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Hermite-Hadamard, Trapezoid and Midpoint Type
Inequalities Involving Generalized Fractional Integrals for

Convex Functions

Hasan Kara1∗, Samet Erden2 and Hüseyin Budak3

Abstract. We first construct new Hermite-Hadamard type in-
equalities which include generalized fractional integrals for convex
functions by using an operator which generates some significant
fractional integrals such as Riemann-Liouville fractional and the
Hadamard fractional integrals. Afterwards, Trapezoid and Mid-
point type results involving generalized fractional integrals for func-
tions whose the derivatives in modulus and their certain powers are
convex are established. We also recapture the previous results in
the particular situations of the inequalities which are given in the
earlier works.

1. Introduction

The inequalities discovered by C. Hermite and J. Hadamard for convex
functions are considerable significant in the literature (see, e.g.,[14, 21],
[37, p.137]). These inequalities state that if 𝟋 : I → R is a convex
function on the interval I of real numbers and κ1, κ2 ∈ I with κ1 < κ2,
then

(1.1) 𝟋
(
κ1 + κ2

2

)
≤ 1

κ2 − κ1

∫ κ2

κ1

𝟋(κ)dκ ≤ 𝟋 (κ1) +𝟋 (κ2)

2
.

Both inequalities hold in the reversed direction if 𝟋 is concave.
Over the last few decades, many papers have focused on generaliza-

tion of the inequality (1.1) and obtaining trapezoid and midpoint type
inequalities which give bounds for the right-hand side and left-hand side
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of (1.1), respectively. For instance, in [15] and [29] authors first obtained
trapezoid and midpoint inequalities for convex functions, respectively.
Sarikaya et al. extended the inequalities in (1.1) for Riemann-Liouville
fractional integrals and the authors also proved some corresponding
trapezoid type inequalities in [41]. On the other hand in [22], Iqbal
et al. obtained some midpoint type inequalities for convex functions
via Riemann-Liouville fractional integrals. Moreover, Jleli and Samet
obtained Hermite-Hadamard type inequalities and some corresponding
trapezoid type inequalities for generalized fractional integrals in [25].
Fractional calculus, on which many studies have been made in recent
years, can be said to be a generalization of classical calculus. General-
ized fractional integrals are one of the cornerstones of fractional calculus.
Generalized fractional operators generalize many fractional types. For
the other similar inequalities, please refer to [2, 9, 12, 27, 30, 31].

The overall structure of the study takes the form of five sections with
introduction. The remainder of this work is organized as follows: we first
give definitions of some kinds of fractional integrals and we also men-
tion some works which focus on fractional version of Hermite-Hadamard
inequality. In Section 2, the new version of Hermite-Hadamard type
inequalities for generalized fractional integrals is proved. By utilizing
generalized fractional integrals, we present some midpoint and trape-
zoid type inequalities for functions whose first derivatives in absolute
value are convex in Section 3 and Section 4, respectively. Finally, some
conclusions and further directions of research are discussed in Section 5.

Definitions of Riemann-Liouville and Hadamard fractional integrals
are given as follows.

Definition 1.1 (see, [28]). Suppose that 𝟋 is the element of L1[κ1, κ2].
The left-sided Riemann-Liouville fractional integral Jα

κ1+𝟋 and right-
sided Riemann-Liouville fractional integral Jα

κ2−𝟋 of order α > 0 with
κ1 ≥ 0 are defined by

Jα
κ1+𝟋(κ) =

1

Γ(α)

∫ κ

κ1

(κ − ξ)α−1𝟋(ξ)dξ, κ > κ1,

and

Jα
κ2−𝟋(κ) =

1

Γ(α)

∫ κ2

κ
(ξ − κ)α−1𝟋(ξ)dξ, κ < κ2,

respectively. Here, Γ(α) is the Gamma function and

J0
κ1+𝟋(κ) = J0

κ2−𝟋(κ) = 𝟋(κ).

Definition 1.2 (see, [20, 28]). Suppose that 𝟋 is an element of L1[κ1, κ2].
The left-sided Hadamard fractional integral Jα

κ1+𝟋 and right-sided.
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Hadamard fractional integral Jα
κ2−𝟋 of order α > 0 with κ1 ≥ 0 are

defined by

Jα
κ1+𝟋(κ) =

1

Γ(α)

∫ κ

κ1

(
ln

κ
ξ

)α−1

𝟋(ξ)
dξ

ξ
, κ > κ1,

and

Jα
κ2−𝟋(κ) =

1

Γ(α)

∫ κ2

κ

(
ln

ξ

κ

)α−1

𝟋(ξ)
dξ

ξ
, κ < κ2,

respectively.

We now give generalized fractional integrals which will be used in our
main results.

Definition 1.3 (see, [28]). Assume that ρ : [κ1, κ2] → R is positive and
monotone increasing function on (κ1, κ2] such that the derivative ρ′(κ)
is a continuous on (κ1, κ2) and let α > 0. The left-sided (Iα

κ+
1 ;ρ

𝟋(κ)) and
right-sided (Iα

κ−
2 ;ρ

𝟋(κ)) generalized fractional integrals of 𝟋 with respect
to the function g on [κ1, κ2] of order α are defined by

Iακ1+;ρ𝟋(κ) =
1

Γ(α)

∫ κ

κ1

ρ′(ξ)𝟋(ξ)

[ρ(κ)− ρ(ξ)]1−αdξ, κ > κ1,

and
Iακ2−;ρ𝟋(κ) =

1

Γ(α)

∫ κ2

κ

ρ′(ξ)𝟋(ξ)

[ρ(ξ)− ρ(κ)]1−αdξ, κ < κ2,

respectively.

The Hermite-Hadamard type inequalities involving left and right-
sided Riemann-Liouville fractional integrals are first proved by Sarikaya
et al. in [41].

Theorem 1.4. Assume that 𝟋 : [κ1, κ2] → R is a positive mapping for
0 ≤ κ1 < κ2, and let 𝟋 be an element of L1 [κ1, κ2] . If 𝟋 is a convex
function on [κ1, κ2], then one has the inequalities

𝟋
(
κ1 + κ2

2

)
≤ Γ(α+ 1)

2 (κ2 − κ1)
α

[
Jα
κ1+𝟋(κ2) + Jα

κ2−𝟋(κ1)
]

(1.2)

≤ 𝟋 (κ1) +𝟋 (κ2)

2
, for α > 0.

