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ABSTRACT. In this manuscript, we study the relation between K-
fusion frame and its local components which leads to the definition
of a C-controlled K-fusion frames, also we extend a theory based
on K-fusion frames on Hilbert spaces, which prepares exactly the
frameworks not only to model new frames on Hilbert spaces but also
for deriving robust operators. In particular, we define the analy-
sis, synthesis and frame operator for C-controlled K-fusion frames,
which even yield a reconstruction formula. Also, we define dual of
C-controlled K-fusion frames and study some basic properties and
perturbation of them.

1. INTRODUCTION

Frames for Hilbert spaces were proposed by Duffin and Schaeffer in
1952 to study some difficulties in nonharmonic Fourier Series [R]. During
the last 20 years frame theory has been growing quickly since several new
applications have been developed, we refer to [4, 2, 14, 06, 19, 20] for
an introduction to frame theory and its applications.

The notion of K-frames have been recently introduced by L. Gavruta
to study the atomic systems with respect to a bounded linear operator K
in Hilbert spaces. K-frames are more general than ordinary frames in the
sense that the lower frame bound only holds for the elements in the range
of the K, where K is a bounded linear operator on a separable Hilbert
space H. One of the newest generalization of frames is controlled frames,
controlled frames for spherical wavelets have been introduced in [G] to
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get a numerically more efficient approximation algorithm and the related
theory for general frames were developed in [1, B, [0, I, I8, 7, IR].

In this paper, we will define the concept of the C-controlled K- fusion
frames and will show some properties of C-controlled K- fusion frames.
Also, we will study perturbation and Q-duality for Controlled K- fusion
frames and characterize Q-duals of some Controlled K- fusion frame.

Throughout this paper, H, H; and Hs are separable Hilbert spaces,
GL(H) is the set of all bounded linear operators which have bounded
inverses, B(H) is the family of all bounded operators on H and K €
B(H) and R(T') denotes the range of the operator ”7”. Also, we denote
the orthogonal projection of H onto a closed subspace W C H by myy,.
We consider the index set I to be countable.

2. PRELIMINARIES

In this section, some necessary definitions and lemmas are introduced.

Lemma 2.1 ([7)). Let Ly € B(H1,H) and Ly € B(Hz,H). Then the
following assertions are equivalent:

(i) R(L1) CR(L2) ;

(ii) LiL} < AL2L% for some A >0 ;

(iii) there exists u € B(Hy, H2) such that L1 = Lou.

Moreover, if those conditions are valid then there exists a unique op-

erator u so that

(a) |lul|?> =inf{a >0 | LiL} < alsL}};

(b) ker Ly = ker u;

(c) R(u) € R(L3).
Definition 2.2. A sequence {f;};,.; in H is a frame if there exist con-
stants 0 < A < B < oo such that for all f € H

ANFIP <Y KE f)P < BIFIP

1€l

The constants A, B are frame bounds; A is the lower bound and B is
the upper bound. The frame is tight if A = B, it is called a Parseval
frame if A = B = 1. If we only have the upper bound, we call {f;},.; a
Bessel sequence with bound B.

Lemma 2.3 ([6]). Let {fi};c; be a sequence in H and B > 0 be given.
Then { fi};cr is a Bessel sequence with bound B if and only if

T:0*1)— H,
T({c}) =) cifi
i€l

defines a bounded operator and ||T|| < v/B.
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Now, if the operator T' is bounded, then the adjoin operator T™ is
well-defined and bounded which
T* : H — (*(I),
T f ={{f, fid tier -
So, we can define the frame operator as follow:
S:Hv+— H,
Sf=TT"f=>_(f.f) I
1€l
These operators are called synthesis operator; analysis operator and

frame operator, respectively. The representation space employed in this
setting is

() = {{Ci}ieﬂ tci € (C,Z lei? < oo} .

i€l

Definition 2.4 ([2]). Let K € B(H). A sequence {f;},c; C H is called
a K-frame for H, if there exist constants 0 < A < B < oo such that for
each f € H,

