
 

 

 

 

 

 

 

 

 

 

 

 

 
 

On Some Properties of Log-Harmonic Functions 
Product 
 

Mehri Alizadeh, Rasoul Aghalary and Ali Ebadian 

Sahand Communications in 

Mathematical Analysis 

 

Print ISSN: 2322-5807 

Online ISSN: 2423-3900 

Volume: 19 

Number: 4 

Pages: 133-147 

 

Sahand Commun. Math. Anal. 

DOI: 10.22130/scma.2022.554936.1121 

-

 



Sahand Communications in Mathematical Analysis (SCMA) Vol. 19 No. 4 (2022), 133-147

http://scma.maragheh.ac.ir

DOI: 10.22130/scma.2022.554936.1121

On Some Properties of Log-Harmonic Functions Product

Mehri Alizadeh1, Rasoul Aghalary2∗ and Ali Ebadian3

Abstract. In this paper we define a new subclass SLH(k, γ;φ)
of log-harmonic mappings, and then basic properties such as dila-
tions, convexity on one direction and convexity of log functions of
convex- exponent product of elements of that class are discussed.
Also we find sufficient conditions on β such that f ∈ SLH(k, γ;φ)
leads to F (z) = f(z)|f(z)|2β ∈ SLH(k, γ, φ). Our results generalize
the analogues of the earlier works in the combinations of harmonic
functions.

1. Introduction and Preliminaries

Suppose E = {z ∈ C : |z| < 1} and H(E) describe the linear space of
all holomorphic functions defined in E. Let f be a 2-times continuously
differentiable function, then f is harmonic if ∆f = 0, and f is log-
harmonic mapping if log f is harmonic, where

∂

∂z
=

1

2

(
∂

∂x
− i

∂

∂y

)
,

∂

∂z
=

1

2

(
∂

∂x
+ i

∂

∂y

)
, ∆ = 4

∂2

∂z∂z
.

Actually a log-harmonic mapping f is solution of the nonlinear elliptic
partial differential equation

fz
f

= a
fz
f

where the second dilation function a ∈ H(E) is such that |a(z)| < 1 for
all z ∈ E.
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Furthermore Abdulhadi et al. in [1, 2] have showed that if f is a
non-constant log-harmonic mapping that vanishes only at z = 0, then f
should be in the form

(1.1) f(z) = zm|z|2mβh(z)g(z)

where m is a nonnegative integer, Reβ > −1
2 , while h, g ∈ H(E) satis-

fying g(0) = 1 and h(0) ̸= 0. Note that β in (1.1) depends only on a(0)
and is given by

β =
a(0) (1 + a(0))

1− |a(0)|2
.

Moreover, f(0) ̸= 0 if and only if m = 0, and that a univalent log-
harmonic mapping in E vanishes at the origin if and only if m = 1, that
is, f is as follow

f(z) = z|z|2βh(z)g(z),
where Reβ > −1

2 and 0 /∈ hg(E). The similar of the harmonic functions
the Jacobian of log-harmonic function f is taken by

Jf (z) = |fz|2
(
1− |a(z)|2

)
,

and is positive. So all non-constant log-harmonic mappings that we
have discussed the above are sense-preserving in the unit disk E. Let
B0 describe the class of Schwarzian functions such that a(0) = 0. Also
let SLH be the class of all univalent and sense-preserving log-harmonic
mappings in E with respect to a ∈ B0. These mappings are in the form

f(z) = h(z)g(z)

h(z) = 1 +
∞∑
n=1

anz
n

g(z) = 1 +
∞∑
n=1

bnz
n.

The set of all function f ∈ SLH with fz(0) = 0 is denoted by S0
LH .

