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ABSTRACT. In this paper, some conditions have been improved so

that the function g(z) is defined as g(z) = 1+ Z anikz"F, which
k>2

is analytic in unit disk U, can be in more specific subclasses of the

S class, which is the most fundamental type of univalent function.

It is analyzed some characteristics of starlike and convex functions

of order 27".

1. INTRODUCTION

U ={|]z]| <1:z e C} is an open unit disk defined in the complex
plane. F'(U) is taken the class of analytic functions defined as g : U C
C — C analytic in U. g¢(z) is analytic in a complex plane C. For any
two points 21,22 € U such that 21 # 29 if g(z1) # g(22) then g(z)
is said to be univalent in ¢ [2]. The theory of univalent functions is
an old subject however it remains an active field of current research.
It’s progress has been especially rapid in recent years. This study is
concerned with the class S of analytic functions and univalent in I/ and
normalized in standard way [g].

Let A denote the class of analytic functions in &/ normalized by

g(z) = Zanz” for ¢(0)=1- dg(=) =0

n>2 dz 2=0
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which A is the set of functions g(z) [9]. The set of univalent functions
defined ¢(z) € A is S with

S ={g(z) € A: g is univalent in U} .

On the other hand, the set of class starlike functions g(z) € A of order
§ is S® such that

- carn(29) -1}

where z € U and 0 < § < 1 and similarly, the set of convex functions
g(z) € A of order ¢ is C such that

C:{f(z)eA:%<1+zgg,/;S)> >5},

where ze U and 0 <5 < 1[I, 4, B, [7].

The class of convex functions g(z) in class A, which is a univalent
function, is denoted by C'. Here it should be noted that when g(z) € A
is a convex function, g(U) is a convex region in C. Also, S® denotes
the class of starlike functions g(z) in class A which g(z) is a univalent
function. Also, it should be noted that when g(z) € A is a starlike
function, g(U) is a starlike region relative to the origin in the complex
plane.

The set of close-to-convex functions g(z) € A of order § is

q'(2)
f'(2)

C®:{g(z)€A:§R( > >0, f(2) isconvexinU},
B, B

In this study, we analyze some characteristics of starlike and convex
functions of order 27" where r € {1,2,3,...} analytically. According to
this selection, we can give the above definitions as follows.

The set of starlike functions, convex functions and close-to convex

1 1
functions ¢(z) € A of order 27" <0 <5 < 2) are given, respectively

S® = {g(z) eA:O<%(Z§;i§)) §2"’,re{1,2,...},zeu},

C = {g(z) EA:O<§R<1+Z§;S)> gz”,re{1,2,...},zeu},

c® = {g(z) eA:0<%<gl,Ez;> §2_”,r€{1,2,...},z€bl},

[y

where f is convex in U.
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2. MAIN RESULTS

Lemma 2.1. Every convex function is a close-to-convex function [4, |6].
More generally, every starlike function is a close-to-convex function.
Indeed, it can be written that each g(z) € S® has the form for some
g(z) € C® such that

*(Fg) =®(50) 7o

Lemma 2.2. w(z) is a regular in U with w(0) =0 and |w(z)| <1 (z €
U). If |lw(z)| reaches its greatest value on U at zy, then zow'(zp) =
mw(zo) where m > 1 is a real number |4, 6].

Theorem 2.3. Suppose g(z) € F(U) is a function with g(0) = 0. Then,
g(U) is a starlike region if and only if

g0)#0 and 0<R (ZQQ;S)> <27,

Proof. By applying Lemma (@) and (@), we can prove this theorem.
2(1 —w(2))

If g(2) = Trul) is a function with w(0) = 0, then
() = n (=2

which implies that
In(g(z)) =In(z) + In(1 — w(z)) — In(1 + w(z)).

Thus
zg'(z) L 2zw'(2)
9(z) (1 —w?(2))
2ke?
=1- 1 _ e2i0
2k(cos 6 + isin6)
=1- . )
(1 — cos26 — isin 26)
and

/
Y AR NN PRI P S P e
9(2) sin20

Let us define the class 914 which is a subclass of the class as follows

o0
g(z) =z + Z anz"

2 1
=z+a? +az® + -+ ap” Fapp1 2"+
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Ny = {Fk(u) L gk(2) = Zan+kzn+k}
k=1
for n and k positive integers which 914 C A. O

Theorem 2.4. Let p and q be real numbers, n be a positive integer and
also g(z) € Na. Therefore, it is said that the function g(z) is in the
class N if the function 9 : U — C is defined as

9(2).9'(2) 40 zg'(2) 20
z 9(2)

Therefore, g(z) is in the class M C S® if the function $ : U — C is

specified as
fer=a () ()

and 1—p—+p

is a starlike function on U.

