let n € N. Define the function h,, : X; — C by
h (t) — { d(ll1 (tv Sp(yn))’ dl (tv @(yn)) < d1(<,0($n)a @(yn))a
" P (¢(zn), e(Yn)),  di(t, o(yn)) = di(p(zn), ©(yn))-

It is easy to see that h, € Lip(X7,d]") and Pix, dflxl)(hn) < 1. Moreover,
we can easily show that

1hnlx, < di* (@(an), o(yn)) < (diamg, (X1))™ .

Therefore, {h,},-, is a bounded sequence in (Al, I Nipx, i d?l))

and {h,},-, converges uniformly on X; to the function Ox,. Since T is
compact, by Theorem B2 we deduce that

(4.3) 7}1_{{)10 ”TfHLip(XQ,K%de) =0

By (B=3), there exists NV € N such that

(4.4) 1T fnlx, +p(K2,d§2)<ThN) <
On the other hand,
()| di* (p(zn), e(yn)) _ [ulzn)hn(o(zn))|
dy*(zn, yN) d5*(xN, YN)
_ Julen)hn(p(zn)) — ulyn)hn (o(yn))|
dy* (N, YN)
_ |Thn(zn) — Thr (yn)|
a dy* (TN, YN)
(4.5) < Py ac2y (Thy) -
From (B4) and (E3), we get

&5 (plon), olyn) _
)| g S <

which contradicts to (B22) for n = N. Hence, the proof is complete. [

| ™

Theorem 4.4. Let u be a complez-valued function on Xo, KoNcoz(u) #
0, let ¢ : X9 — X3 be a mapping such that |k, is a uniformly contin-
uous from (Ka,dy?) to (X1,d7") and let T = uC, be a weighted compo-
sition operator from Ay to As. If T is compact, then ¢ is a supercon-
tractive mapping from (K, d3?) to (X1,d") for all nonempty compact
subset K of Ko N coz(u) in (Xg,d3?).
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Proof. Let T be compact. By Theorem E=3,
di* (e(z), ¢(y))
dy* (z,y)
when z,y € K and di(p(z), ¢(y)) tends to 0. Let K be a nonempty

compact subset of Ky Ncoz(u). Let ¢ > 0 be given. Take
(4.7) C=inf{|u(y)|:y € K}.
Then C > 0. By (£8), there exists d; > 0 such that

dy* (p(x), £(y))
4.8 u(z)| L=
(4.8 ) LD
for all z,y € Ko with 0 < di(p(z), ¢(y)) < 01. Since ¢|k, is a uniformly
continuous from (K3, d5?) to (Xi,d7"), there exists 6 > 0 such that
(4.9) i (e(z), o(y)) < 67",
for all z,y € Ky with d3*(z,y) < 0. Assume that z,y € K with 0 <
dy*(z,y) < 6. Then, by (B9), di(¢(z),¢(y)) < 01 since K C Kp. If
p(z) = ¢(y), then

(4.6) lim u(x) =0,

< Ck,

If p(x) # ¢(y), then 0 < di(p(z), ¢(y)) < 01 and so

dy* (p(x), 0(y)) _ 1 dy (p(2), p(y))
dy*(z,y) d3*(x,y)

by (E72) and (B=8). Hence, the proof is complete. O

The following example shows that the converse of Theorem 24 does
not hold in general.

Example 4.5. Let X1 = X; = {1 : n € Z\ {0}}U{0} and d; and d5 be
the Euclidean metric on X7 and Xy, K1 = {(_1)n+1 nez\ {0}}U{O},

n]
Ky = {2 :n e NJU{0} and oy = ag = 1. Clearly, (X}, d;) is a compact
metric space and K is a compact set in (X, d;) for j € {1,2}. Define
the function v : X9 — C by
u(z) =z, (xe€Xo).