In view of the definition a(z) for the function f(z) = h(z)g(z), we
observe that the second dilation a(z) is

a(z) =
fz(z).f(z)

fz(z).f(z)

=
g′(z)h(z)h(z)g(z)

h′(z)g(z)g(z)h(z)

=
g′(z)h(z)

h′(z)g(z)
.
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If f(z) = h(z)g(z) be univalent and satisfies the condition∣∣∣∣g′(z)h(z)h′(z)g(z)

∣∣∣∣ ≤ k < 1, (z ∈ E),

we call it a log-harmonic K-quasi conformal mapping on E, where K =
k+1
1−k .

Let SLH(k) be the subclass of S0
LH consisting of log-harmonic K-quasi

conformal mappings. We refer the reader for more information about
log-harmonic mappings to [3, 6, 10].

Let Ω ⊂ C be a domain. Then Ω is called a convex set in the direction
γ∈[0, π], if the set Ω ∩ {a + teiγ : t ∈ C} is either connected or empty,
for all a ∈ C. Particularly, a domain such Ω is convex in the direction
of real (imaginary) axis if every line parallel to the real (imaginary) axis
has either an empty intersection or a connected intersection with the
domain. A function is called a convex function in the direction γ if it
maps E univalently on to a convex domain in the direction γ.

For, k ∈ (0, 1], γ ∈ [0, π] and ν ∈ H(E), consider the following sub-
class SLH(k, γ, ν) of SLH defined by

SLH(k, γ, ν)

:=
{
f(z) = h(z)g(z) ∈ SLH(k) : log h(z)− e2iγ log g(z) = ν(z)

}
For simplicity, we write

SLH(k, 0, ν) := S−
LH(k, ν), SLH

(
k,
π

2
, ν
)
:= S+

LH(k, ν).

Recently the authors in [9–11], have been discussed on the linear combi-
nation of harmonic functions and in the [3, 4] the authors are considered
the same problem for log-harmonic function. In this research, we define
a new subclass of log-harmonic functions and discuss on the basic prop-
erties of the convex-exponent product of the elements of that class.

In Section 2 we discuss on the second dilation function of convex-
exponent product of log-harmonic function and then prove that the
convex-exponent product of elements of the class SLH(k, γ, φ) are be-
longing to this class and then by taking different functions of φ we solve
this problem. Also, in Section 3, we consider other type of convex-
exponent product of log-harmonic functions.

For achieving to our goals, we recall the following lemmas.

Lemma 1.1 ([5]). A sense-preserving harmonic function f = h + ḡ in
E is a univalent mapping of E on to a domain convex in the direction
γ with 0 ≤ γ < π if and only if e−iγh − eiγg is an analytic univalent
mapping of E on to a domain convex in the direction real axis.
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Lemma 1.2 ([7]). Assume that f be a holomorphic function in E with
f(0) = 0 and f ′(0) ̸= 0 and let for all, (θ ∈ R)

(1.2) k(z) =
z

(1 + zeiθ)(1 + ze−iθ)
.

If
ℜ
(
zf ′(z)

k(z)

)
> 0, (z ∈ E),

then f is convex in the direction of the real axis.
Lemma 1.3 ([8]). Let φ(z) be a non-constant function analytic in E.
The function φ(z) maps E univalently on to a domain convex in the
direction of imaginary axis, if and only if there are numbers ν and µ,
0 ≤ ν < 2π and 0 ≤ µ < 2π such that

ℜ
(
−ieiµ

(
1− 2zeiµcosν + z2e−2iµ

)
φ′(z)

)
≥ 0, for z ∈ E.

2. Convex-Exponent Product of Log-Harmonic Mappings

Lemma 2.1. If fj ∈ SLH(k, γ, φ) with (j = 1, 2), then the dilation a3(z)
of product f3(w) = f t1(w)f

1−t
2 (w) with (0 ≤ t ≤ 1) satisfies

|a3(w)| =

∣∣∣∣∣∣
t
g′1(w)
g1(w) + (1− t)

g′2(w)
g2(w)

t
h′
1(w)

h1(w) + (1− t)
h′
2(w)

h2(w)

∣∣∣∣∣∣
≤ k

< 1

Proof. By definition of the class SLH(k, γ, φ), we have φ(w) = log h(w)

g(w)e
2iγ ,

for any f = hg ∈ SLH(k, γ, φ). So by letting fj = hjgj and φj(w) =
log hj(w)− e2iγ log gj(w), for j = 1, 2

φ′
j(w) =

h′j(w)

hj(w)
− e2iγ

g′j(w)

gj(w)
.