ANKFIP < DI flP < BIFIP
i€l
Definition 2.5 ([9]). Let {W;},; be a collection of closed subspaces
in H and {v;};c; be a collection of weights, i.e. v; > 0, i € I. The

sequence {W;},; is called a K-fusion frame for H if there exist constants
0 < A < B < oo such that for all f € H,

AP <Y of lmw fIP < BIFIP,
i€l
where 7y, is the orthogonal projection onto the subspace W;.
Definition 2.6 ([I3]). Let F':= {fi},o; be a family of vectors in H and
C,C" € GL(H). Then F is called a frame controlled by C' and C’ or a

(C, C")-Controlled frame if there exist constants 0 < Accr < Boor < 00
such that for each f € H,

2
Acer 1P < S CEN(C' i PP < Boer 1112
i€l
We call F a Parseval (C,C’)-controlled frame if Accr = Boor = 1. If

only the right hand inequality hold, then we call F' a (C,C")-controlled
Bessel sequence.
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Example 2.7 ([I3]). Let {fz}?i1 be a frame for the Hilbert space R? in
which
fi=e1=(1,0):4:1,2,...,8,
fi=ex=1(0,1):4:9,10,...,35.
It is easy to see that for all f € H,

8IIFI1P < Y F: fid P < 27 £117,

=1

so the frame operator S is defined by the following diagonal matrix;

8 0
5= (5 )
Define V(z,y) := (3z,7y) and W := V1. Then it is easy to see that
{£i}22 is a Parseval (C, C")-controlled frame for R?, in which,

_1 1 1
C(xay) =WS 3(.1‘,y) = <6$’ 213/) )

Z% §y
Definition 2.8 ([I2]). Let {W;},o; be a family of closed subspaces of
a Hilbert space H. Let {v;};; be a family of weights, and let C,C" €
GL(H). Then W = {(W;,v;)};cq is called a fusion frame controlled

by C and C’ or (C,C")-controlled fusion frame if there exist constants
0 < A < B < oo such that for all f € H,

(2.1) AlFI? <)o (aw, €' f, 7w, Cf ) < Bl fII.

i€l

C'an) =V o) = (o gv).

The set W is called a tight controlled fusion frame, if the constants
A, B can be chosen such that A = B, a Parseval fusion frame provided
A=DB=1. We call W a C?-controlled fusion frame if C = C".

If only the right hand of (ET) is required, we call C-controlled Bessel
fusion sequence with the bound B. If W is a (C,C")-controlled fusion
frame and C*myy,C’ is a positive operator for each i € I, then C*my,C’ =
C™my,C and we have

l 2
AP <D0 | mwehds|| < BIAIR,
iel
We note that, in inequality (2), the term
Z v? <7TWiCIf, 7rWZ.C'f>

i€l
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is well defined. Because, C,C’ € GL(H), therefore CC’,C* and C~ ! are
also in GL(H). So, we have
Crw, = mw,C,
and
C*mw, = mw,C*.

Finally

> vf (mw ' fomw,CF ),

i€l
is a series of real numbers.

Let C*my,C’ be a positive operator for each ¢ € I. We define the
controlled analysis operator by

Tffv H — ]C27w,
1
Tii(f) = {wiC*mw, O3 £,
7
where
Ko = {{wi(Crw,Chf} o fen}c (@
i€l )
i€l
It is easy to see that gy is closed and 17, is well defined. Moreover T,

is a bounded linear operator with the adjoint (the controlled synthesis
operator) operator Ty is defined by

TW : K,‘27W — H,
Ty {vi(C’*ﬂWiC’)% f} =3 w2t C'.
i€l -
1€l
Therefore, we can define the controlled fusion frame operator Sy on H
by
Swf=TwTy(f)
=> viC*mw,C'f.
i€l

Example 2.9 ([12]). Let {e1, e2, e3} be the standard orthonormal basis
for R® and W = {(W;,1)}:_, be a I-uniform fusion frame for it, in which

Wy = span{ey,es},Wo = span {e1,es}, W3 = span {es}. It is easy to
see that for all f € R3,

3
AP < D lmw fI1P < 2015117

i=1
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Let C(x1,x2,23) = (br1,4x2,5x3) and C'(x1,x9,13) = (%xl,%@,%xg)
be two operators on R3 . It is easy to see that C,C’ € GLT(R3), CC' =
C'C, CSw = SwC and C'Sy = Sy C’ . Now an easy computation
shows that for all f € R3,

LF112.