Also, a new version of the inequalities (1.2) is provided by Sarıkaya
and Yildirim in [40].

Theorem 1.5. Assume that 𝟋 : [κ1, κ2] → R is a positive mapping for
κ1 < κ2, and let 𝟋 be an element of L1 [κ1, κ2] . If 𝟋 is a convex function
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on [κ1, κ2] , then we have the inequalities

𝟋
(
κ1 + κ2

2

)
≤ 2α−1Γ(α+ 1)

(κ2 − κ1)
α

[
Jα(

κ1+κ2
2

)
+
𝟋(κ2) + Jα(

κ1+κ2
2

)
−
𝟋(κ1)

](1.3)

≤ 𝟋(κ1) +𝟋(κ2)

2
.

Whereupon the Hermite-Hadamard type inequalities (1.2) which in-
volve left and right sided Riemann-Liouville fractional integrals are given
by Sarikaya et al., a great many mathematicians have studied to es-
tablish new Hermite-Hadamard type inequalities including various frac-
tional integrals such as k-fractional, Hadamard, Katugampola, Con-
formable and local fractional integrals. For some of them, please see
[1, 3–6, 8, 10, 11, 13, 17–19, 22–24, 26, 33–36, 39, 42–53] and the refer-
ences included there. Additionally, the interested reader is also referred
to [7, 20, 28, 32, 38] for more details about fractional calculus.

In [25], Jleli and Samet proved the following Hermite-Hadamard type
inequality:

Theorem 1.6. Suppose that ρ : [κ1, κ2] → R is a positive and monotone
increasing function on (κ1, κ2] such that the derivative ρ′(κ) a continuous
on (κ1, κ2) and let α > 0. If 𝟋 is convex on [κ1, κ2], then, for κ ∈ [κ1, κ2],
one has

𝟋
(
κ1 + κ2

2

)
≤ Γ(α+ 1)

4 [ρ(κ2)− ρ(κ1)]
α

(
Iακ1+;ρΨ(κ2) + Iακ2−;ρΨ(κ1)

)
(1.4)

≤ 𝟋(κ1) +𝟋(κ2)

2
,

where

(1.5) Ψ(κ) = 𝟋(κ) +𝟋(κ1 + κ2 − κ).

The main aim of this work is to establish new Hermite-Hadamard type
integral inequalities including generalized fractional integrals for convex
mappings. Moreover, some trapezoid and midpoint type inequalities
which involve generalized fractional integrals are obtained. We should
also note that the results developed in this paper produce the inequalities
involving Riemann-Liouville and Hadamard fractional integrals.

2. Generalized Hermite-Hadamard Type Inequalities

In this section, we first define some notations. Supposing that ρ :
[κ1, κ2] → R is a positive and monotone increasing function on (κ1, κ2]
such that the derivative ρ′(κ) is continuous on (κ1, κ2) and let α > 0.
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We define the following positive mapping on [0, 1] ,

Λα
ρ (ξ) :=

[
ρ

(
κ1 + κ2

2

)
− ρ

(
1 + ξ

2
κ1 +

1− ξ

2
κ2

)]α
(2.1)

+

[
ρ

(
1− ξ

2
κ1 +

1 + ξ

2
κ2

)
− ρ

(
κ1 + κ2

2

)]α
.

Specifically, if we choose ξ = 1 in (2.1), we possess the notation

Λα
ρ (1) :=

[
ρ(κ2)− ρ

(
κ1 + κ2

2

)]α
+

[
ρ

(
κ1 + κ2

2

)
− ρ(κ1)

]α
.

We also consider the identity mapping ℓ instead of ρ (i.e. ρ(ξ) = ℓ(ξ) =
ξ), then we have

(2.2) Λα
ℓ (1) =

(κ2 − κ1)
α

2α−1
.

Moreover, for ρ(ξ) = ln ξ, one has
(2.3)

Λα
ln(ξ) :=

[
ln

(
κ1 + κ2

(1 + ξ)κ1 + (1− ξ)κ2

)]α
+

[
ln

(
(1− ξ)κ1 + (1 + ξ)κ2

κ1 + κ2

)]α
,

and if we take ξ = 1 in (2.3), then we possess

Λα
ln(1) :=

[
ln

κ1 + κ2
2κ1

]α
+

[
ln

2κ2
κ1 + κ2

]α
.

In this section, we examine how Hermite-Hadamard type inequalities
come out for convex functions and generalized fractional integrals.

Theorem 2.1. Assume that ρ : [κ1, κ2] → R is a positive and monotone
increasing function on (κ1, κ2] such that the derivative ρ′(κ) is contin-
uous on (κ1, κ2), and let α > 0. If 𝟋 is a convex function on [κ1, κ2],
then we have Hermite-Hadamard type inequalities including generalized
fractional integrals

𝟋
(
κ1 + κ2

2

)
≤ Γ(α+ 1)

2Λα
ρ (1)

[
Iακ1+;ρΨ

(
κ1 + κ2

2

)
+ Iακ2−;ρΨ

(
κ1 + κ2

2

)](2.4)

≤ 𝟋(κ1) +𝟋(κ2)

2
,

where the mappings Ψ and Λα
ρ are defined as in (1.5) and (2.1), respec-

tively.

Proof. Due to the fact that 𝟋 is a convex mapping on [κ1, κ2] , we can
write

(2.5) 𝟋
(
κ + y

2

)
≤ 𝟋(κ) +𝟋(y)

2
,



90 H. KARA, S. ERDEN AND H. BUDAK

for κ, y ∈ [κ1, κ2] . Using convexity of 𝟋 after taking κ = 1+ξ
2 κ1+

1−ξ
2 κ2

and y = 1−ξ
2 κ1 +

1+ξ
2 κ2 for ξ ∈ [0, 1], we find that

𝟋
(
κ1 + κ2

2

)
≤ 1

2
𝟋
(
1 + ξ

2
κ1 +

1− ξ

2
κ2

)
+

1

2
𝟋
(
1− ξ

2
κ1 +

1 + ξ

2
κ2

)(2.6)

≤ 𝟋(κ1) +𝟋(κ2)

2
.