Also we will take the second dilations of the functions fj with aj (j =
1, 2). By elementary calculations and taking partial differentiating of
them we obtain

(fj)z(w) = hj(w)g′j(w), (fj)z(w) = h′j(w)gj(w),

and so in view of definition of aj we have
hj(w)g

′
j(w)

hj(w)gj(w)
= aj

h′j(w)gj(w)

hj(w)gj(w)
,

or
g′j(w)

gj(w)
= aj

h′j(w)

hj(w)
.
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Also,

φ′
j(w) =

h′j(w)

hj(w)
− e2iγaj

h′j(w)

hj(w)

=
h′j(w)

hj(w)

(
1− e2iγaj

)
or

h′j(w)

hj(w)
=

φ′
j(w)

(1− e2iγaj)
, (j = 1, 2).

By calculation (f3)z and (f3)z and substituting them in the definition
of second dilation of f3 namely a3 we have

a3(w) =
(f3)z(w).f3(w)

f3(w)(f3)z(w)

=
t
g′1(w)
g1(w) + (1− t)

g′2(w)
g2(w)

t
h′
1(w)

h1(w) + (1− t)
h′
2(w)

h2(w)

=
t a1φ′(w)
(1−e2iγa1)

+ (1− t) a2φ′(w)
(1−e2iγa2)

t φ′(w)
(1−e2iγa1)

+ (1− t) φ′(w)
(1−e2iγa2)

=
t a1
(1−e2iγa1)

+ (1− t) a2
(1−e2iγa2)

t 1
(1−e2iγa1)

+ (1− t) 1
(1−e2iγa2)

.

But |a3| ≤ k yields if

k2
∣∣∣∣ t

(1− e2iγa1)
+

1− t

(1− e2iγa1)

∣∣∣∣2 − ∣∣∣∣ ta1
(1− e2iγa1)

+
(1− t)a2

(1− e2iγa2)

∣∣∣∣2 ≥ 0

Let aj = ρje
iθj , (0 ≤ ρj < 1, θj ∈ R; j = i, 2) and

ϕ :=
2t(1− t)

|1− e2iγa1|2|1− e2iγa2|2
≥ 0

then we have

k2
∣∣∣∣ u

(1− e2iγa1)
+

1− u

(1− e2iγa1)

∣∣∣∣2 − ∣∣∣∣ ua1
(1− e2iγa1)

+
(1− u)a2

(1− e2iγa2)

∣∣∣∣2
=
u2(k2 − |a1|2)
|1− e2iγa1|2

+
(1− u)2(k2 − |a2|2)

|1− e2iγa2|2

+ 2u(1− u)ℜ
(

k2 − a1a2
(1− e2iγa1) (1− e−2iγa2)

)
≥ 2u(1− u)

| (1− e2iγa1) |2| (1− e2iγa2) |2
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×ℜ((k2 − a1a2)(1− e−2iγa1)(1− e−2iγa2))

= ϕ
( (
k2 − ρ21ρ

2
2

)
+ ρ1

(
ρ22 − k2

)
cos (2γ + θ1)

+ ρ2
(
ρ21 − k2

)
cos (2γ + θ2) + ρ1ρ2(k

2 − 1) cos (θ2 − θ1)
)

≥ ϕ
((
k2 − ρ21ρ

2
2

)
− ρ1

(
k2 − ρ22

)
− ρ2

(
k2 − ρ21

)
− ρ1ρ2

(
1− k2

))
= ϕ

(
k2 − ρ1ρ2

)
(1− ρ1) (1− ρ2)

≥ 0.