W Ut

3
4
SIFIP <Y (mw.CF.C'f) <
i=1
So {(W;i, 1)}2_, is a (C, C")-controlled fusion frame for R3.

3. C-CONTROLLED K-FUSION FRAMES

In this section, we introduce the notion of C-controlled K-fusion
frames in Hilbert spaces and discuss on some of their properties. In
particular, we present some approaches for identifying and constructing
of C-controlled K-fusion frames. Let us start our consideration with for-
mal definition of C-controlled K-fusion frames. Throughout the paper,
CeGLT(H)and CK = KC.

Definition 3.1. Let K € B(H),C € GL"(H) and CK = KC. Suppose
{Wi}ier is a collection of closed subspaces of H and {v;};; be a family
of weights. The collection W := {(W;,v;)};c; is called a C-controlled
K-fusion frame for H if there exist constants 0 < A < B < oo such that
forall f € H,

. 2
(3.1) A HCEK*f ‘

<> v} (mw.f.mw,Cf) < B|If|I*

i€l
We call A and B lower and upper frame bounds for C-controlled K-
fusion frame. If just the right hand side inequality in B is satisfied,
then {W;},; is called C-controlled fusion Bessel sequence for H.

We define
(ZGBW%-) = {{fi}ieﬂ Lfe WL AP < oo} ,
i€l 12 i€l

where, with the inner product <{fi}ie]1 , {gi}ieﬂ> =i Ufi} {gi}) is a
Hilbert space.

Let {(Wi, vi)};cp be a C-controlled K-fusion frame for H and Cmyy, is
a positive operator. The synthesis operator and analysis operator are
defined, respectively, by

TW:<ZEBT/VZ> — H, T%:H%(Z@Wz) )
l V4

i€l 5 i€l 2
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Tw ({gihier) = D_wi(Crw)igi  Ti(f) = {wi(Cmw)i s}

i€l '
i€l

Also, the controlled fusion frame operator S¢c : H — H is given by,
Scf =TwTy f
= Z vZCrw, f.
i€l
Hence for each fi, fo € H,
(Scfi, fo) = <ZU?C7TWL-f17f2> = v} (Crw, f1, fa)
i€l i€l
Notice that for each f € H,
* l *
(Sof f) = ITifI” = A CEK*f
— A(CKE"f, f).

’ 2

Therefore
ACKK* < S¢
< Bly,
further the operator C K K* is self-adjoint, since
(CKK*)" = KK*C*
= KK*C
= KCK*
=CKK".
Theorem 3.2. Let W := {(W;,v;)}ic; be a C-controlled K- fusion

frame with frame operator S¢ and K € B(H) with closed range, then
Sc is invertible on the subspace R(K) C H.

Proof. Since R(K) is closed, there exists the pseudo-inverse KT of K,
such that for all f € R(K),

KK'f=7.
Namely
KK'»r) = Ir(r),

so we have
Iy = (K| K™
Hence for any f € R(K), we obtain
T T N
171 = || (K lraoy) C 3 CR R
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I

-2
1£112.

Combined above inequality with C-controlled K-fusion frame definition,
for all f € R(K) we have

< [ctfle-3

fobxes

that is

fobrsf = ] e

(sof. ) = Aloi kg

> |t o} e
So
Al o] < ises
< B,

which implies that S¢ : R(K) — Sc(R(K)) is a homeomorphism.
Furthermore, we have for all f € S¢(R(K))

BHIfI < |ISE

<o e um

Example 3.3. Take H = R3 and define K € B(H) as
Kej = ey, key = es, Kez = e,
where {61}?:1 is the standard orthonormal basis of R?. Obviously K =

K*. Suppose C(z1,x2,23) = (221, 22,2x3) is an operator on R? and
C € GLT(H). It can be shown that C? exists. Also, let

W1 = span {e,ea}, Wy = span {e1,es}, W3 = span {ez, e3}

and v; = 1, for all 1 < ¢ < 3. Then {(Wi,l)}?zl is a C-controlled
K-fusion frame for H with bounds 1 and 4.