Proof. Let’s do this by taking 0 < 27" < 27! instead of a § (0 < < 1)
in the proof of the theorem. According to the values that the function
f(2), we can make the theorem in four cases as follows:

(i) If ¢ = 0, then
(5

(2.1) f(z)=g

If the logarithmic derivative is taken from both sides of the
equation and the necessary operations are performed

In(f(2)) = In(g(2)) + p (In(2) + In(g'(2)) — In(g(2)))

—~

R
1)

o (F9) a0 12700
{10 1 o2 )
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zg'(2) . .
where 0 < R ) < 277" from starlike function and the
g(z

!

function f(z) € M is the starlike function with (‘;é?) <
z

27T < 1.

(ii) If p =0, then

F(z)=9(2) (2—7“Zggéi§))q‘

Thus,
In(f(2)) = In(g(2)) + ¢In(27"2¢'(2)) — qIn(g(2))
=1In(g(2)) + ¢In(27"2) + ¢In(27"¢'(2)) — ¢In(g(2))

and

f'z) gk 1 4% 4@k
fz) g T

7z Y902
G () 2(2)
i - T *q(” g'<z>)
z2f'(2) _ . oo 3
7B =(1 )27 + g2
— 9T
1

In this case, g(z) € M is the starlike function with

0< R (‘?éj) <277 < 1.

(iii) If ¢ = 1, then

1) =) (2 5(()))

Thus, In(f(2)) = In(2) + In(¢'(2)

/(2)) an
w(e) =m (e gg/(i)>><2r<1

Thus f(z) € M is the convex function with

§R<1+ zgg((z))> <2<
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(iv) If p =1, then

) o) <zg'<z>>” (O

g(2) 9(2)
= 2_qug,(z).
Additionally,
In(g(2)) = In(2) +In(¢'(2)) and J;%()) =+ if;
Thus

Zf’(z)) < g”(Z)) -

R ( =R|1+ <277 <1

f(z) g'(2)

In this case, the function f(z) € N is the convex function with

2f"(2)
f'(2)

§R<1+ >§2’”<1.

g

Theorem 2.5. For a function f(z) € M defined on the class N by real
number 277 with M is subclass of S®.

Proof. For the proof of this theorem, the function f(z) is a starlike
function relative to the class S® is sufficient. For this, let’s define

10 =) (@7 -+ 25,

Let’s define the function for convenience in the operations to be per-
formed like

hz)= (27" — 1)+ 29'(2)

Thus

29'(2) = (1 = 27")g(2) + g(2)(2)

g'(2) +29"(2) = (1 = 27")g'(2) + ¢'(2)h(2) + g(2) ().
Let’s multiply both sides of this equality ¢’(0) # 0
29" (2)
g'(2)
By taking logarithmic derivative

F) = 2f(Dh(z) = W(f(2)) = n(z) + n(f'() + In(h(2))

and

—(1—27") + h(z) + 9() priy.

(2.2) 1+ 70

2f'(z) _, 29"(2) | 2h(2)

(2:3) ) 7 ()
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From (@) and (@), we have

(2.4) Zf(ij) =(1-27") +h(z) + ;’,((ZZ)) B (2) + Z}’Z(S)
and
9(2) _ z
(29 g -2 A
From (@) and (@), it is clear that
2f'(2) —r

") <2
The function f(z) is a starlike function in class 9 and we get 91(27") C
S, O

Theorem 2.6. Let f(z) = 1+ ZAnz” be analytic defined on U =
n>1

1-27"
{|z] < 1:z € C} and just suppose that f(z) < HTTZ in U and where
z

1 1 1 1
0< o < B and 0 < 3 < 3 Then, it is said that f(z) € N is a starlike
1-27" 1427T"
e <RUG) <

ti d .

function an T —3—

/ ]. - 2_TZ / ® .

Proof. Suppose that f(z) = zg (Z)W where z¢'(z) € S¥ in U.
z

Then, logarithmic derivative is taken and necessary operations are per-
formed

file) 1, 9" (27"+37)
f(z) 2z gz (Q-272)(1+37"2)
G L ) (T3
f(z) g'(z)  (1-272)(1+37"2)
() ') (243
*(F0) S e
Thus R <Zgg(i§)> < 27" is in S® with 2 € U. For the second part of the
proof
1-277 372 —1)
1+37  27(3r +1)
and

1+27" 372" +1)
1—-37 27(3r +1)°
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Then
1—-27" 1+277
13— <R(f(2)) < {— 35—
Thus, the proof of the theorem is completed. O

3. CONCLUSION

Considering all the results together, we can say that every starlike
function defined on 91 will be a close-to-convex function; it is said that
the function f(z) € M is also a close-to-convex function.
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