Then u € A, coz(u) = {1 :n € Z\ {0}} and KoNcoz(u) = {1 : n € N}.
Define the function ¢ : X9 — X3 by

_1\n+1
w0 =0, ob =" ez o).

n id
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Clearly, p(K2) is a subset of Kj. Since |<p(%) - 4,0(0)| = ‘%’ = ‘% -0
for all n € Z \ {0}, we deduce that ¢ is continuous at 0. On the other
hand, 0 is the only limit point of X3 in (X2, d5?). This implies that ¢ is
continuous at % for all n € Z\{0}. Therefore, ¢ is a continuous mapping
from (X2, d5?) to (X1,d{"). The compactness of (X2, d5?) implies that
¢ is uniformly continuous from (Ks,d5?) to (X, d{?).
We now show that
dy (¢(2), p(y))

(410) o) A

for all z,y € Ko with z # y. To this aim, pick z,y € Ky with = # y.
Let us distinguish the following cases.
Case 1. x =0 and y € K3 \ {0}. Then

dt' (p(x), o(y))

<3,

u(x = =0
ju()| (0, y)
< 3.
Case 2. z = % with n € N and y = 0. Then
A (o), 0(y)) _ | 1] le(3) — ¢(0)]
u(e)] =5 == —
& @y)  nl L0
-1 n+1
n
_ 1
n
<3.

Case 3. z = % and y = i, where j, k € N with j # k. Then

B (o) _ 1|7H TR

u()|

T A
1
2
< 3.

Case 4. z = 2371—1 and y = Tlfl’ where j, k € N with j # k. Then

oy o) 1|5

ds*(z,y) 2j—1|_1 1

2j—1  2k—1

1

2j — 1
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< 3.

Case 5. = = QL and y = Tl—p where j,k € N with 25 < 2k — 1. Then

di' (p(x), 0(y)  2k—1+2j

Ny T 2k - 1-2)
1 2
27+2k—1—2j
< 3.

Case 6. z = QL and y = Tl—p where j,k € N with 25 > 2k — 1. Then

J
di* (p(x), 0(y)  2k—1+2j

ju()|

d3*(zy)  2j(2j —2k+1)
< 4
25(25 —2k+1)
_ 2
2 —2k+1
< 3.
Case 7. z = 2}—171 and y = i, where 7,k € N with 25 — 1 < 2k. Then
‘u(x)‘ d?l(so(ﬁﬂ)’@(y)) — 2k + 2j —1
dy* (x, y) (27 = D2k =25 +1)
2k —-2j+142(25-1)
(2 -1D(2k—2j+1)
1 n 2
21 2k—-2j+1
< 3.
Case 8. z = 21714 and y = i, where j, k € N with 25 — 1 > 2k. Then
|u(a:)| d(l)é1 (@(m), C,O(y)) — 2k + 2j —1
&2 (z,y) (25— 1)(2j— 1 2k)
2(2j—1)
T (2 -2 - 1-2k)
_ 2
2 —1-2k
< 3.

Therefore, (B210) holds for all z,y € Ky with x # y. This implies that

. dy (p(x), o(y))
p{|<>| 7 e

:x,yEKg,a:#y} < 3.
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Hence, T' = uC,, is a weighted composition operator from A; to Az by
Theorem P74.

It is clear that, KoNcoz(u) = {% in € N}. Since the relative topology
on Ky N coz(u) is the discrete topology on Ky N coz(u), the compact
subsets of K N coz(u) are finite. Therefore, ¢ is a supercontractive
mapping from (K, d5?) to (X1,d]") for all nonempty compact subset K
of Ko N coz(u).

We now show that 7" = uCj, is not a compact operator from A; to
As. Let n € N. Define the function f, : X1 — C by

fo(z) =% =z, —

Clearly, f, is a complex-valued continuous function on (X;,d{") and

1
(4.11) Ifullx, < =
We claim that
(4.12) Pk, oy (fn) < 1.

To this aim, pick z,y € K; with x # y. Let us distinguish the following
cases.