Theorem 3.4. Let {(W;,v;)},op be a C-controlled fusion Bessel se-
quence for H with bound B if and only if the operator

Tw - (Z @Wz) — H,
l

iel )

T ({g:}) = Y vi(Crw,) 2 g1,

i€l
is well-defined and bounded operator with ||Tyy | < v/B.
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Proof. The necessary condition follows from the definition of C-controlled
fusion Bessel sequence. We only need to prove that the sufficient con-
dition hold. Let Ty be a well-defined and bounded operator with
|Tw || < VB. For any f € H, we have,

S 0 (mw f,mw, CF) =Y v ((Crw) f f)
€l 1€l

= (Tw(u(Cmw)? ). )
wi(Cmw, )2 1| 1£1)

< || Twl|

But
UZ(CT‘-WZ)%]CH2 = ZU? <7‘-sz’ T[-chf>
1€l
=T 7.

It follows that
Z’Uz? <7rWif7 WWZCf> < BHf”Qa
i€l
and this means that {(Wj, v;)},cr is a C-controlled fusion Bessel sequence

for H. O

Theorem 3.5. Let {(W;,v;)},cp is a C-controlled K-fusion frame for
H with bounds A,B. Let M,K € B(H) with R(M) C R(K) and C
commutes with M and K both. Then {(W;,v;)};cp be a C-controlled
M -fusion frame for H.

Proof. Suppose {(Wj, v;) };¢p is a C-controlled K-fusion frame for H with
bounds A and B. Then for f € H,

(3.2) A(CER[,CEK £} <7 0 (mw, f,mwiCF)
i€l

<B(f.f).

Since R(M) C R(K), from Lemma P, there exists some A > 0 such
that MM* < AKK*. So we have ,

<MM*c%f,c%f> <\ <KK*C%f, C%f> :
multiplying the above inequality by A, we get,

é <MM*C%f,C%f> < A<KK*C%f,C%f>-
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From (B2), we have,

S (marcir o) < > of (1)
<B(f.f).
Therefore, {(W;,v;)};¢p is a C-controlled M-fusion frame for H with
bounds § and B, respectively. O
Theorem 3.6. Let {(W;,v;)},cp be a C-controlled K -fusion frame and
C € GLT(H). Then {(Wi,vi)};e is a K-fusion frame for H.

Proof. Suppose that {(W;,v;)};c; is a C-controlled K-fusion frame with
bounds A and B. For f € H,

allctxes f < %vf (mw, £ mw,C ) < B fI%,

thus for the lower bound we have,

AIKfIP = A|c i
2
|

:

< et o]

‘C_%K*f

<[

2
S0 (rw, f, 7w, COF)
€l

112
= e3> e Imwe 1.
1€l

Hence,

Al

—2
I FI1* <D of llmw f1°
i€l

On the other hand for every f € H,

Zviz T{-ch_%céf’r S C_% 22'[)2-2 WWZC%fHQ
i€l 1€l
— o3 227)@-2 <7rWiC%f,7TWiC%f>
i€l
= C_% QZ/UZ'Z <7rWif77TWin>
i€l

< o= s
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These inequalities yields that {(Wj,v;)},o is a K-fusion frame with
—2 2
bounds A HC% and B HC_% . O

Theorem 3.7. Let {(W;, vi)};cp be a K-fusion frame for H, then {(Wi,v;)}p
1s a C-controlled K -fusion frame for H.

