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Integral Operators on the Besov Spaces and Subclasses of
Univalent Functions

Zahra Orouji'* and Ali Ebadian?

ABSTRACT. In this note, we study the integral operators I;"* and
Jg ¢ of an analytic function g on convex and starlike functions of
a complex order. Then, we investigate the same operators on H*
and Besov spaces.

1. INTRODUCTION

Let D = {# € C : |z| < 1} be the unit disk in the plane C, and
H(D) := {g : D — C | g is analytic}. Also, let A be the subclass of
H (D), which its elements are of the from

oo
g(z) =z + Z anz".
n=2

Suppose that S*(«) is the famous subclass of A, which is starlike of order
a (0 < a < 1). Indeed, g € S*(«) is equivalent to Re(zg'(2)/g(z)) > «
in D. Similarly, we have g € K(«) if and only if

29" (2)

g'(2)

where K («) is the subclass of A contained in the convex functions of
order a.

Re<1+ >>a, (z € D),
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As usual, we write S* = §*(0) and K = K(0). For 0 # b € C, the
subclasses of A, S; and K3, are defined by

Szz{geA:Re{Hz(zjéS)1>}>0, (zeD)},

Kb—{geA:Re{l—l—ll)(Zgg,,;z)>}>0, (ze]D))}.

Then, we can see that for 0 < a < 1,

Si . =8%), Ki_a=K(a).

and

We refer to [3, 11, 12] for some important results.
For some real number 8 and non-zero complex number b, we introduce
a subclass of H(D), P(3,b), as follows:

P(B,b) = {g c H(D) : Re{i (zjéi”;))} > B and g(0) = 1}.

For example, liz and I—Jlrz belong to P(—%7 1).

Let g € H(D) be locally univalent. Let

')\ 1(g"())
Sg(Z) = ( n i~ / )
9'(2) 2\9'(2)
denote the Schwarzian derivative of g, and let

2
||SgH = sup (1 - ‘3‘2) ]Sg(z)],
zeD

which denotes its Schwarzian norm.

If g e K and h(z) =1+ Zg,lé';), then Reh(z) > 0 (z € D), so h is
subordinate to A(z) = 2, where ) is the half-plan mapping. Therefore,

1-27
h(z) = A(¢(z)) for some Schwarz function ¢, and we have

29"(2) _ 1+ 9(2)
g(z) 1-(2)
2¢(2)

C1—(2)’

with the notation ¢(z) = €(2) where ¢ is analytic and satisfies l(2)| <

z b
1 in . Then it can be written as follows:

9"(z) _ 2Y(2)
g(z)  1=zp(z)

-1

(1.1)
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Hence, the Schwarzian derivative of g can be written in the following

form:
se= (56) -3 (545)

2w
(1—2z9(2))*
Then, we obtain
2
(1.2) 54(2)] < A= PR

By the inequality (@), the Schwarzian norm ||.S,|| of the convex map-
ping is not greater than 2. If the convex mapping ¢ is bounded, then
15, < 2 (see [10)).

Finally, let g € H(D). We consider two integral operators on H (D),
as follows:

emE) = [ W et e, (D)

and

Tre(h)(z) = /0 " h(w)(g ()0 dw, (= € D),

where v, @ > 0.

Integral operators play an important role in various fields (see [4, 8]).
If v = a = 1, then I;'(h) = I,(h) and J;"'(h) = J,(h), which are
Alexander operators. These integral operators have been investigated
by many authors [[7, 9, [13, 14].

In this note, we study I)"“ and Jy'“ operators on K, K(a) and S;.
Here, we obtain the necessary and sufficient conditions such that I)"“(D)
and J,"“(D) are bounded, Furthermore, we obtain the sufficient condi-
tions such that |[Spye| < 2.

2. INTEGRAL OPERATORS ON K («) AND S*(av)

Now, we verify the integral operators, I;"* and J;'“, on K(a) and

S*(a).

Lemma 2.1. (i) Let « > 0,7y >0, B >0 and 0 # b € C, where
(a« —1)Reb > 0. If g € P(B,b), then I)® is an operator on Kp.