Case 1. z=0and y = (-1

|1

fal@) = fuw) _ 10—y

&y 0y
<1.

, where j € Z and |j| > n. Then

(-1t
L]
’fn(x) — fn(y)’ _

i (z,y)

Case 2. z =0and y =

, where j € Z and |j| < n. Then

‘»—n‘zb—t

<

<

—_

Case 3. x = (71‘])(“ and y = 0, where j € Z and |j| > n. Then
[fn(z) = fa)] _ |z -0
Ery) e
<1

Case 4. = = "0 and y =0, where j € Z and |j| < n. Then

Fi
di (z,y)

‘»—A‘j\»—t

<
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<1
Hence, our claim is justified.
From (1) and (B12), we get

anHLip(XhKlvd?l) <2

Therefore, {f,}5°, is a bounded sequence in <A17 1 Nnip(x, iy di”))’

which converges uniformly to the function Ox,. On the other hand, for
each n € N we have
Ta(2) = Thality)|

d5? Gy 1)

[u(3) fa(p(2)) = ulE D) Sl ()|

p(KQ,dg2)(Tfn) >

—n(n+1) %fn(

(o
=nn+1) n2  (n+1)2
= n(n + 1) i + #
n?  (n+1)2
(n+1)2 4 n?
n?(n+1)2

(n+1)%2 +n?

n(n+1)
- 2n? + 2n

n(n+1)
= 2.

=n(n+1)

Therefore, limy—o0 |1 fnllLip( x5 o2) # 0. Hence, T' is not compact by
Theorem B2.

We now give some sufficient conditions for the compactness of weighted
composition operators from A; to As.

Theorem 4.6. Letu be a complez-valued function on Xa, ¢ : Xo — X1
be a map with o(X3) C Ky, Ko C X5 \ coz(u) and let T = uCy, be a
weighted composition operator from Ay to Ay. Then T is compact.

Proof. To prove the compactness of T', let {f,}>°; be a sequence in A;
with an”Lip(Xl,Kl,df{‘l) < 1. Then [[fullx, <1 and p(Kl,d;"l)(fn) <1
for all n € N. Thus, {fn|k, },—; is a uniformly bounded sequence
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of complex-valued functions on K7 and an equicontinuous sequence of
complex-valued functions on compact metric space (K71, d;"). By Arzela-
Ascoli theorem, there exists a subsequence { fn]} of {fn}nr, such

that { fnj | Kl} | converges uniformly on K. Since T is a weighted com-
position operator from A; to Aa, we deduce that u € Ay by Theorem 3.
We claim that {T'f,, } is a Cauchy sequence in (Ag, 1l ip(xa, 402 )> .
Let € > 0 be given. Slnce ©(Xs2) C K; and {fnj|Kl};)'il converges uni-
formly on K7, we deduce that { In; ogo}oo converges uniformly on Xs.

This implies that {u In; ogo)} , converges uniformly on X5, since u is a

complex-valued bounded functlon on Xo. Therefore, there exists N € N
such that

(4.13) (@) £, (o(2)) = (@) i (o)) < 5,

for all j,k € Nwith j > N and k£ > N and for each z € X5. Let j,k € N
with 7 > N and kK > N. Then
€

(4.14) 1T fn; = Thaillx, < 5 5
Since Ky C X5 \ coz(u) for each z,y € Ky with x # y we have
|(Tfn; = Thn) (@) = (Tfn; = Tfny) (W)

=0.
dy* (z,y)
This implies that
(4.15) DKy, d (Tfnj Tfnk) =0
From (B14) and (ET3), we get
T f; — Tf"kHLip(XQ,KQ,dg‘Q) <&
Hence, our claim is justified. Since (AQ, 1 ip(xs, o, daz)) is a Banach
space, we deduce that there exists g € As such that {T In; } | converges
to g in (A2, I - ||Lip(X2’K27d;2)). Therefore, T is compact and so the proof
is complete. O
Example 4.7. Let X; = [—1,1], d; be the Euclidean metric on Xj,

Ky =[0,1], a1 =1, X9 =[0,2], K2 = [0, 1], d2 be the Euclidean metric
on X9 and ag = 1. Define the function v : X9 — C by

() = 0, 0<z <1,
Y=Y 11—z, 1<z<2.
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Clearly, u € Lip(Xg, K2,d5?) and Ka N coz(u) = (). Define the function
@ : XQ — X1 by

o(x) = g, (x € Xo).