Thus the proof is completed. □

Corollary 2.2. Let fµ = hµgµ ∈ SLH(k, γ, φ), (µ = 1, 2, . . . , n) be a
log-harmonic univalent mapping in E. Then, dilation of the product of
F = f t11 f

t2
2 . . . f tnn satisfies

|a| =

∣∣∣∣∣∣ t1
g′1
g1

+ t2
g′2
g2

+ · · ·+ tn
g′n
gn

t1
h′
1

h1
+ t2

h′
2

h2
+ · · ·+ tn

h′
n

hn

∣∣∣∣∣∣
≤ k

< 1

where 0 ≤ tµ ≤ 1 (µ = 1, 2, . . . , n), and t1 + t2 + · · ·+ tn = 1.

Theorem 2.3. Let fµ(w) = hµ(w)gµ(w), µ = 1, 2. Then

f(w) = f t1(w)f
1−t
2 (w) ∈ SLH(k, γ, φ), (0 ≤ t ≤ 1).

Proof. By considering Lemma 2.1, we know that the dilation of f satis-
fies

|a| =

∣∣∣∣∣∣
u
g′1(w)
g1(w) + (1− u)

g′2(w)
g2(w)

u
h′
1(w)

h1(w) + (1− u)
h′
2(w)

h2(w)

∣∣∣∣∣∣ ≤ k < 1,

and

log hj(w)− e2iγ log gj(w)

= log
(
hu1(w)h

1−u
2 (w)

)
− e2iγ log

(
gu1 (w)g

1−u
2 (w)

)
= (u log h1(w) + (1− u) log h2(w))

− e2iγ (u log g1(w) + (1− u) log g2(w))

= u
(
log h1(w)− e2iγ log g1(w)

)
+ (1− u)

(
log h2(w)− e2iγ log g2(w)

)
= uφ+ (1− u)φ

= φ.

Thus, f(w) = fu1 (w)f
1−u
2 (w) ∈ SLH(k, γ, φ). □
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Corollary 2.4. Let fj(z) = hj(z)gj(z), j = 1, 2, . . . n. Then

f(z) = f t11 (z)f t22 (z) . . . f tnn (z) ∈ SLH(k, γ, φ),

0 ≤ t ≤ 1,
n∑

j=i

tj = 1

 .

Corollary 2.5. Let kj(z) = hj(z)gj(z) ∈ SLH(k, γ, ζ), (j = 1, 2) with

ζ(z) =

∫ z

0

eiγdρ

(1 + ρeiθ)(1 + ρe−iθ)
, (θ ∈ R)

then for (0 ≤ u ≤ 1), f(w) = ku1 (w)k
1−u
2 (w) := h(w)g(w) ∈ SLH(k, γ, ζ),

and the function log f is convex in the position γ.

Proof. Let k(w) be the function defined by (1.2). Now

ℜ

we−iγ(h
′(w)
h(w) − e2iγ g′(w)

g(w) )

k(w)


= ℜ

(
we−iγ

k(w)

[
u
h′1(w)

h1(w)
+ (1− u)

h′2(w)

h2(w)

])
−ℜ

(
we−iγ

k(w)

[
e2iγ

(
u
g′1(w)

g1(w)
− (1− u)

g′2(w)

g2(w)

)])
= u.ℜ

(
we−iγφ′(w)

k(w)

)
+ (1− u).ℜ

(
we−iγφ′(w)

k(w)

)
= u+ (1− u)

= 1

> 0,

and so by using Lemma 1.2 we deduce e−iγ(log h− e2iγ log g) is convex
in the position of the real axis, and by Lemma 1.1 the function log f is
convex in the position γ. On the other hand, according to the Theorem
2.3 we know f(w) = ku1 (w)k