(ii) Lety>0,0<a<1and B €R, wherel <2a+py<2. Ifg e
P(B,1), then I)® is an operator from K(a) to K(2a+ By —1).
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Proof. (i) Let h € K. Then, for z € D,
(2.1)
1(17°R)(2)
14 -2\g )\
Re{ 1+ by

12(z27 1R (2)g" (2 227 1R(2) g (2)g7 1 (2
:Re{1+b ( (2)g (za)_{l_hrz(z)g’y(z() )9’ ()97 ( ))}

1z(a = 1)2°*h'(2)g7(2)
s Ve e

— (a—1)Re (2) + Re{l +% (Z:,/;(Z;))} +7Re {51) <Z§ES)> }

By this hypothesis and (El!), we obtain

1 (2(I5"h)"(2)
Res1+ - | =+~ > 0.
{145 (e
Therefore, I)*h € K}, for all h € K.
(ii) We can prove this part in a similar manner as the proof of part

().

g

Lemma 2.2. Let a > 0,0#bec Cand 0 <y < aRe(%). If g € Ky,
then JJ** is an operator from S; to Kp.

Proof. Let h € Sy, then for z € D,
12(J3°)"(2)
e {” b (7 ") (2) }
oy TR E) v () () ()
- {” b 2 Th(2) (g ()7 }

1 2(a — 1)252h(z)(¢/(2))
*R{b ) (2) }

1 (zh/'(2) v (29" (2) a—1
— 1+ = L
refi+5 (5e7) 3 () + 5
1 (21 (z) 1 (24" (2) 1
—Rell+ - 1 14 “) -
Re{ +b<h(z) >}+7Re{ +b<g’(z) + aRe , v
By this hypothesis, we obtain J,"“h € K. O

Theorem 2.3. Letv > 0,0 < a < 1andf € R, wherel <2a+py < 2.
Also, let g € P(B,1) and h € K(«). Then, the image (Igh)(D) is
bounded if and only if

zh"(2) | vz (2)
W) g Tt 1‘ <1

limsup(1 — |z|)
|z| =1
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Proof. By using Part (2) of Lemma @, we have I,"*h € K. By replacing
g=1,%hin (@), then there exists ¢ € H(D) such that

I°h)'(z) _ 20(2)
h(z) ~ 1-z0()

Therefore
oo = D
2+ 20T
(I3 h) (2)
h '(2) 79’ (2) a—l1 1
HOREON
zh (2) ’YZQ( )
1 + o+ W () + g(z)
Thus, we obtain
11—z 1— 7|
(2.2) = 2
|1 - Zw(z)’ zh!! (2 )+’729( )+ “Fl‘

K (z) g(z)

1 zh"(z) | 729'(2)
——(1-|z)]

2( 2]) |14+ a+ W) + 42)
By Theorem 2 in [10], we can conclude that the image (I;"“h)(D) is
bounded if and only if

lims 1|2 < =
imsup ————— < -,
o1 L —=29(2)] 2
and so by (), the proof is complete. O

Similarly, by using Lemma @, the following theorem is achieved:

Theorem 2.4. Let 0 < v < «a, g € K and h € §*. Then, the image
(Jg*h)(D) is bounded if and only if

2h(z) | 729"(2)
h(z) — g'(2)
By using part 2 of Lemma @, we can obtain the below result:

Corollary 2.5. Lety > 0,0 < a < 1landf € R, wherel < 2a+pvy < 2.
If g€ P(B,1) and h € K(a), then ||Spyep| < 2.

limsup(1 — |z|) +a+1| <1

|z]—1

And also, by Theorem @, the below conclusion is gained:
Corollary 2.6. Lety > 0,0 < a < 1andf € R, wherel < 2a+0v < 2.
If

20" (z) | vzg'(2)

+ +a+1] <1,
W(z) 9(2)

limsup(1 — |z|)
|z| =1

then ||ng’ahH < 2.
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Finally, a similar corollary to those above is also true for the operator
,Q
Iy h.
3. INTEGRAL OPERATORS ON BESOV SPACES

We use dA(z) to denote the area measure of D which is normalized,
so the area of D is 1. We have

1
dA(z) = —dxdy
T

= Zdrds,
T

where z = z + iy = re? and we set
dAa(z) = (@ +1)(1 —[2*)*dA(2),

where v > —1. It is clear that if « is a real number then
[a-Praae) <.
D

if and only if o > —1.
For 1 < p < ooand § > 1, the Besov space Bg is defined as the set of
all g € H(D) such that

ol =190+ {0 - 1) [ = PP P )
< 0.