It is obvious that ¢ is a Lipschitz mapping from (Xs,d5?) to (X1,d}")
and ¢(X2) = [0,1] € K;. Therefore, T = uC, is a compact weighted
composition operator from A; to As by Theorem 2 and Theorem BA.

Theorem 4.8. Let u be a complex-valued function on Xo, KoNcoz(u) #
0, : Xo — X1 be a map with o(X2) € K1, ¢|k,ncon(u) be a Lipschitz
mapping from (Ko Ncoz(u),dy?) to (X1,d") and let T = uCy, be a
weighted composition operator from Ay to As. Then T is compact if

4@ _ () when z,y € Ky and di(o(z), ¢(y)) tends to 0.

lim u(z) (o)

Proof. Let limu(m)w =0 when z,y € Ky and di(¢(x), ¢(y))
2\ T,
2

tends to 0. Since ¢|x,ncon(u) is @ Lipschitz mapping from (K2Ncoz(u), d3?)
to (X1,d]"), there exists M > 0 such that

(4.16) A (2 (2), £(y))

d2 2 (:Ea y)

for all z,y € Ko Ncoz(u) with = # y.
To prove the compactness of T', let {f,}°2; be a sequence in A; with
[fllLipxykraory <1 - Then [|[follx, < 1 and pig, go1)(fn) < 1 for all
n € N. Thus, {fn|k, }n; is a uniformly bounded sequence of complex-
valued functions on K; and an equicontinuous sequence of complex-
valued functions on compact metric space (K1,d;"). By Arzela-Ascoli

theorem, there exists a subsequence { In; }511 of {fn}s2, such that

<M,

{ Injlry };’;1 converges uniformly on K. Since T is a weighted composi-
tion operator from A; to As, we deduce that u € A by Theorem 2ZH. We

. [e.e]
claim that {Tfnj }j:1
Let € > 0 be given. By hypothesis, there exists § > 0 such that
di" (o(z), (y)) €

(63 )

dy* (z,y) 2||UHLip(X2,K2,d;’2) +4
where z,y € Ky and 0 < di(¢(x),¢(y)) < 0. Since ¢(X2) C K; and
{ In,| Kl};il converges uniformly on K;, we deduce that { fnjoap};il

is a Cauchy sequence in <A27 | - HLip(Xz,KQ,dg2))-

(4.17) lu(x)]

converges uniformly on Xs. Thus, there exists N1 € N such that

(4.18) | fny (0(2)) = ()] :

<
2 ||u”Lip(X27K2:d;2) +4

for all j,k € N with j > Ny and £ > N; and each x € Xs. Since
{ In; ogo};il converges uniformly on X, and u is a complex-valued bounded
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function on X5, we deduce that {u( In; ogo)};il converges uniformly on
Xs. It follows that there exists Ny € N such that

g 0Meg
(419 [ule)fo, (o(o)) = ) fuelolo)] <min {5 517

for all j,k € N with j > Ny and k£ > N, and for each x € X5. Take
N = max{N1, No} and let j,k € N with j > N and k > N. Since (Z19)
holds for all z € X5, we get

(4.20) | fn; = Thunll, <
We now show that
(Tfa; = Tha)(@) = (Tha, = Tha) )| _ €
ds? (z,y) 2’
for all z,y € Ky with x # y. To this aim, take hjy = T'f,, — T fs, and
pick x,y € Ko with x # y. Let us distinguish the following cases.
Case 1. p(z) = ¢(y). Then, by (ZEES) and u € Ay we get
|(hj) (@) — (hje) ()] _ |u(z) — u(y)|
: %) 5 = [ ‘fng fnk( ( ))|
dy? (z,y) dy (33 y)
€