After integrating the resulting inequality with respect to ξ over (0, 1)
after multiplying both sides of (2.6) by

κ2 − κ1
2Γ(α)

ρ′
(
1+ξ
2 κ1 +

1−ξ
2 κ2

)
[
ρ
(
κ1+κ2

2

)
− ρ

(
1+ξ
2 κ1 +

1−ξ
2 κ2

)]1−α ,

then one has

κ2 − κ1
2Γ(α)

𝟋
(
κ1 + κ2

2

)∫ 1

0

ρ′
(
1+ξ
2 κ1 +

1−ξ
2 κ2

)
[
ρ
(
κ1+κ2

2

)
− ρ

(
1+ξ
2 κ1 +

1−ξ
2 κ2

)]1−αdξ

≤ κ2 − κ1
4Γ(α)

∫ 1

0

ρ′
(
1+ξ
2 κ1 +

1−ξ
2 κ2

)
[
ρ
(
κ1+κ2

2

)
− ρ

(
1+ξ
2 κ1 +

1−ξ
2 κ2

)]1−α

×
[
𝟋
(
1 + ξ

2
κ1 +

1− ξ

2
κ2

)
+𝟋

(
1− ξ

2
κ1 +

1 + ξ

2
κ2

)]
dξ

≤ κ2 − κ1
2Γ(α)

[
𝟋(κ1) +𝟋(κ2)

2

] ∫ 1

0

ρ′
(
1+ξ
2 κ1 +

1−ξ
2 κ2

)
[
ρ
(
κ1+κ2

2

)
− ρ

(
1+ξ
2 κ1 +

1−ξ
2 κ2

)]1−αdξ.

By change of the variable u = 1+ξ
2 κ1 +

1−ξ
2 κ2 with du = −κ2−κ1

2 dξ, it is
observed that

𝟋
(
κ1 + κ2

2

)
1

Γ(α)

∫ κ1+κ2
2

κ1

ρ′ (u)[
ρ
(
κ1+κ2

2

)
− ρ (u)

]1−αdu

≤ 1

2Γ(α)

∫ κ1+κ2
2

κ1

ρ′ (u)[
ρ
(
κ1+κ2

2

)
− ρ (u)

]1−α [𝟋 (u) +𝟋 (κ1 + κ2 − u)] dξ

≤ 𝟋(κ1) +𝟋(κ2)

2Γ(α)

∫ κ1+κ2
2

κ1

ρ′ (u)[
ρ
(
κ1+κ2

2

)
− ρ (u)

]1−αdu.
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If we use the Definition 1.3 and the integral equality∫ κ1+κ2
2

κ1

ρ′ (u)[
ρ
(
κ1+κ2

2

)
− ρ (u)

]1−αdu =
1

α

[
ρ

(
κ1 + κ2

2

)
− ρ (κ1)

]α
,

we establish the
1

Γ(α+ 1)

[
ρ

(
κ1 + κ2

2

)
− ρ (κ1)

]α
𝟋
(
κ1 + κ2

2

)
(2.7)

≤ 1

2
Iακ1+;ρΨ

(
κ1 + κ2

2

)
≤ 𝟋(κ1) +𝟋(κ2)

2Γ(α+ 1)

[
ρ

(
κ1 + κ2

2

)
− ρ (κ1)

]α
.

In a similar way, integrating the resulting inequality with respect to ξ
over (0, 1) after multiplying both sides of (2.6) by

κ2 − κ1
2Γ(α)

ρ′
(
1−ξ
2 κ1 +

1+ξ
2 κ2

)
[
ρ
(
1−ξ
2 κ1 +

1+ξ
2 κ2

)
− ρ

(
κ1+κ2

2

)]1−α ,

we conclude that
1

Γ(α+ 1)

[
ρ (κ2)− ρ

(
κ1 + κ2

2

)]α
𝟋
(
κ1 + κ2

2

)
(2.8)

≤ 1

2
Iακ2−;ρΨ

(
κ1 + κ2

2

)
≤ 𝟋(κ1) +𝟋(κ2)

2Γ(α+ 1)

[
ρ (κ2)− ρ

(
κ1 + κ2

2

)]α
.

If we sum the inequalities in (2.7) and (2.8), then we have
Λα
ρ (1)

Γ(α+ 1)
𝟋
(
κ1 + κ2

2

)
≤ 1

2

[
Iακ1+;ρΨ

(
κ1 + κ2

2

)
+ Iακ2−;ρΨ

(
κ1 + κ2

2

)]
≤

Λα
ρ (1)

Γ(α+ 1)

[
𝟋(κ1) +𝟋(κ2)

2

]
,

which completes the proof of the theorem. □

Remark 2.2. If we choose ρ(ξ) = ξ in (2.4), then we possess

𝟋
(
κ1 + κ2

2

)
≤ 2α−1Γ (α+ 1)

(κ2 − κ1)
α

[
Jα
κ1+Ψ

(
κ1 + κ2

2

)
+ Jα

κ2−Ψ

(
κ1 + κ2

2

)]
≤ 𝟋(κ1) +𝟋(κ2)

2
,

which is given by Dragomir in [16].
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Corollary 2.3. Under assumptions of Theorem 2.1 with ρ(ξ) = ln ξ,
one has the recent result including Hadamard fractional integrals

𝟋
(
κ1 + κ2

2

)
≤ Γ(α+ 1)

2Λα
ln(1)

[
Jα
κ1+Ψ

(
κ1 + κ2

2

)
+ Jα

κ2−Ψ

(
κ1 + κ2

2

)]
≤ 𝟋(κ1) +𝟋(κ2)

2
,

where the mapping Λα
ln is defined as in (2.3).

3. Generalized Trapezoid Type Inequalities

We present some trapezoid type inequalities involving generalized
fractional integrals and their particular results in this section. For this,
we first give an equality involving generalized fractional integrals in the
following Lemma.

Lemma 3.1. Assume that the mapping ρ is defined as in Theorem 2.1
and let α > 0. If 𝟋 : [κ1, κ2] → R is a differentiable mapping on (κ1, κ2)
with κ1 < κ2, then we possess the identity including generalized fractional
integrals as

𝟋 (κ1) +𝟋 (κ2)

2
− Γ(α+ 1)

2Λα
ρ (1)

×
[
Iακ2−;ρΨ

(
κ1 + κ2

2

)
+ Iακ1+;ρΨ

(
κ1 + κ2

2

)](3.1)

=
κ2 − κ1
4Λα

ρ (1)

∫ 1

0
Λα
ρ (ξ)

×
[
𝟋′

(
1− ξ

2
κ1 +

1 + ξ

2
κ2

)
−𝟋′

(
1 + ξ

2
κ1 +

1− ξ

2
κ2

)]
dξ,

where the mappings Ψ and Λα
ρ are defined as in (1.5) and (2.1), respec-

tively.