1−u
2 (w) ∈ SLH(k, γ, ζ) and the proof is

complete. □

Corollary 2.6. Suppose that α ∈ [−1, 1], θ ∈ (0, π) and a, b ≥ 0, a+b ̸=
0. Let fj(w) = hj(w)gj(w) ∈ S+

LH(k, δ), (j = 1, 2), where

δ(w) = a
w(1− αw)

1− w2
+ b

1

2i sin θ
log

(
1 + weiθ

1 + we−iθ

)
then f(w) = f t1(w)f

1−t
2 (w) ∈ S+

LH(k, δ), (0 ≤ t ≤ 1), and log f is convex
in the position of the imaginary axis.
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Proof. If we take

δ(w) = a
w(1− αw)

1− w2
+ b

1

2i sin θ
log

(
1 + weiθ

1 + we−iθ

)
,

then it is proved in [10] that δ is convex in the position of the imaginary
axis and so log f is convex in the position of the imaginary axis. Also
by using Theorem 2.3 we have f(w) = f t1(w)f

1−t
2 (w) ∈ S+

LH(k, δ), (0 ≤
t ≤ 1) and the proof is complete. □
Corollary 2.7. Suppose that c ∈ [−2, 2], θ ∈ (0, π) and a, b ≥ 0, a+ b ̸=
0. Let fj(w) = hj(w)gj(w) ∈ S−

LH(k, η), (j = 1, 2), where

(2.1) η(w) = a log

(
1 + w

1− w

)
+ b

(
w

1 + cw + w2

)
then fj(w) = ku1 (w)k

1−u
2 (w) ∈ S−

LH(k, η), (0 ≤ u ≤ 1) and log f is
convex in the position of the real axis.

Proof. It has showed in [10] the function defined by (2.1) is convex in
the position of the real axis and so log f is convex in the position of the
real axis. Also by using Theorem 2.3 we have f(w) = ku1 (w)f

1−u
2 (w) ∈

S−
LH(k, η), (0 ≤ u ≤ 1) and the proof is complete. □

Theorem 2.8. Let f1(z) = h1(z)g1(z) ∈ SLH(k, γ, ψ) and f2(z) =
h2(z)g2(z) ∈ SLH(k, γ, ψ). Suppose that

ℜ

(
k2
h′1h

′
2

h1h2
− g′1g

′
2

g1g2

)
≥ 0,

and uφ+ (1− u)ψ is convex in the direction γ.
Then f(w) = fu1 (w)f

1−u
2 (w) ∈ SLH(k), (0 ≤ u ≤ 1) and log f is

convex in the direction γ.

Proof. By considering a as second dilation of f and a1, a2 second dila-
tions of f1 and f2, respectively, we have

|a| =

∣∣∣∣∣∣
u
g′1(w)
g1(w) + (1− u)

g′2(w)
g2(w)

u
h′
1(w)

h1(w) + (1− u)
h′
2(w)

h2(w)

∣∣∣∣∣∣
=

∣∣∣∣∣∣
ua1

h′
1(w)

h1(w) + (1− u)a2
h′
2(w)

h2(w)

u
h′
1(w)

h1(w) + (1− u)
h′
2(w)

h2(w)

∣∣∣∣∣∣ .
Now for proving |a| ≤ k it is sufficient to show that

k2
∣∣∣∣uh′1(w)h1(w)

+ (1− u)
h′2(w)

h2(w)

∣∣∣∣2 − ∣∣∣∣ua1h′1(w)h1(w)
+ (1− u)a2

h′2(w)

h2(w)

∣∣∣∣2 ≥ 0.
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But by assumption, it follows that

k2
∣∣∣∣uh′1(w)h1(w)

+ (1− u)
h′2(w)

h2(w)

∣∣∣∣2 − ∣∣∣∣ua1h′1(w)h1(w)
+ (1− u)a2

h′2(w)

h2(w)

∣∣∣∣2
= k2

(
u
h′1(w)

h1(w)
+ (1− u)

h′2(w)

h2(w)