_3

(4.21)

IN

< re% u
—pmmfﬂ>mwm@aﬂqﬁa+4

€

IN

HUHLlp (X2,K2,d5%) 9 Hu||L1p (Xo,K2,d5?) +4

<:
-2
Case 2. 0 < di(¢o(z),¢(y)) < . Then by (E18), (ET7), (19) and
(AIR) we get
() (2) = (hin) (W) ()| o ((@)) = fn; (0(y))
dy?* (2, y) N dy*(, y)
fnk (‘P(x)) — fnk (go(y))
dy?* (x,y)

+ |u(@)|

u(z) — \
do&( | fn; (2 (1)) = fri (0(1)]
:W@Nﬁw<>,<»n4<>>1@www
dy*(z,y) di* (o(@), (y))
+ ]u(:c)] d?l (o(x), p(y)) Iy, (p(z)) — Iny, ((y))
dy?* (@, y) d?l(w(w)mo(y))
|u(x)

W ‘fn] oy fnk(SO(y))‘

+

_.|_
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£

o1y (fn;)

<
2||u||L1p(X2 Ko,d 2) +4
9

+ o1y (fr)

ZHUHLlp Xo,Ko,d )+4

3

" Hu”Lip (X2, K2,457) 2 ||uHLip(X27K2,d;2) +4

llLip(xs. rer dg2) +2

~ 2 ullipxg,ko,d02) T 1"
g

5"

61

Case 3. x,y € Ky Ncoz(u) and di(¢(x),¢(y)) > d. Since j > Ny and

k > Ny and z,y € X5, by (E19) we get

(1.2) u(e) i (00)) — @) f (o) < Ty
and
(4.23) 0(w) o, (2L0)) — ) f (o] < O

Now, from (E-18), (222) and (E=23) we obtain
[(hjr) () = (k) (W)l _ di'(e(x), o) [(hin) (@) = (hin) (W)]

dy* (2, y) dy?(x,y) dy* (p(x), ¢(y))
[(hjn) (@) = (hye)(y)|

<M @) o)

(
dy* (e(z), (y

SM[’“ s (9(2)) = ux){;kw(m))}

_|_

u() fn; (0(y)) — u(y) fur (0(y))]
di* (o(z), 0(y))

gon

u(y) fn, (0(y)) — U(y)fnk(w(y))\]
god

M [6%e §™Me
< +
— o | 4M 4M

gM[’“ ) Fus (0(2)) = u(2) fur (0 ()]

_|_

€
5
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Case 4. x,y € Ky \ coz(u). Then

[(hjk) (@) = (hjk)(y)]
dy* (z,y)

<

DN ™

Case 5. x € Ky \ coz(u), y € K9 and d1(¢(x),¢(y)) > 6. Then
|(hj) (@) — (hye) ()| |u(y)]

de(x,y) - de(l‘ )‘fn](@(y))_fnk((p(y)”
_ ulz) —u(y)]
= W’fnj( () — fr,(@(y))]
< Prcy,a02) (W) 2

2”uHLlp Xo,Ko,d )+4

IA
N | ™

Case 6. x € Ko, y € Ky \ coz(u) and di(¢(x),¢(y)) > 6. Then

(i) (@) = () )] Ju(a) ot

_ Jule) () s
= iy ()~ fu(e(a)

£
< {e3
< Py ag2) (U )2HUHLlp X Ka,dg?) T4

IA
Do o

Summarising, we have proved that (E=23) holds for all z,y € Ky with
x # y. This implies that

(4'24) p(K27 o2) (TfnJ Tfnk) <

By (£720) and (B=24), we deduce that

l\D\m

HTfn] - Tf”kHLip(XQ,K%de) <&

Hence, our claim is justified. Since (Asg, [|[|y;p(x, ., daz)) is a Banach
space, we deduce that there exists g € As such that {T In; } | converges

to g in (Ag, |l Lip(xs, 160 d ;2)) Therefore, T' is compact and so the proof
is complete. O

Corollary 4.9. Let (X,d) be compact metric space and let K be a
nonempty clopen proper subset of X in (X,d). Suppose that 0 < B <
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a<1andu € Lip(X, K,d?). Letyo € K and let the map Oy : X — X
defined by

_Ju, yeK,
sOyo(y)—{yO’ ye X\ K.