Proof. By integration by parts, it is easy to see that

I1 =

∫ 1

0

[
ρ

(
κ1 + κ2

2

)
− ρ

(
1 + ξ

2
κ1 +

1− ξ

2
κ2

)]α
(3.2)

×Ψ′
(
1 + ξ

2
κ1 +

1− ξ

2
κ2

)
dξ

= − 2

κ2 − κ1

[
ρ

(
κ1 + κ2

2

)
− ρ

(
1 + ξ

2
κ1 +

1− ξ

2
κ2

)]α
× Ψ

(
1 + ξ

2
κ1 +

1− ξ

2
κ2

)∣∣∣∣1
0
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+ α

∫ 1

0

ρ′
(
1+ξ
2 κ1 +

1−ξ
2 κ2

)
[
ρ
(
κ1+κ2

2

)
− ρ

(
1+ξ
2 κ1 +

1−ξ
2 κ2

)]1−α

×Ψ

(
1 + ξ

2
κ1 +

1− ξ

2
κ2

)
dξ

= − 2

κ2 − κ1

[
ρ

(
κ1 + κ2

2

)
− ρ (κ1)

]α
Ψ(κ1)

+
2α

κ2 − κ1

∫ κ1+κ2
2

κ1

ρ′ (u)[
ρ
(
κ1+κ2

2

)
− ρ (u)

]1−αΨ(u) dξ

=
2Γ(α+ 1)

κ2 − κ1
Iακ1+;ρΨ

(
κ1 + κ2

2

)
− 2

κ2 − κ1

[
ρ

(
κ1 + κ2

2

)
− ρ (κ1)

]α
[𝟋 (κ1) +𝟋 (κ2)] .

Similarly, by integration by parts, it is observed that

I2 =

∫ 1

0

[
ρ

(
1− ξ

2
κ1 +

1 + ξ

2
κ2

)
− ρ(

κ1 + κ2
2

)

]α
(3.3)

×Ψ′
(
1− ξ

2
κ1 +

1 + ξ

2
κ2

)
dξ

=
2

κ2 − κ1

[
ρ (κ2)− ρ

(
κ1 + κ2

2

)]α
[𝟋 (κ1) +𝟋 (κ2)]

− 2Γ(α+ 1)

κ2 − κ1
Iακ2−;ρΨ

(
κ1 + κ2

2

)
.

From (3.2) and (3.3), it follows that

κ2 − κ1
4Λα

ρ (1)
(I2 − I1) =

𝟋 (κ1) +𝟋 (κ2)

2
− Γ(α+ 1)

2Λα
ρ (1)

(3.4)

×
[
Iακ2−;ρΨ

(
κ1 + κ2

2

)
+ Iακ1+;ρΨ

(
κ1 + κ2

2

)]
.

Also, owing to the fact that Ψ′(κ) = 𝟋′(κ)−𝟋′(κ1+κ2−κ), it is found
that

I1 =

∫ 1

0

[
ρ

(
κ1 + κ2

2

)
− ρ

(
1 + ξ

2
κ1 +

1− ξ

2
κ2

)]α
×
[
𝟋′

(
1 + ξ

2
κ1 +

1− ξ

2
κ2

)
−𝟋′

(
1− ξ

2
κ1 +

1 + ξ

2
κ2

)]
dξ
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and

I2 =

∫ 1

0

[
ρ

(
1− ξ

2
κ1 +

1 + ξ

2
κ2

)
− ρ

(
κ1 + κ2

2

)]α
×
[
𝟋′

(
1− ξ

2
κ1 +

1 + ξ

2
κ2

)
−𝟋′

(
1 + ξ

2
κ1 +

1− ξ

2
κ2

)]
dξ.

Thus, one possesses the integral identity

I2 − I1

(3.5)

=

∫ 1

0
Λα
ρ (ξ)

[
𝟋′

(
1− ξ

2
κ1 +

1 + ξ

2
κ2

)
−𝟋′

(
1 + ξ

2
κ1 +

1− ξ

2
κ2

)]
dξ.

If we substitute the equality (3.5) in (3.4), then we can readily attain
the required identity (3.1). □
Theorem 3.2. Assume that the mapping ρ is defined as in Theorem 2.1
and let α > 0. If |𝟋′|is a convex mapping on [κ1, κ2], then we have the
trapezoid type inequality including generalized fractional integrals as∣∣∣∣𝟋 (κ1) +𝟋 (κ2)

2
− Γ(α+ 1)

2Λα
ρ (1)

(3.6)

×
[
Iακ2−;ρΨ

(
κ1 + κ2

2

)
+ Iακ1+;ρΨ

(
κ1 + κ2

2

)]∣∣∣∣
≤ κ2 − κ1

4Λα
ρ (1)

[∣∣𝟋′(κ1)
∣∣+ ∣∣𝟋′(κ2)

∣∣] ∫ 1

0

∣∣Λα
ρ (ξ)

∣∣ dξ.
where the mappings Ψ and Λα

ρ are defined as in (1.5) and (2.1), respec-
tively.
Proof. Taking absolute value of both sides of (3.1), we find that∣∣∣∣𝟋 (κ1) +𝟋 (κ2)

2
− Γ(α+ 1)

2Λα
ρ (1)

(3.7)

×
[
Iακ2−;ρΨ

(
κ1 + κ2

2

)
+ Iακ1+;ρΨ

(
κ1 + κ2

2

)]∣∣∣∣
≤ κ2 − κ1

4Λα
ρ (1)

∫ 1

0

∣∣Λα
ρ (ξ)

∣∣ ∣∣∣∣𝟋′
(
1− ξ

2
κ1 +

1 + ξ

2
κ2

)∣∣∣∣ dξ
+

κ2 − κ1
4Λα

ρ (1)

∫ 1

0

∣∣Λα
ρ (ξ)

∣∣ ∣∣∣∣𝟋′
(
1 + ξ

2
κ1 +

1− ξ

2
κ2

)∣∣∣∣ dξ.
Because |𝟋′| is a convex function on [κ1, κ2], it is easy to see that∣∣∣∣𝟋′

(
1− ξ

2
κ1 +

1 + ξ

2
κ2

)∣∣∣∣ ≤ 1− ξ

2

∣∣𝟋′(κ1)
∣∣+ 1 + ξ

2

∣∣𝟋′(κ2)
∣∣ ,
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and ∣∣∣∣𝟋′
(
1 + ξ

2
κ1 +

1− ξ

2
κ2

)∣∣∣∣ ≤ 1 + ξ

2

∣∣𝟋′(κ1)
∣∣+ 1− ξ

2

∣∣𝟋′(κ2)
∣∣ .