Proof. Suppose that {(W;, v;)},. is a K-fusion frame for H with bounds
A’,B’. Then for all f € H,

AKSfII <Y of lmw fII° < B
i€l

For the lower bound we have,

/ 1o P /
A Csz( —A

L2

K*CifH

< va
i€l

= ZUE <7Tch%f> 71-WZC’%JC>

i€l
= > v} (mw. f, 7w, CF) -
i€l
On the other hand for every f € H,
1 1
Z%’Q (mw, [y mw, C f) = va <7rWiCif, WWi05f>

1€l i€l

_ E : 2
= U}

i€l

1 2
7TVVZC’EJCH

L2
]

<B C%fH2

“ 1712

Therefore {(W;,vi)};cp is a C-controlled K-fusion frame for H with
2
bounds A’, B’ C> O

< B ||c2

Theorem 3.8. Let {(W;,v;)},cp be a C-controlled fusion Bessel se-
quence with bound B > 0 and J C I with Ty is the associated synthesis
operator of {(W;,vi)},cp oy - Let a,b >0 and K € B(H) satisfying

CrK*f

(CHE* ~ TwTyi)f|| < a

|+ 1T
Then {(Wi,vi)}ier g forms a C-controlled K -fusion frame with bounds

1—a 2
_— and B if a < 1.
QHMO /
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Proof. For all f € H, we have,
1 * 1 * k *k
|ciry|| < |t = i) s | + 1Tw T £

[+ 6+ ITw ) 1T 11

< aHC%K*f
Therefore for all f € H,

1—a 2 12
<b+HTwH) HCsz‘ <ig;Jv§<7rWif,7TWicf>

< 21}12 <7TWif77TWin>
1€l
< BJ|f|I*.

The proof is completed. O
Theorem 3.9. Let {(W;,v;)},op be a C-controlled fusion Bessel se-
quence with bound B > 0 and let J C I so that the associated synthesis

operator of {(W;,vi)};cy oy is Tw. Let a,b,d > 0 and K € B(H) be a
closed range operator such that

H(C%K* - TWTV*V)f’ <a HC%K*f

|+ BTl + I £
iy
a+d

Kt H <1,
then {(Wi,vi)}ie1 ;5 is a C-controlled K-fusion frame for R(K) with

oo (Lma—d KT
ounas an .
b+ || Twl|

Proof. For all f € R(K) we have,
|| —Tw i) f| + ITw T )

< (LHC%K*]‘

foixes

) + O+ 1 Twl) Tl + dllf]]-

So,
(1-a-da|&t])) < |cirrs| < o+ 1T 1T
Therefore for all f € R(K), we have the following :

(1—a—dHK*H>2HC;K*f

b+ [T | <Imi

= Z ’Ui2 <7TWif77TW¢Cf>

i€l J
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< Z'U? <7rWifa WWsz>
i€l
2
< BJ/fI*.
Consequently , our declaration is sustainable. O

Theorem 3.10. Let W := {(W;,vs)};c; and Z = {(Z;,vi) };c; e two
C'-controlled fusion Bessel sequences for H with bounds By and Bs, re-
spectively and KC = CK. Suppose that Ty, and T be their controlled
analysis operators such that T; 17, = CK*. Then, both W and Z are
C-controlled K and K*-fusion frames, respectively.

Proof. For each f € H, we have

HC%K*fr: <C%K*f,C%K*f>‘2

= (CK*f,K* )|

- <CK*f,C—%C%K*f>’2

- <TZT;Vf,C—%C%K*f>‘2

< a1 12 o3| ot s
N2 1 2

= By |1y f1 o3 | i k|

— B,. <Zv$ {mw £, chf>> .HC—% ’ HC%K*f ]2

el
Thus,
it ot etr | < o2 tmw rmwe.

1€

Therefore W is a C-controlled K-fusion frame for H. Similarly, via
TwT} = KC, then Z is a C-controlled K*-fusion frame with the lower

11—2
bound B;l. HC"E O

4. PERTURBATION AND Q-DUALITY ON CONTROLLED K-FUSION
FrRAME

Perturbation of frames is an important and useful objects to construct
new frames from a given one or to compute the tolerance of a frame
against unwanted mutations. At the first, the problem of perturbation
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studied by Paley and Wiener for bases and then extended to frames.
The most general result obtained by Casazza and Christensen [B].