Then Ty, = uCy, : Lip(X,K,d*) — Lip(X, K,d?) is a compact

weighted composition operator.

Proof. Clearly, ¢, is a continuous mapping from (X, d®) to (X,d*).
Since

d*(pyo (1), Py (W) _ d*(x,y)
d?(z,y) d®(z,y)

=d* P (x,y)
< (diamg(X))*™7,

for all z,y € K with x # y, we deduce that ¢,, is a Lipschitz map-
ping from (X,d?) to (X,d%). According to ¢, (K) C K and u €
Lip(X, K,d”), we conclude that T, = uCp,, is a weighted composi-
tion operator from Lip(X, K, d®) to Lip(X, K, d”) by Theorem 2.
Since a — 8 > 0 and

d® (¢yo (%), yo (¥)) a— o
g = 47 (y) = (), o))"

for all x,y € K with x # y, we deduce that lim w

z,y € K and d(py,(x), ¢y (y)) tends to 0. Therefore, the boundedness
of v on X implies that

= 0 when

d*(@yo (), Py (1))
d?(x,y)

lim u(x) =0,

when z,y € K and d(py, (), ¢y, (y)) tends to 0. Hence, Ty, = uCly, is
compact by Theorem E3.

Theorem 4.10. Let u be a complex-valued function on Xo, KoNcoz(u) #
0, ¢ : Xo — X1 be a map with p(X2) C Ky and let ¢|k be a supercon-
tractive mapping from (K,dy?) to (X1,d") for all nonempty compact
subset K of Ko N coz(u). Suppose that T = uCy is a nonzero weighted
composition operator from Ay to Aa. If |k,ncon(u) 5 @ Lipschitz map-
ping from (Ka N coz(u),dy?) to (X1,d]"), then T is compact.

Proof. Let ¢|k,ncon(u) be a Lipschitz mapping from (K3 N coz(u),dy?)
to (X1,d7") and ¢|k is a supercontractive mapping from (K,d5?) to
(X1, d7") for all nonempty compact subset K of Ky N coz(u). To prove
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the compactness of T', by Theorem EZJ, it is sufficient to show that

di* (p(2), ()

4.25 li ! : =0

( ) 1m U(l') d(2)¢2 (l’, y) Y

when z,y € Ko and d1(¢(x), ¢(y)) tends to 0. Let € > 0 be given. Since
¢l Kyncon(u) 18 @ Lipschitz mapping from (K N coz(u), dy?) to (X1,d7"),
there exists M > 0 such that

di* (e(), o(y))
4.26 Lo <M,
(420 45 (x.9)
for all x,y € Ky Ncoz(u) with x # y. Set
€
. = : > — 5.
(4.27) K {xEKg \u(m)\_2<M+1)}

Clearly, K is a compact subset of Ky N coz(u). We first assume that
K = (. Then
€

(4.28) lu(z)| < m,

E

ay

for all x € Ky. Take § = Tl £ )
UlLip(xy,K9,d52)

0 <di(p(z),p(y)) <d. If z,y € K3 Ncoz(u), then by (A28) and (2-T0)
we get

Let z,y € Ko with

Y (o), ov)
(wy) 2 1)
<e.

ju(@)|

If x € K3\ coz(u) and y € Ko, then

dy* (p(2), £(y))
ju(z)] 2
2 (-’E,y)
If € Ky and y € Ko \ coz(u), then

ute)] g ) = Pl o) o)

< Pigy. gz (1)0™

<e.

g
< llliip(xa. o) T [l
1p

X2,K2,d5?)