)(
u
h
′
1(w)

h1(w)
+ (1− u)

h
′
2(w)

h2(w)

)

−
(
ua1

h′1(w)

h1(w)
+ (1− u)a2

h′2(w)

h2(w)

)(
ua1

h
′
1(w)

h1(w)
+ (1− u)a2

h
′
2(w)

h2(w)

)

= u2
∣∣∣∣h′1(w)h1(w)

∣∣∣∣2 (k2 − |a1|2
)
+ (1− u)2

∣∣∣∣h′2(w)h2(w)

∣∣∣∣2 (k2 − |a2|2
)

+ 2u(1− u)ℜ

(
k2 − a1a2)

h′1(w)

h1(w)

h
′
2(w)

h2(w)

)

≥ 2u(1− u)ℜ

(
k2
h′1(w)

h1(w)

h
′
2(w)

h2(w)
− g′1(w)

g1(w)

g′2(w)

g2(w)

)
≥ 0,

so |a| ≤ k < 1. Since

log h1(w)− e2iγ log g1(w) = φ(w)

and
log h2(w)− e2iγ log g2(w) = ψ(w),

we have

log h(w)− e2iγ log g(w)

= log
(
hu1(w)h

1−u
2 (w)

)
− e2iγ log

(
gu1 (w)g

1−u
2 (w)

)
= u log h1(w) + (1− u) log h2(w)

− e2iγ (u log g1(w) + (1− u)logg2(w))

= u log h1(w)− e2iγ log g1(w) + (1− u)
(
log h2(w)− e2iγ log g2(w)

)
= uφ+ (1− u)ψ

which is convex in the position γ by the assumption. Thus, f(w) =
fu1 (w)f

1−u
2 (w) ∈ SLH(k), (0 ≤ u ≤ 1) and log f convex in the position

γ. □

Theorem 2.9. Let k1(w) = h1(w)g1(w) ∈ SLH(k, γ, ϑ) and k2(w) =
h2(w)g2(w) ∈ SLH

(
k, γ + π

2 , ϑ
)

where

ϑ(w) =

∫ w

0

eiγdξ

(1 + ξeiθ) (1 + ξe−iθ)
, (θ ∈ R) .
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Suppose that

ℜ

(
k2
h′1h

′
2

h1h2
− g′1g

′
2

g1g2

)
≥ 0,

then f(w) = ku1 (w)k
1−u
2 (w) ∈ SLH(k), (0 ≤ u ≤ 1), and log f is convex

in the direction γ.

Proof. By using similar argument in Theorem 2.8, the dilation a(z) of
f(w) = ku1 (w)k

1−u
2 (z) satisfies |a| ≤ k < 1. Now we show that log f is

convex in the direction γ. First we note that

h′2(w)

h2(w)
− e2iγ

g′2(w)

g2(w)
=

(
h′2(w)

h2(w)
+ e2iγ

g′2(w)

g2(w)

) h′
2(w)

h2(w) − e2iγ
g′2(w)
g2(w)

h′
2(w)

h2(w) + e2iγ
g′2(w)
g2(w)


= ϑ′(w)

(
1− e2iγa2
1 + e2iγa2

)
= ϑ′(w)p(w),

where

p(w) =

(
1− e2iγa2
1 + e2iγa2

)
.

But it is obvious that ℜ(p(w)) > 0. For the convexity of log f in the
direction of γ we will use Lemma 1.2. Now

ℜ

we−iγ
(

h′(w)
h(w) − e2iγ g′(w)

g(w)

)
k(w)


= ℜ

(
we−iγ

k(w)

[
u
h′1(w)

h1(w)
+ (1− u)

h′2(w)

h2(w)
− e2iγ

(
u
g′1(w)

g1(w)
+ (1− w)

g′2(w)

g2(w)

)])
= uℜ

(
we−iγφ′(w)

k(w)

)
+ (1− u)ℜ

(
we−iγϑ′(w)p(w)

k(w)

)
= u+ (1− u)ℜ(p(w))
> 0.