For simplicity, the space B} will be denoted by BP. Many authors have
studied the properties of the Besov spaces [, 2]. The space H* consists
of bounded analytic functions g in D where

gl e == lim (max [g(2)]) < oc.
r—1= |z|<r

In this section, we study two operators I)"“ and JJ** on H> and Besov
space BY.

Theorem 3.1. Let 1 < p < oo and § > 1. If g € B} then J% is
bounded on H* and HJg’aHBg < HQHBg where vy <1 and o > 1.

Proof. Let ||h|| o = 1. Therefore,
HQW%{=@—UAO—VﬁpﬂM@W@WW’WWM@
< (- DIl [ (1= PP 2 ) PaAs()
D

p
< (Ilgllzz — 19(0)1)" < o=,
since vy <1 and a > 1. O
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Theorem 3.2. Let 1 <p < oo, § > 1 and g € H>®. Then I)“ € BY,
where o + v > 1. Moreover, ||I;’a||Bg < g |\ e, where I(z) = 2971
(z€D).

Proof. Suppose that g € H*®. There exists a number N > 0 such that
% < |z| (2 € D), thus,

2°7lg7(2) < N7, (2 €D),

where v +a —1 > 0.

Therefore, 2 1g7(z) € H®. Set I(z) = 2%~ (2 € D), so there exists
a number ¢ > 0 such that ||[Ig7||g~ = c¢. Now, for any ||h||B§ =1, we
have

13 il = (0 =1) [ (1= 122 [0 2)2 g7 () ds(2)

<c(p— 1)/(1 — [2P)P2( (2)[Pd As(2)
D
< @A,
= Cp7
and the proof is complete. O

Let A > 0 and g be a locally univalent function. Also let

B\ = {g € H(D) Hgg','u <o),

‘ g9’

g 9'(z)

is the norm of the pre-Schwarzian derivative Z—l,, of g. Kim and Sugawa
[, 6] investigated the properties of the class B(\).

where
1!

g9"(2)

= sup(1 — [2[?)
zeD

)

Theorem 3.3. Let1 < p < o0, > 1 and A < 1. Therefore, B(\) C Bj.
Proof. Let |z| =t < 1 and g € B(\). Then we have

/ /
) ¢ g L)
g'(0) g (0)

| \
<[ |5
2

log

| /\
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1+t
=2\log 17:

A
(3.1) @<l (15) - El=t<D,

This implies

t
therefore by using relationship (@), we can obtain
A

1+1¢
32 s Pl < 9 O] swp (1) (175)

zeD 0<t<1 —t

< 21 g'(0)] sup (1 —1)'*

0<t<1

=2"4'(0)].

If we set m = 2!%4|¢/(0)| and use relationship (@), it is deduced that
[l @Pa =1y 2aase) = 6+1) [ 9GP0 PP 2aae)
D D

<0+ l)mp/D(l —2?)°72dA(2) < oo,

where § > 1 and finally it is concluded that g € BY. O
Theorem 3.4. Assume that a+v > 1 and g € H*®. Then the integral

operator I, is compact from Bf; space to Bg space where 1 < p < 00
and 6 > 1.

Proof. Let g € H*® and (hy,) be a sequence in B such that h,, — 0. For
n=1,2,3,..., we have

0% hally = (0= 1) [ (1= P2 h (g7 (2)2 Pids(2)
D
< gl - ol
Since for h,, — 0 on D, we have ||h,|| pr — 0 and by considering n — oo

in the last inequality, we obtain that

i (113 7 = 0.

Therefore, 1" is compact. O
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