In this section, we study stability conditions of C-controlled K-fusion
frames under perturbations and we introduce the notion of duality for
C-controlled K-fusion frame and characterize dual of some C-controlled
K-fusion frames.

Theorem 4.1. Let W = {(W;,v;)},c; be a C-controlled fusion Bessel
sequences for H with bound B. Suppose that there exists 0 < X\ < 1 such
that

2
(4.1) Hc%K*f - T;VfH <A HC%K*f
Then W is a C-controlled K -fusion frame for H.
Proof. For each f € H, we have

‘2

ey e I R |

1 2
> (1- ) HCEK*f ’
Therefore
1 * 2 *
(1= |cir || < Ty
= (Ty f, Ty f)
= <Z UZ'2 <7TWf7 WWCf>> 5
el
hence,

(1—N). HC%K*f

2
| < (Z o? (mw f, Terf>> .
el
Therefore, W is a C-controlled K-fusion frame for H. O

Theorem 4.2. Let K1, Ky € B(H) and {(W;,v;)},c; be a C-controlled
Ki-fusion frame for H. Suppose A > 0 and 0 < p < 1 such that for all

feH,
|t = ko f| < a|etxi]|+n ety
Then {(Wi,vi)},cr is a C-controlled Ka-fusion frame for H.

Proof. Since {(W;,v;)},c; is a C-controlled K-fusion frame for H, there
exist A, B > 0 such that for all f € H we have

‘2 < ZUZQ <7rWif7 7TVVsz> < B||f||2

i€l

AHC%K;f
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So, we obtain

o < s - o « o
< (142 HO%K{‘f ‘ +MHC%K;f ‘
Therefore for all f € H, we have
1_M 2 — E—
A (452) Jotsar] < aleti]
S ng <7TWZ‘f7 ﬂ-Wle>
i€l

< BJIfII?,

and this completes the proof. Il

Theorem 4.3. Let W := {(Wj,v;)},c; be a C-controlled K -fusion frame
for H, also 0 < A1, Ao <1 and € > 0. If

vi(Crw, —szi)%f‘ < ||vi(Crw,)? f } + X2 ||vi(Crz,)? f ‘ +ev; |CETK*f
Then {(Z;,vi)};cp is a C-controlled K -fusion frame for H.
Proof. Let f € H. We have
0i(Crz)E ]| = ||oi(Cz, — Crw)* £ + wi(Cmw)
< viterz, - crw) b ]|+ [viccmw b4
< N [[oiCmw) || + e [os(Cmz) o |
¥ ev; C%K*f‘+ Ui(Cﬂ'Wi)%f‘.
Hence,
(1—X2) H(vi(CﬂZi)%fH <(1+X\1) ’Ui(Cﬂ'Wi)%fH +ev ||C2K*f ‘ :

Since W is a C-controlled K-fusion frame with bounds A and B, then

w(Omw) ||| = S o2 tmwe o mw CF) < BISI.

el

So,

(14 A1) C:K*f

Ui(CWW%)%f ‘ + ev;
1— )Xy
(1+/\1)\/§+€Ui O%K*
- i1}

vi(Crz,)2 f

<

<
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Thus

1

vi(Crz,)2 f

‘ 2

— 171

Z’U? <7TZ,if, WZin> =

icl

2

<

Now, for the lower bound, we have

vi(Crz) f| = Uz‘(CWW)%f—Ui(CWW. ~Cnz,)?

= Uz C7TW

Oﬂ'Z 7071’2)

> vi(Crw, )

’UZ(Cﬂw) /\1

- )\2 ’Ui(C’iTZi)%

— €V;

Therefore,

(1 + /\2)

vi(CTrZi)%fH > (1—\)

vi(CﬂWi)%fH — ev;

CIK*f],
or

) vi(CﬂWi)%fH —ew; C%K*f‘
”"(C”Zi)ﬁfH = 1+ A ‘

Hence, since W is a C-controlled K-fusion frame with bounds A and B,
we get,

(1—Xp)

vi(Cﬂ'Wi)%fHQ = Zv? (mw, f, 7w, Cf)

icl
) 2
> AHC’ﬁK*f‘ :
So,
w(Crz)if > (a_Af)fi_w ! D'
Thus,

02 {nzfm ) = [uCrz)i o

icl

> <(1—)\1)\/Z—6’U
- 1+ Ao

).