<e.
We now assume that K # (). Then ¢ is a supercontractive map-
ping from (K, d5?) to (X1,d]") and so there exists dy with 0 < dp <
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1+Hu\|Lip<x2,K2,d§2>SuCh that
(4.29) d?lgg2($)a<p(y)) < ° ’
2 (xa y) 2 (1 + ||U||Ljp(X2,K27d§2))

for all x € K with 0 < d3*(z,y) < do. Take

. 3 ET
0 = min 0t

2 <1 + ||U||Lip(X2,K2,d§2)>

We prove that

(4.30) lu(z)| di* (¢(x), (y))

dy*(z,y)

< e,

65

forall x,y € Ko with 0 < dy(¢(z), ¢(y)) < d. To this aim, pick z,y € Ko

with 0 < di(p(x),¢(y)) < 6. Let us distinguish the following cases.
Case 1. z,y € K with 0 < d3?(z,y) < dp. Then by (I=29) we get

() dt' (p(z), (y)) £

< [ully; o2
az = Lip(X2,K2,dy?)
d3?(z,y) 2 (1l i)
<eE.
Case 2. z,y € K with d5?(z,y) > 6. Then

di" (p(@), (y)) o
|u(1:)| dg&g (x, y) < ||u”Lip(X2,K2,d;2) 570

< ||u”Lip(X27K2:d;2)5O
g

< ”uHLip(XmK%dgg) 1+ HUHL (X
ip(X2,

K2,d3?)
< €.
Case 3. z € Ky \ K and y € Ky. Then
dy' (¢(), p(y £
\u(a;)\ 1 (a2( ) ( )) S
dy*(z,y) 2(M+1)
< e.
Case 4. x € K and y € Ks \ (K Ucoz(u)). Then
di' (p(x),¢(y) _ |u(@) —u(y)|
u(z = =% di' (p(z), (y
)| s = I (o) o)
< p(Kg,dg2)(U)5al

€

< HUHIIP(>'2 Koy lag)
’ 22 2 ]
( ||u”Lip(X2,K2,d22)>
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<e.
Case 5. x € K and y € (K2 Ncoz(u)) \ K. Then

ute)] A ) < Ll o) o)

w1 (@(@); 0 (y)
+ [u(y)| dS‘Q(az,y)

S Py (W + M

9 3

3
2 (1 + HuHLip(XQ,KQ,dg‘Q))

<l pipxa, iz a2

<eé&.

Case 6. x € K and y € K \ coz(u). Then

ute)] ) Pl ) o)
< p(Kz,dg2)(U)5al
9

2 (1 + ||U”Lip(x2,1<2,d;‘2)>

< HuHLip(X27K27dg2)

<e.

Summarizing, we have shown that (B230) holds for all z,y € Ky with 0 <
dy(e(z), p(y)) < d. Hence, (A223) holds and the proof is complete. [

The following example shows that the converse of Theorem B0 is
not valid.

Example 4.11. Let X; = [-2,2], d; be the Euclidean metric on X},
K; =[-1,1] and o;j = 1 for j € {1,2}. Define the function u : Xy — C
by

x
Then u € A, KaNcoz(u) = [—1,1]\ {0}. Define the map ¢ : Xo — X
by

p(z) =sgn(r), (€ X).
It is easy to see that for each nonempty compact subset K of Ko N
coz(u), there exists a v € (0,1) such that K C [-1,—] U [y,1]. On
the other hand, it is clear that ¢ is a supercontractive mapping from
[—1,—~] U [v,1] for all v € (0,1). Therefore, ¢|x is a supercontractive
mapping from (K, d5?) to (X1, d7") for all nonempty compact subset of
Ky N coz(u).
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Since

a5 (L) p(—1) o
3 (5, =) |
from (K5 N coz(u),d3?) to (Xi,d7).
Let f € A;. We show that