Finally, substituting the above inequalities in (3.7), by the elementary
analysis operations, it is found that∣∣∣∣𝟋 (κ1) +𝟋 (κ2)

2
− Γ(α+ 1)

2Λα
ρ (1)

[
Iακ2−;ρΨ

(
κ1 + κ2

2

)
+ Iακ1+;ρΨ

(
κ1 + κ2

2

)]∣∣∣∣
≤ κ2 − κ1

4Λα
ρ (1)

[∣∣𝟋′(κ1)
∣∣+ ∣∣𝟋′(κ2)

∣∣] ∫ 1

0

∣∣Λα
ρ (ξ)

∣∣ dξ,
which finishes the proof. □

Remark 3.3. If we write ξ instead of ρ(ξ) in (3.6), we reach the result∣∣∣∣𝟋 (κ1) +𝟋 (κ2)

2
− 2α−1Γ(α+ 1)

(κ2 − κ1)
α

[
Jα
κ2−𝟋

(
κ1 + κ2

2

)
+ Jα

κ1+𝟋
(
κ1 + κ2

2

)]∣∣∣∣
≤ κ2 − κ1

4(α+ 1)

[∣∣𝟋′(κ1)
∣∣+ ∣∣𝟋′(κ2)

∣∣] .
Corollary 3.4. Under assumptions of Theorem 3.2 with ρ(ξ) = ln ξ,
one has the inequality involving Hadamard fractional integrals as∣∣∣∣𝟋 (κ1) +𝟋 (κ2)

2
− Γ(α+ 1)

2Λα
ln(1)

[
Jα
κ2−Ψ

(
κ1 + κ2

2

)
+ Jα

κ1+Ψ

(
κ1 + κ2

2

)]∣∣∣∣
≤ κ2 − κ1

4Λα
ln(1)

[∣∣𝟋′(κ1)
∣∣+ ∣∣𝟋′(κ2)

∣∣] ∫ 1

0
|Λα

ln(ξ)| dξ,

where the mapping Λα
ln is defined as in (2.3).

Theorem 3.5. Suppose that the mapping ρ is defined as in Theorem
2.1 and let α > 0. If |𝟋′|q , q > 1, is a convex function on [κ1, κ2] with
1
p +

1
q = 1, then we possess the inequality including generalized fractional

integrals as

∣∣∣∣Γ(α+ 1)

2Λα
ρ (1)

[
Iα(κ1+κ2

2

)
+;ρ

Ψ(κ2) + Iα(κ1+κ2
2

)
−;ρ

Ψ(κ1)

]
−𝟋

(
κ1 + κ2

2

)∣∣∣∣
(3.8)

≤ κ2 − κ1
4Λα

ρ (1)

(∫ 1

0

∣∣Λα
ρ (ξ)

∣∣p dξ) 1
p

×

[(
|𝟋′(κ1)|q + 3 |𝟋′(κ2)|q

4

) 1
q

+

(
3 |𝟋′(κ1)|q + |𝟋′(κ2)|q

4

) 1
q

]
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≤ κ2 − κ1
4Λα

ρ (1)

(
4

∫ 1

0

∣∣Λα
ρ (ξ)

∣∣p dξ) 1
p [∣∣𝟋′(κ1)

∣∣+ ∣∣𝟋′(κ2)
∣∣] ,

where the mappings Ψ and Λα
ρ are defined as in (1.5) and (2.1), respec-

tively.

Proof. Applying the well known Hölder’s inequality after taking modulus
in both sides of (3.1), we find that

∣∣∣∣𝟋 (κ1) +𝟋 (κ2)

2
− Γ(α+ 1)

2Λα
ρ (1)

[
Iακ2−;ρΨ

(
κ1 + κ2

2

)
+ Iακ1+;ρΨ

(
κ1 + κ2

2

)]∣∣∣∣
(3.9)

≤ κ2 − κ1
4Λα

ρ (1)

∫ 1

0

∣∣Λα
ρ (ξ)

∣∣ ∣∣∣∣𝟋′
(
1− ξ

2
κ1 +

1 + ξ

2
κ2

)∣∣∣∣ dξ
+

κ2 − κ1
4Λα

ρ (1)

∫ 1

0

∣∣Λα
ρ (ξ)

∣∣ ∣∣∣∣𝟋′
(
1 + ξ

2
κ1 +

1− ξ

2
κ2

)∣∣∣∣ dξ
≤ κ2 − κ1

4Λα
ρ (1)

(∫ 1

0

∣∣Λα
ρ (ξ)

∣∣p dξ) 1
p
(∫ 1

0

∣∣∣∣𝟋′
(
1− ξ

2
κ1 +

1 + ξ

2
κ2

)∣∣∣∣q dξ)
1
q

+
κ2 − κ1
4Λα

ρ (1)

(∫ 1

0

∣∣Λα
ρ (ξ)

∣∣p dξ) 1
p
(∫ 1

0

∣∣∣∣𝟋′
(
1 + ξ

2
κ1 +

1− ξ

2
κ2

)∣∣∣∣q dξ)
1
q

.