and the proof is completed. O
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Definition 4.4. Suppose {(Wj,v;)},c; is a C-controlled K-fusion frame
for H and CK = KC'. A C-controlled fusion Bessel sequence {(Z;, v;) };c;
is called @-dual C-controlled K-fusion frame of {(W;, v;)};c; (or C-
QK-dual for {(W;,v;)};c;) if there exsits a bounded linear operator

Q: (Zie[ @Wz‘)l2 — (Zig GBZZ')I2 such that
(4.2) TwQ*T; = KC.
The following theorem presents equivalent conditions of the definition:

Theorem 4.5. Let {(Z;,v;)},c; be a C-QK-dual for {(W;,v;)},c;- The
following conditions are equuvalent:
(I) TwQ*T; = KC;
(II) TZQTy;, = C*K*;
(IIT) for each h,h' € H, we have

(KCh, 1) = (T;(h), QTyy (1))
=(Q T (), Ty (h)) .
Proof. Straightforward. O

Theorem 4.6. If {(Z;,vi)}ic; is a C-QK-dual for {(Wi,v;)},cp, then
{(Zi,vi)}ser is a C-controlled K*-fusion frame for H.

Proof. Let h € H and B be an upper bound of {(Ws,v;)},c;. Therefore
4 2
HC%KhH - ‘<C%Kh,C%Kh>‘
— |(CKh, KR
= ({TwQ T h, Kh)[*
11 2
- ‘<T§h, QTV*VC_ECEKh>‘

< IghlP lQiPs ot ||| e mn|

2 2
— |QI*B HC*% HC%KhH S "2 (nzh, w7, OB
icl
Hence
) 2
Q| ~2B~! Hc—% HC%KhH <N (g h,77,Ch) .
i€
Now, by appling the Definition B, the proof is completed. O

Corollary 4.7. If E,, and F,, are the optimal bounds of {(Z;,v;)}
then

el

-2 -2

1
Eop = By Q) 72|73

L Fpz AIQI e

)
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which Ay and B,y are the optimal bounds of {(Wi, vi)}cp, respectively.

Suppose that W := {(Wj,v;)},c; is a C-controlled K-fusion frame
for H. Since S¢ > ACKK™*, by Lemma P there exists an operator
X € B(H, (Y ;,c; @© Wi);2) such that

(4.3) Tw, X = K.

Now, we denote the i-th component of X f by X;f = (X f); for each
f € H. Tt is clear that X; € B(H,C*W;). In the next theorem , we
show that by these operators one may construct some @ K-duals for W.

Theorem 4.8. Let W := {(Wj,v;)},o; be a C-controlled K -fusion frame
for H. Also, let K € GL(H) and K commute with C' and C%. Further-
more, assume that X is an operator as in (B33, and W := {(WZ, vl)}
is a C-controlled K -fusion frame for H, where W; = {C* X W;}
Then W is a C-QK -dual for {(Wi,vi) }ier-

icl

el
Proof. Define the mapping

Up: R(T%,) — (Z@m) :
l2

i€l

Us (T% f) — XCF.

Then Uy is well-defined, since T/V*IV/ f is injective because K € GL(H).
Moreover,

N clCr 2
70 ||
ey lXCHI
T 40 \/%HC%K*JE ’
~ s Xl
o -1
SRz (oo I el Tl
Bllel

-1
—1n—1
(e

<
VA e

< 00,
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where A is a lower frame bound of {(Wl, Ui)}ief

Hence , Uy can be uniquely extended to R(T: ;LV) Assume that,

. {Uo, on R(TW)’

0, onR(T%) .
w

So, U is well-defined and bounded. If we let U = QQ*, then we have

Q" eB (Z@C*XJM,Z@I%)

i€l i€l

and

TwQ*T% = Tw XC
= KC.
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