(4.31) Poxaasey (TS <3111, -

To prove (E=31), it is sufficient to show that

TF@) = Tf)
dy* (2, y)

for all z,y € Xo with x # y. To this aim, pick z,y € Xy with = # y.
Let us distinguish the following cases.
Case 1. z =0 and y # 0. Then

Tf(x) =T _ Wwllf(e®)

(4.32) <3| fllk, »

dy”*(z,y) ol = Wl
Case 2. z # 0 and y = 0. Then
Tf(z) —Try)| _ l=lf ()]
e e LS
Case 3. £ > 0 and y > 0. Then
Tf(z) =Tr) _ lz—yllfA)
N T
Case 4. z < 0 and y < 0. Then
Tf(x) =Tfy)| _ |lz—yllf(=1)]
oy ey e
Case 5. z > 0 and y < 0. Then
Tf(x) -Tfl _ lzf() —yf(=1)]
dy*(x, y) |z =y
_ elf Q) = fED + (= —y) (=)
[z =yl
< —— (1) = F(=D] + |£(-1)

T —y
< |fQ) = =D+ [f(=1)]
<3| fllg, -
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Case 6. z < 0 and y > 0. Then

Tf(x) = Tfy)| _ laf(=1) —yf(D)]
dy*(z,y) |z —y|

<]+ 2 1) = f(-1)

<[+ [FA) = f(=1)]
<3, -

Thus, (B=32) holds for all z,y € Xy with x # y and so (E=31) holds.
Therefore, Tf € As. Since f € A; was chosen arbitrary, we deduce that
T = uC, is a weighted composition operator from A; to As.

We now show that T is compact. Let {f,} -, be a sequence in
Ay with |]anLip(X1,K17d§x1) < 1 for all n € N. Then the sequence

{fnlr, }ory is uniformly bounded on K; and Pxy oty (fy < 1 for all
n € N which implies that {f,|x,},-; is equicontinuous on the com-
pact metric space (Ki,d]"). By Arzela-Ascoli theorem, there exists a
subsequence { f, };’;1 of {fn}peq such that {fy,] Kl};il converges uni-

formly on K;. We now claim that {T In; };11 is a Cauchy sequence in
<A2, [ - ||Lip(X2’K27d;2))- Let € > 0. Then there exists N1 € N such that

€

an]- - f”kHKl < 6’
for all j,k € N with j > Ny and k > Ny. Since { fnj};’;
formly on K7, ¢(X2) C K; and u is a complex-valued bounded function
on X9, we deduce that {T In; };’;1 converges uniformly on Xs. Thus,
there exists Ny such that

€
HTf”j _Tf"kHXQ < 92’

for all j,k € N with j > Ny and k > N,. Take N = max {Ny, Na} and
let j,k € Nwith j > N and kK > N. Then

converges uni-

€
(4'33) anj B f”kHKl < 6’
(4.34) |75y = T, < 5-

By the argument above and applying (E=33), we deduce that
P(K,d5?) (Tfn; = Tfn,) = Pk (T(fn, = frr))
<3 anj o fnkHK1
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(4.35) <

DN ™

From (B234) and (£=33), we get

HTfn7 - Tfnk HLip(X27K27de) <&

Hence, our claim is justified. Since (AQ, 1 Nip(x, Ko d;z)) is a Banach
space, we deduce that {Tfy, };11 converges in (Ag, 1 Lip (x5 dgz)>.
Therefore, T' is compact.

5. CONCLUSIONS

In this paper,we study weighted composition operators between ex-
tended Lipschitz algebras on compact metric spaces. In particular, we
show that every weighted composition operator between extended Lips-
chitz algebras is automatically continuous. We also give some necessary
conditions and some sufficient conditions for the injectivity, the surjec-
tivity and the compactness of these operators. Our results extend some
of the obtained results in [5] and [[].
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