Using the fact that |𝟋′|q is a convex mapping on [κ1, κ2], it is seen that∫ 1

0

∣∣∣∣𝟋′
(
1− ξ

2
κ1 +

1 + ξ

2
κ2

)∣∣∣∣q dξ(3.10)

≤
∫ 1

0

[
1− ξ

2

∣∣𝟋′(κ1)
∣∣q + 1 + ξ

2

∣∣𝟋′(κ2)
∣∣q] dξ

=
|𝟋′(κ1)|q + 3 |𝟋′(κ2)|q

4
,

and ∫ 1

0

∣∣∣∣𝟋′
(
1 + ξ

2
κ1 +

1− ξ

2
κ2

)∣∣∣∣ dξ(3.11)

≤
∫ 1

0

[
1 + ξ

2

∣∣𝟋′(κ1)
∣∣q + 1− ξ

2

∣∣𝟋′(κ2)
∣∣q] dξ

=
3 |𝟋′(κ1)|q + |𝟋′(κ2)|q

4
.

If we substitute the results (3.10) and (3.11) in (3.9), then we achieve
the first inequality in (3.8).
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For we to proof the second inequality, assume that κ11 = |𝟋′ (κ1)|q ,
κ21 = 3 |𝟋′ (κ2)|q , κ12 = 3 |𝟋′ (κ1)|q and κ22 = |𝟋′ (κ2)|q . Using the
inequalities

n∑
k=1

(κ1k + κ2k)
s ≤

n∑
k=1

κs1k +

n∑
k=1

κs2k, 0 ≤ s < 1,(3.12)

and 1 + 3
1
q ≤ 4, then the desired result can be readily attained. □

Remark 3.6. If we take ρ(ξ) = ξ in (3.8), we acquire the inequalities
involving Riemann-Liouville fractional integrals as

∣∣∣∣2α−1Γ(α+ 1)

(κ2 − κ1)
α

[
Jα(

κ1+κ2
2

)
+
𝟋(κ2) + Jα(

κ1+κ2
2

)
−
𝟋(κ1)

]
−𝟋

(
κ1 + κ2

2

)∣∣∣∣
(3.13)

≤ κ2 − κ1
4

(
1

αp+ 1

) 1
p

×

[(
|𝟋′(κ1)|q + 3 |𝟋′(κ2)|q

4

) 1
q

+

(
3 |𝟋′(κ1)|q + |𝟋′(κ2)|q

4

) 1
q

]

≤ κ2 − κ1
4

(
4

αp+ 1

) 1
p [∣∣𝟋′(κ1)

∣∣+ ∣∣𝟋′(κ2)
∣∣] .

Corollary 3.7. Under assumption of Theorem 3.5 with ρ(ξ) = ln ξ, one
possesses the inequalities involving Hadamard fractional integrals as

∣∣∣∣Γ(α+ 1)

2Λα
ln(1)

[
Jα(

κ1+κ2
2

)
+
Ψ(κ2) + Jα(

κ1+κ2
2

)
−
Ψ(κ1)

]
−𝟋

(
κ1 + κ2

2

)∣∣∣∣
(3.14)

≤ κ2 − κ1
4Λα

ln(1)

(∫ 1

0
(Λα

ln(ξ))
p dξ

) 1
p

×

[(
|𝟋′(κ1)|q + 3 |𝟋′(κ2)|q

4

) 1
q

+

(
3 |𝟋′(κ1)|q + |𝟋′(κ2)|q

4

) 1
q

]

≤ κ2 − κ1
4Λα

ln(1)

(
4

∫ 1

0
(Λα

ln(ξ))
p dξ

) 1
p [∣∣𝟋′(κ1)

∣∣+ ∣∣𝟋′(κ2)
∣∣]

where the expression Λα
ln is defined as in (2.3).
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4. Generalized Midpoint Type Inequalities

In this section, some generalized midpoint type inequalities involving
the generalized fractional integrals are established by using the identity
given in the following Lemma.

Lemma 4.1. Supposing that the mapping ρ is defined as in Theorem
2.1 and let α > 0. If 𝟋 : [κ1, κ2] → R is a differentiable mapping on
(κ1, κ2) with κ1 < κ2, then we have the identity including generalized
fractional integrals as

𝟋
(
κ1 + κ2

2

)
− Γ(α+ 1)

2Λα
ρ (1)

[
Iακ1+;ρΨ

(
κ1 + κ2

2

)
+ Iακ2−;ρΨ

(
κ1 + κ2

2

)](4.1)

=
κ2 − κ1
4Λα

ρ (1)

∫ 1

0

(
Λα
ρ (1)− Λα

ρ (ξ)
)

×
[
𝟋′

(
1 + ξ

2
κ1 +

1− ξ

2
κ2

)
−𝟋′

(
1− ξ

2
κ1 +

1 + ξ

2
κ2

)]
dξ,

where the mappings Ψ and Λα
ρ are defined as in (1.5) and (2.1), respec-

tively.
Proof. By integration by parts, it is deduced that

J1 =

∫ 1

0

([
ρ

(
κ1 + κ2

2

)
− ρ (κ1)

]α
−
[
ρ

(
κ1 + κ2

2

)
− ρ

(
1 + ξ

2
κ1 +

1− ξ

2
κ2

)]α)
×Ψ′

(
1 + ξ

2
κ1 +

1− ξ

2
κ2

)
dξ

= − 2

κ2 − κ1

([
ρ

(
κ1 + κ2

2

)
− ρ (κ1)

]α
−
[
ρ

(
κ1 + κ2

2

)
− ρ

(
1 + ξ

2
κ1 +

1− ξ

2
κ2

)]α)
× Ψ

(
1 + ξ

2
κ1 +

1− ξ

2
κ2

)∣∣∣∣1
0

− α

∫ 1

0

ρ′
(

1+ξ
2 κ1 +

1−ξ
2 κ2

)
[
ρ
(
κ1+κ2

2

)
− ρ

(
1+ξ
2 κ1 +

1−ξ
2 κ2

)]1−αΨ

(
1 + ξ

2
κ1 +

1− ξ

2
κ2

)
dξ

=
2

κ2 − κ1

[
ρ

(
κ1 + κ2

2

)
− ρ (κ1)

]α
Ψ

(
κ1 + κ2

2

)
− 2α

κ2 − κ1

∫ κ1+κ2
2

κ1

ρ′(u)[
ρ
(
κ1+κ2

2

)
− ρ (u)

]1−αΨ(u) du

=
4

κ2 − κ1

[
ρ

(
κ1 + κ2

2

)
− ρ (κ1)

]α
𝟋
(
κ1 + κ2

2

)
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− 2Γ(α+ 1)

κ2 − κ1
Iακ1+;ρΨ

(
κ1 + κ2

2

)
.