So e−iγ
(
log h− e2iγ log g

)
is convex in the position of real axis, and

hence the function
(
log h− e2iγ log g

)
is convex in the position γ or log f

is convex in the position γ. This completes the proof. □

Theorem 2.10. Let f1(z) = h1(z)g1(z) ∈ S−
LH(k, φ) and f2(z) =

h2(z)g2(z) ∈ S−
LH(k, φ) where

φ(z) =
1

2
log

1 + z

1− z
, (z ∈ E)

then f(z) = fu1 (z)f
1−u
2 (z) ∈ S−

LH(k, φ), (0 ≤ u ≤ 1) and log f is convex.
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Proof. By considering Theorem 2.8, we know that

f(w) = fu1 (w)f
1−u
2 (w) ∈ S−

LH(k, φ),

where (0 ≤ t ≤ 1). On the other hand by Lemma 1.1 the convexity of
log f is equivalent that analytic functions (log h−e2iθ log g) are univalent
and convex in the direction θ, for all (0 ≤ θ < π).

Hence it is sufficient to show that the functions Fθ = ie−iθ(log h −
e2iθ log g) are convex in the direction of the imaginary axis and are uni-
valent. But

(log h(w))′ − (log g(w))′

= log
(
hu1(w)h

1−u
2 (w)

)′ − log
(
gu1 (w)g

1−u
2 (w)

)′
= (u log h1(w) + (1− u) log h2(w)− u log g1(w)− (1− u) log g2(w))

′

= u
h′1(w)

h1(w)
+ (1− w)

h′2(w)

h2(w)
− u

g′1(w)

g1(w)
− (1− u)

g′2(w)

g2(w)

= u

(
h′1(w)

h1(w)
− g′1(w)

g1(w)

)
+ (1− u)

(
h′2(w)

h2(w)
− g′2(w)

g2(w)

)
=

1

1− w2
.

From Lemma 1.3, by taking µ = ν = π
2 we have

ℜ
(
−iei

π
2

(
1− 2wei

π
2 cos

π

2
+ w2e−2iπ

2

)
F ′
θ(w)

)
= ℜ

(
(1− z2)F ′

θ(w)
)

= −ℑ
((

1− w2
)
e−iθ

[
h′(w)

h(w)
− e2iθ

g′(w)

g(w)

])
= −ℑ

((
1− w2

) [
e−iθ h

′(w)

h(w)
− eiθ

g′(w)

g(w)

])
= −ℑ

(
1− w2

)(
(cos θ − i sin θ)

h′(w)

h(w)
− (cos θ + i sin θ)

g′(w)

g(w)

)
= −ℑ

(
1− w2

)(
cos θ

(
h′(w)

h(w)
− g′(w)

g(w)

)
− i sin θ

(
h′(w)

h(w)
+
g′(w)

g(w)

))

= −ℑ

 1
h′(w)
h(w) − g′(w)

g(w)


×
(
cos θ

(
h′(w)

h(w)
− g′(w)

g(w)

)
− i sin θ

(
h′(w)

h(w)
+
g′(w)

g(w)

))
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= −ℑ

cos θ − i sin θ

h′(w)
h(w) + g′(w)

g(w)

h′(w)
h(w) − g′(w)

g(w)


= ℜ sin θp(w),

where

p(w) =

h′(w)
h(w) + g′(w)

g(w)

h′(w)
h(w) − g′(w)

g(w)

,

It is obvious that ℜ(p(w)) > 0 and we conclude the Fθ is convex in the
position of the imaginary axis and is univalent. □
Corollary 2.11. Let fρ(w) = hρ(w)gρ(w) ∈ S−

LH(k, χ), (ρ = 1, 2, . . . , n)
where

χ(w) =
1

2
log

1 + w

1− w
, (w ∈ E)

then F = f c11 f
c2
2 · · · f cnn ∈ S−

LH(k, χ), (0 ≤ ci,
∑n

1 ci = 1) and log f is
convex.

