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Error Function and Certain Subclasses of Analytic Univalent
Functions

Seyed Hadi Sayedain Boroujeni'* and Shahram Najafzadeh®

ABSTRACT. In the present investigation, our main aim is to in-
troduce a certain subclass of analytic univalent functions related
to the Error function. We discuss the implications of our main
results, including the coefficient bound, extreme points, weighted
mean, convolution, convexity, and radii properties, as well as any
other related properties.

1. INTRODUCTION

One of the most widely applied functions studied in recent years is
the error function which is used in partial differential equations physics
as well as in probability science, statistics and applied mathematics.
Properties and a series of inequalities related to this function can be
seen in [3]. The error function can appears in most cases due to the
normal curve. The inverse of this function was also introduced by Carlitz
[4]. Also, because researchers have been able to define the Taylor series
of this function as the series form of a normalized analytic function, they
paved the way for this function based on analytic univalent functions.
The motivation for introducing a certain subclass was based on the error
function and its properties.
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@3+m‘m+ )
was introduced in [[1] and was studied in [3, 5] and [7](See also [2]).
After modification of ([L.1]), Ramachandran et al. [12] introduced the

error function

n—1

(1.2) Eof(2) =2+ o (—11))(n _ mzn, (zeC:|z| <1).
n=2

The set of all analytic functions in the open unit disk that are equal to
0 at z = 0 and the derivative of these functions is equal to one at z =0
(called this property is normalized) is as follows.

(1.3) g(z) =2+ an2", (z€C:lz[<1).

Furthermore, NV is a subclass of the above form by changing with nega-
tive coeflicients and are of the type

(1.4) g(z)=2z— Zanz", (an > 0).
n=2
The Hadamard product (convolution) g h for h(z) = z+ > b,2" and
n=2
g (z) to form (@) (gxh)(z) =24 > anbyz" for more details see [§].
n=2
Now, we consider the functions
(1.5) Q(2) = [(2z — Erf) * (22 — E )] ()
oo 1 .
=z — z .
nz::z [(2n—1) (n—1)1]?
and
(1.6) Ly (2) = (@x9) (2)

B _Z (20— 1) (n— )12 "

where E, f (z) is (@) and g (z) to form (m)

Definition 1.1. A function g (z) of the form (@) is in the class Ep (v, u)
if it satisfies the condition
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(1.7)
R{ (Ly (2))" + 2 (Ly (2)) + Ly (2) — 2
vz (Lg (2)) + (1 —u) Ly (2)
where 0 <wv,u <1, v <wu and L4 are given by (@) Such as this class
of univalent functions is studied in [10, 11].

}<D, (0< D <1).

2. MAIN RESULTS

In the following theorems, we show that the coefficients related to
class €p (v,u) have a bound and this limit is sharp for the function
G (z) defined below, and this class is a convex set.

Theorem 2.1. g (z) € N belong to the class Ep (v,u) if and only if
(2.1)

S |nwmn—-1)+1)-D(1—u)+1
112_:2[ (n—1)!(2n - 1))
Proof. By using (@) and (B), we conclude
& vn2+n(1—v)+1] "
‘ ngz [((n— DI2n—1)2 "
x 1+v—u "
dtv-u =2, [((n ) 2n— 1))2} n?

Now, if we consider z as a real number and let z — 17 | we have

Z[nwn—-1)+1)—=D(1—u)+1
R M e

n=2

an <1-D4+D(u—v), (0<D<1).

<D, (0<D<1).

]anZO,

or

i [n(v(n—l)—i—l)—D(l—u)—i—l
2
s (n—=1)!(2n-1))
Conversely, we suppose that (El!) holds. We will show that () is
satisfied and so g € Ep (v, u).
Using the fact that |A — (14 D)| < |A+ (1 — D) | if and only if
Re(A) < D for D € [0,1), it is enough to show that

]angl—D—i—D(u—v).

| Ly ()" + 2Ly (2)) + Ly (2) =2
+ - vz (Lg (2))' + (1 —u) Ly (2) : D'
ve? (Ly ()" +2(Lg (2) + Ly (2) =2
- vz (Lg (2))' + (1= u) Ly (2) i D'

=Y
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But if B =wvz(Ly(2)) + (1 —u) L, (z), we have

X = ’ ‘vz (Lyg (z))”—i—z(Lg (z))/—i—Lg (2) —z—(1 —i—D)B‘

By (@) and using triangular inequality we obtain

2z(1—(14+D)(14+v—u))

o’ +n(l-v)-(1+v-—u)(1+D)