In a similar way, it is easy to see that

J2 =

∫ 1

0

([
ρ

(
1− ξ

2
κ1 +

1 + ξ

2
κ2

)
− ρ

(
κ1 + κ2

2

)]α
−
[
ρ (κ2)− ρ

(
κ1 + κ2

2

)]α)
×Ψ′

(
1− ξ

2
κ1 +

1 + ξ

2
κ2

)
dξ

=
4

κ2 − κ1

[
ρ (κ2)− ρ

(
κ1 + κ2

2

)]α
𝟋
(
κ1 + κ2

2

)
− 2Γ(α+ 1)

κ2 − κ1
Iακ2−;ρΨ

(
κ1 + κ2

2

)
.

Then, if we sum the integrals J1 and J2 and later we multiply the
resulting equality by κ2−κ1

4Λα
ρ (1)

, then we possess

κ2 − κ1
4Λα

ρ (1)
(J1 + J2) = 𝟋

(
κ1 + κ2

2

)(4.2)

− Γ(α+ 1)

2Λα
ρ (1)

[
Iακ1+;ρΨ

(
κ1 + κ2

2

)
+ Iακ2−;ρΨ

(
κ1 + κ2

2

)]
.

Also, using the fact that Ψ′(κ) = 𝟋′(κ)−𝟋′(κ1+κ2−κ), it is observed
that

J1 =

∫ 1

0

([
ρ

(
κ1 + κ2

2

)
− ρ (κ1)

]α(4.3)

−
[
ρ

(
κ1 + κ2

2

)
− ρ

(
1 + ξ

2
κ1 +

1− ξ

2
κ2

)]α)
×
[
𝟋′

(
1 + ξ

2
κ1 +

1− ξ

2
κ2

)
−𝟋′

(
1− ξ

2
κ1 +

1 + ξ

2
κ2

)]
dξ,

and

J2 =

∫ 1

0

([
ρ

(
1− ξ

2
κ1 +

1 + ξ

2
κ2

)
− ρ

(
κ1 + κ2

2

)]α(4.4)

−
[
ρ (κ2)− ρ

(
κ1 + κ2

2

)]α)
×
[
𝟋′

(
1− ξ

2
κ1 +

1 + ξ

2
κ2

)
−𝟋′

(
1 + ξ

2
κ1 +

1− ξ

2
κ2

)]
dξ.

Substituting the identities (4.3) and (4.4) in (4.2), the required equality
(4.1) can be easily obtained. □
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Theorem 4.2. Assuming that the mapping ρ is defined as in Theorem
2.1 and let α > 0. If |𝟋′| is a convex function on [κ1, κ2], then the fol-
lowing midpoint type inequality involving generalized fractional integrals
holds:

∣∣∣∣𝟋(
κ1 + κ2

2

)
− Γ(α+ 1)

2Λα
ρ (1)

[
Iακ1+;ρΨ

(
κ1 + κ2

2

)
+ Iακ2−;ρΨ

(
κ1 + κ2

2

)]∣∣∣∣
(4.5)

≤ κ2 − κ1
4Λα

ρ (1)

[∣∣𝟋′ (κ1)
∣∣+ ∣∣𝟋′ (κ2)

∣∣] ∫ 1

0

∣∣Λα
ρ (1)− Λα

ρ (ξ)
∣∣ dξ,

where the mappings Ψ and Λα
ρ are defined as in (1.5) and (2.1), respec-

tively.

Proof. If we take modulus in both sides of (4.1), from the absolute value
inequality for integrals, then we get∣∣∣∣𝟋(

κ1 + κ2
2

)
− Γ(α+ 1)

2Λα
ρ (1)

[
Iακ1+;ρΨ

(
κ1 + κ2

2

)
+ Iακ2−;ρΨ

(
κ1 + κ2

2

)]∣∣∣∣
≤ κ2 − κ1

4Λα
ρ (1)

∫ 1

0

∣∣Λα
ρ (1)− Λα

ρ (ξ)
∣∣ ∣∣∣∣𝟋′

(
1 + ξ

2
κ1 +

1− ξ

2
κ2

)∣∣∣∣ dξ
+

κ2 − κ1
4Λα

ρ (1)

∫ 1

0

∣∣Λα
ρ (1)− Λα

ρ (ξ)
∣∣ ∣∣∣∣𝟋′

(
1− ξ

2
κ1 +

1 + ξ

2
κ2

)∣∣∣∣ dξ.
Owing to the fact that |𝟋′| is a convex mapping on [κ1, κ2], it follows
that∣∣∣∣𝟋(

κ1 + κ2
2

)
− Γ(α+ 1)

2Λα
ρ (1)

[
Iακ1+;ρΨ

(
κ1 + κ2

2

)
+ Iακ2−;ρΨ

(
κ1 + κ2

2

)]∣∣∣∣
≤ κ2 − κ1

4Λα
ρ (1)

[∣∣𝟋′ (κ1)
∣∣+ ∣∣𝟋′ (κ2)

∣∣] ∫ 1

0

∣∣Λα
ρ (1)− Λα

ρ (ξ)
∣∣ dξ,

which finishes the proof of the theorem. □

Remark 4.3. Taking ρ(ξ) = ξ in (4.5), we have the inequality

∣∣∣∣𝟋(
κ1 + κ2

2

)
− 2α−1Γ(α+ 1)

(κ2 − κ1)
α

[
Jα
κ1+𝟋

(
κ1 + κ2

2

)
+ Jα

κ2−𝟋
(
κ1 + κ2

2

)]∣∣∣∣
(4.6)

≤ κ2 − κ1
4

(
α

α+ 1

)[∣∣𝟋′ (κ1)
∣∣+ ∣∣𝟋′ (κ2)

∣∣] .
Corollary 4.4. Under the same assumptions of Theorem 4.2 with ρ(ξ) =
ln ξ, the following inequality involving Hadamard fractional integrals
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holds:

∣∣∣∣𝟋(
κ1 + κ2

2

)
− Γ(α+ 1)

2Λα
ln(1)

[
Jα
κ1+Ψ

(
κ1 + κ2

2

)
+ Jα

κ2−Ψ

(
κ1 + κ2

2

)]∣∣∣∣
(4.7)

≤ κ2 − κ1
4Λα

ln(1)

[∣∣𝟋′ (κ1)
∣∣+ ∣∣𝟋′ (κ2)

∣∣] ∫ 1

0
|Λα

ln(1)− Λα
ln(ξ)| dξ,

where the notation Λα
ln is defined as in (2.3).