By proceeding the same as the proof of Theorem 2.10 we obtain the
following result.
Theorem 2.12. Let kρ(w) = hρ(w)gρ(w) ∈ S+

LH(k, υ), (ρ = 1, 2) where

υ(w) =
1

2
log

1 + w

1− w
, (w ∈ E)

then f(w) = ku1 (w)k
1−u
2 (w) ∈ S+

LH(k, υ), (0 ≤ u ≤ 1) and log f is
convex.
Corollary 2.13. Let kρ(w) = hρ(w)gρ(w) ∈ S+

LH(k, κ), (ρ = 1, 2, . . . , n)
where

κ(w) =
w

1− w
, (w ∈ E)

then F (w) = kc11 (w)kc22 (w) · · · kcnn ∈ S+
LH(k, κ), (0 ≤ ci,

∑n
1 ci = 1) and

logF is convex.

3. Exponent Product

Theorem 3.1. Let (β > −1
2) and ϱ be analytic convex function in the

position of real axis. If k(w) ∈ S−
LH(1, ϱ) then K(w) = k(w)|k(w)|2β ∈

S−
LH(1, ϱ) and logK is convex in position of real axis.

Proof. Let k(w) = h(w)g(w), then
K(w) = k(w)|k(w)|2β

= k(w)fβ(w)k
β
(w)

= (h(w)g(w))1+β(h(w)g(w))β
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=M(w)N(w),

where
M(w) = h1+β(w)gβ(w), N(w) = hβ(w)g1+β(w).(3.1)

Also let k(w) = h(w)g(w) and â, a denote the second dilations of the
functions K, k( respectively); that is

Kz(w)

K(w)
= â

Kz(w)

K(w)
.

Now

â(z) =

Kz(w)

K(w)

Kz(w)
K(w)

,

or

â(w) =
(1 + β)kz(w)

k(w)
+ β kz(w)

k(w)

(1 + β)kz(w)
k(w) + β kz(w)

k(w)

=
(1 + β)a(w)kz(w)

k(w) + β kz(w)
k(w)

(1 + β)kz(w)
k(w) + βa(w)kz(w)

k(w)

=
a(w) + β

1+β

1 + a(w) β
1+β

.

It is clear that

|â(w)| =

∣∣∣∣∣∣
a(w) + β

(1+β)

1 + a(w) β
1+β

∣∣∣∣∣∣
< 1,

provided that |β|2 < |1+β|2, which evidently holds since (β > −1
2). On

the other hand by hypothesis of Theorem and using Lemma 1.3, there
are numbers α, γ with 0 ≤ α < 2π and 0 ≤ γ < 2π such that

ℜ
(
eiγ
(
1− 2weiγ cosα+ w2e−2iγ

)
φ′(w)

)
≥ 0, (w ∈ E).

Let
ψ(w) = log

M(w)

N(w)
.

Then
ℜ
(
eiγ
(
1− 2weiγ cosα+ w2e−2iγ

)
ψ′(w)

)
= ℜ

(
eiγ
(
1− 2weiγ cosα+ w2e−2iγ

)
φ′(w)

)
≥ 0,
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which means that logK is convex function in the direction of real axis
and the proof is complete. □

Theorem 3.2. Let k1, k2 ∈ S−
LH(1;φ) , α1 > −1

2 , α2 > −1
2 and

K1(w) = k1(w)|k1(w)|2α1 ,K2(w)

= k2(w)|k2(w)|2α2 ,

then
K(w) = Kλ

1 (w)K
1−λ
2 (w) ∈ S−

LH(1, φ)

Proof. According to the definitions ofK1 andK2 we haveK1 ∈ S−
LH(1, φ),

K2 ∈ S−
LH(1, φ) and so by Theorem 3.1, K ∈ S−

LH(1, φ). □
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