— AnZ

((n—1)!(2n - 1))*

2 [ (1+v— D)

vn?+n(l—v)—(1+v—u)(l+D) 1
Z (n— 1) 20— 1)) an l2 ]

and

Y = z(1+(1-=D)(1+v—u))

vt l-v)+1-(0Q+v-—uw(@-D) ,
Z ((n— 1! (2n — 1)) "

|Z!
| Bl
Zvn +n(l—v)+1->1+v—u)(1-D) 2| 1]
_ an |z
((n—1)!(2n —1))?
Conversely when z € 9D = {z € C: |z] = 1}, if (@) is established,

Y — X > 0 is not unexpected due to the above inequalities, so the proof
is complete. O

> [1+(1—D)(1+v—u)

Remark 2.2. For G (z), which is defined as follows, an equation occurs
in (.1).
9(1 =D+ D(u—w)) ,

z

G =z —
(2) =2 20+u—D+3

Theorem 2.3. £p (v,u) is a convex set.
Proof. Let g;j (2) (1 < j < m) belong to the class £p (v,u), then F (z) =

m m
‘21 1ig; (z) is also in Ep (v, u), where p; > 0 and ‘21 py = 1.
J= i=



CERTAIN SUBCLASSES WITH ERROR FUNCTION 111

(We will prove this). But by the definition of F'(z), we obtain
n

m oo
F(z)= Z,uj (z - Zamjz
j=1 n=2

00 m
=z — Z Zujandz”) .
n=2 \ j=1

But from Theorem @, we have

m

i [n(v(n—l)—l-l)_D(l_u)—i_l} ;wan,j

~ ((n—1)!(2n — 1))?

X (nwn—1)+1)—D1—u)+1 o
2.2 { (n—1)1(2n 1)) “]“’”}

j=1n=2

NE

pj(l—D+D(u—-v)=1—D+D(u—v),

W.
[y

which completes the proof. O

3. INVESTIGATION OF GEOMETRIC PROPERTIES Ep (v, u)

The class Ep (v, u) is closed under convolution with respect to v and
u. This property is discussed and proved in the following theorem. In
this section, the extreme points, weighted mean and radii properties are
examined.

[e.°]
Theorem 3.1. Suppose gy, () for (k =1,2) is as gy (2) = 2— Y an 2"
n=2
If functions gi (z) belong to the class Ep (v, u), then convolutions g1 and
go belong to the classes defined as follows:

(i) (g1 * g2) (2) belongs to Ep (v, ug) where
1-D—~y(wn(n—-1)+1+n)+D(1—-v)

ug < ,
0= D(y-1)

- n— —u 2
(3.1) 7:[( vn(n—1)+ D(1—-wu)+1 '

n—1)2n—-1)(1-D+ D (u—v))
(ii) (g1 * g2) (2) belongs to Ep (vo,u), where
yl+n—-D(1—-wu)+D(1l—-u)—1
D+n(n—1)y ’
and vy is given by (El])

vg <
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Proof. (i) Consider (@) and apply the Cauchy-Schwarz inequality
to it

> mn—1)4+n—D(1—u)+1
3 (n—1) (1—w)

((n—1)!(2n—1))2(1_D+D(u_v))\/mﬁ 1.

n=2

Hence, we find the largest ug such that

i un n—l)—i—n—D(l—uo)—i-l

a a
(n—1'2n—1)2(1—D+Dup—v)) " "

n*2

> -1 — — 1
< Z mn—1)+n—-D(1—u)+ T

(n—1)'2n-1)>(1 =D+ D (u—v))

or equivalently

(1-D+D(up—v))(vn(n—=1)+n—-—D(1—u)+1)
V102 S 0T T D = o) (on(n—1) +n—D (1 —ug) £ 1)’

n > 2.

This inequality holds if

(=11 2n—1)*(1 =D+ D (u—v))
mn—1)+n—-—D(1—u)+1
(1-D+D(up—v))(vn(n—1)+n—-D(1—u)+1)
“"(1-D+Du-v)(vn(n—1)+n—D (1 —up)+1)’

or equivalently

e < 1-D—~y(wn(n—-1)+n+1)+D(1—-v)
’= D(y-1) ’

where 7 is given by (@), so the proof of (i) is complete.
(ii) Proof (ii) is easily obtained in the same way as proof (i) and
with a slight change of details.
Il

Theorem 3.2. Suppose g1 (z) = z and

[(n—1)!'2n—1)]?(1 =D + D (u—))
m(n—1)+n—D(1—u)+1 ’

gn(z)zz— (n:2,3,--~)

Then g € Ep (v,u) if and only if it can be expressed in the form g (z) =
> Ongn (%), where 6, >0 and > 6§, = 1.
n=1

n=1



CERTAIN SUBCLASSES WITH ERROR FUNCTION 113

Proof. Let g (2) = Y. dpgn (2), we will show that g belongs to the class
n=1
Ep (v,u):

g (Z) = Z Ongn (Z)
n=1

- 5191 (Z) + Z 5ngn (Z)
n=2

n

:Z_i[(n—1)!(2n—1)]2(1—D+D(u—v))5nz .