Theorem 4.5. Suppose that the mapping ρ is defined as in Theorem
2.1 and let α > 0. If |𝟋′|q , q > 1, is a convex function on [κ1, κ2]
with 1

p + 1
q = 1, then the following midpoint type inequalities including

generalized fractional integrals hold:

∣∣∣∣𝟋(
κ1 + κ2

2

)
− Γ(α+ 1)

2Λα
ρ (1)

[
Iακ1+;ρΨ

(
κ1 + κ2

2

)
+ Iακ2−;ρΨ

(
κ1 + κ2

2

)]∣∣∣∣
(4.8)

≤ κ2 − κ1
4Λα

ρ (1)

(∫ 1

0

∣∣Λα
ρ (1)− Λα

ρ (ξ)
∣∣p dξ) 1

p

×

[(
3 |𝟋′(κ1)|q + |𝟋′(κ2)|q

4

) 1
q

+

(
|𝟋′(κ1)|q + 3 |𝟋′(κ2)|q

4

) 1
q

]

≤ κ2 − κ1
4Λα

ρ (1)

(
4

∫ 1

0

∣∣Λα
ρ (1)− Λα

ρ (ξ)
∣∣p dξ) 1

p [∣∣𝟋′(κ1)
∣∣+ ∣∣𝟋′(κ2)

∣∣] ,
where the mappings Ψ and Λα

ρ are defined as in (1.5) and (2.1), respec-
tively.

Proof. Taking absolute value of both sides of (4.1) and later using Hölder’s
inequality, we conclude that∣∣∣∣𝟋(

κ1 + κ2
2

)
− Γ(α+ 1)

2Λα
ρ (1)

[
Iακ1+;ρΨ

(
κ1 + κ2

2

)
+ Iακ2−;ρΨ

(
κ1 + κ2

2

)]∣∣∣∣
≤ κ2 − κ1

4Λα
ρ (1)

(∫ 1

0

∣∣Λα
ρ (1)− Λα

ρ (ξ)
∣∣p dξ) 1

p

×
(∫ 1

0

∣∣∣∣𝟋′
(
1 + ξ

2
κ1 +

1− ξ

2
κ2

)∣∣∣∣q dξ)
1
q

+
κ2 − κ1
4Λα

ρ (1)

(∫ 1

0

∣∣Λα
ρ (1)− Λα

ρ (ξ)
∣∣p dξ) 1

p
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×
(∫ 1

0

∣∣∣∣𝟋′
(
1− ξ

2
κ1 +

1 + ξ

2
κ2

)∣∣∣∣q dξ)
1
q

≤ κ2 − κ1
4Λα

ρ (1)

(∫ 1

0

∣∣Λα
ρ (1)− Λα

ρ (ξ)
∣∣p dξ) 1

p

×

[(
3 |𝟋′(κ1)|q + |𝟋′(κ2)|q

4

) 1
q

+

(
|𝟋′(κ1)|q + 3 |𝟋′(κ2)|q

4

) 1
q

]
.

The proof of the first inequality in (4.8) is thus completed.
Using the inequality (3.12) for κ11 = 3 |𝟋′ (κ1)|q , κ21 = |𝟋′ (κ2)|q ,

κ12 = |𝟋′ (κ1)|q and κ22 = 3 |𝟋′ (κ2)|q , form 1 + 3
1
q ≤ 4, the second

inequality in (4.8) can be readily deduced. The proof is thus completed.
□

Remark 4.6. Under the same assumptions of Theorem 4.5 with ρ(ξ) =
ξ, the following inequalities involving Hadamard fractional integrals
hold:

∣∣∣∣𝟋(
κ1 + κ2

2

)
− 2α−1Γ(α+ 1)

(κ2 − κ1)
α

[
Jα
κ1+𝟋

(
κ1 + κ2

2

)
+ Jα

κ2−𝟋
(
κ1 + κ2

2

)]∣∣∣∣
(4.9)

≤ κ2 − κ1
4

(∫ 1

0
(1− ξα)p dξ

) 1
p

×

[(
3 |𝟋′(κ1)|q + |𝟋′(κ2)|q

4

) 1
q

+

(
|𝟋′(κ1)|q + 3 |𝟋′(κ2)|q

4

) 1
q

]

≤ κ2 − κ1

4
1
q

(∫ 1

0
(1− ξα)p dξ

) 1
p [∣∣𝟋′(κ1)

∣∣+ ∣∣𝟋′(κ2)
∣∣] .

Corollary 4.7. Choosing ρ(ξ) = ln ξ in (4.8), then one has the inequal-
ities

∣∣∣∣𝟋(
κ1 + κ2

2

)
− Γ(α+ 1)

2Λα
ln(1)

[
Jα
κ1+Ψ

(
κ1 + κ2

2

)
+ Jα

κ2−Ψ

(
κ1 + κ2

2

)]∣∣∣∣
(4.10)

≤ κ2 − κ1
4Λα

ln(1)

(∫ 1

0
|Λα

ln(1)− Λα
ln(ξ)|

p dξ

) 1
p

×

[(
3 |𝟋′(κ1)|q + |𝟋′(κ2)|q

4

) 1
q

+

(
|𝟋′(κ1)|q + 3 |𝟋′(κ2)|q

4

) 1
q

]
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≤ κ2 − κ1
4Λα

ln(1)

(
4

∫ 1

0
|Λα

ln(1)− Λα
ln(ξ)|

p dξ

) 1
p [∣∣𝟋′(κ1)

∣∣+ ∣∣𝟋′(κ2)
∣∣]

where the notation Λα
ln is defined as in (2.3).

5. Conclusions

In this paper, we present several generalized inequalities for convex
functions via generalized fractional integrals. It is also shown that the
results given here are the strong generalization of some already pub-
lished ones. It is an interesting and new problem that the forthcoming
researchers can use the techniques of this study and obtain similar in-
equalities for different kinds of convexity in their next works.

Acknowledgment. The authors would like to express their sincere
thanks to the editor and the anonymous reviewers for their helpful com-
ments and suggestions.
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