mn—1)+n—-—D(1—-u)+1

Since

[(n—1!'2n—1]2(1 =D+ D (u—v))

n=2

i( mnm—1)+n—D(1—u)+1

. !((n—l)!(Qn—1))2(1—D+D(u—v))5])
mn—1)+n—D(1—u)+1 "

n=2

o0 o0
Because »_ 0, =1—191s0 > &, <1, and this was stated in Theorem
n=2 n=2
@. So g (z) belongs to the class £p (v,u). One side proved to be
complete.
Conversely, suppose that g € Ep (v, u). Refer to the theorem @,

[(n—1)!'(2n—1)]?(1 = D+ D (u —v))

= =2.3,...
fn = Un(n—1)+n—D(1_u)+1 ) (n 737 )7
therefore, by letting
on(n—1)+n—D(1—u)+1
On = =2,3,...
" =) @n— P A =D+ Da—u)m T3
o
and 01 =1 — > 0y, we conclude the required result. N
n=2

In the following theorem, we express another geometric property of
class Ep (v, u), namely the weight mean.

Theorem 3.3. If g1 (2) = 2— > apz™ and g2 (2) = z— > bp2"™ belongs
n=2 n=2

to the class Ep (v,u), then the weighted mean of g1 and gy are also in
Ep (v, u).
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Proof. By defining G (z) as follows and indicating that it belongs to the
class Ep (v, u), the sentence is obtained.

G ()= 110~ Do () + 1L+ ) ()]
But, we have
G(2)=2= 3 (1= Dant+ (L4 )b 2"

n=2
Since g1 and g are in the class €p (v, u), so by Theorem @, we have

Zon(n—1)4+n—-D(1—u)+1]1 . .
2 (n—1)!(2n — 1)) [2[(1‘ﬂ>an+<1+1>bn]}

n=2
mn—1)+n—D(1—u)+1 ,
72 ((n—1)!(2n —1))? (1= an
+Zvn (n—1) +n—D(1—u)+1(1+j)bn

(n—1)!(2n — 1))

séw—ﬁu—D+DW—M+u+ﬁu—D+Dm_mn
=1-D+D(u—v).
Hence by Theorem @ G (2) € Ep (v, u). O

Finally, we show that class Ep (v, u) satisfies the property of starlike,
convexity and also close-to-convex, of certain orders.

Theorem 3.4. Let g € Ep (v,u). Then

(i) g (2) is starlike of order v1 in |z| < R1, where y1 € [0,1) and:
i m—1)+m—D(1—u)+1 1=y \) 7T
2m—1)] (1-D+D(u—-v)) \m-—m '

(ii) g (z) is convex of order 2 in |z| < Ra, where vy € [0,1) and:

_ i vm(m—1)+m—-D(1—u)+1 11— m—1
2= mf{[(m—1)!(2m—1)]2(1—D+D(U—U)) (m(m—w))} ‘

(ili) (z) is close-to-convex of order vz in |z| < R3,
where 3 € [0,1) and:
: vm (m—1)+m—D(1—u)+1 13\ 7t
Rz = inf )
m | [(m—=1D!'2m—-1)]2(1—-D+ D (u—v)) m
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Proof. (i) For 0 <~ < 1 it must be shown that
2 /
‘g - 1‘ <1-m.
g

In other words, the equivalent is as follows

o0

m—1)a,zm"!
zg’(z)_l‘ 2,

oo
1— > amzm!
m=2

e 1
> (m—1)ap|2[™"
=2
< = )
L= 37 am 2™
m=2
< 1_’717

or

o m —

Z ( 0 fyl) am 2™ < 1.

m=2 -n

By (@) (note that instead of n in all relations m is substituted),
it is easy to see that the above inequality holds if

mot___vmm=1)+m—D(l—u)+1 <1_%>.

12 [(m—-1)!2m-1)PQ—-D+D(u—-v)) \m—m

This completes the proof of part (i).

(ii) Since g is convex if and only if z¢' is starlike, we get the required
result (ii).

(iii) We must show that |¢’ (z) — 1| <1 —~3. But

s m

Thus |f'(2) —1] < 1—~3if >
m=2 1-
Theorem EI, the last inequality holds if

m—1 vm(m—1)4+m—-D(1—u)+1 1— s
< D DPA =D D ()

am|2|™ ' < 1. But by
3

2]

Here, the proof ends. O
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Based on the results obtained for the class defined in this article, other
geometric properties can also be considered. Such as Hankel’s second-
order determinant, called Fekete-Szego problems [8, 9]. Which is beyond
the scope of this article.
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