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New Iteration Algorithms for Solving Equilibrium Problems
and Fixed Point Problems of Two Finite Families of
Asymptotically Demicontractive Multivalued Mappings

Imo Kalu Agwu'* and Donatus Ikechi Igbokwe?

ABSTRACT. In this paper, we introduce a new class of mapping
called asymptotically demicontractive multivalued mapping in the
setting of a real Hilbert space. Furthermore, a new iteration scheme
was constructed and it was proved that our algorithm converges
strongly to the common element of solutions of an equilibrium prob-
lem and the set of common fixed points of two finite families of type-
one asymptotically demicontractive multivalued mappings without
any sum conditions imposed on the finite family of the control se-
quences. Also, we provided a numerical example to demonstrate the
implementablity of our proposed iteration technique. Our results
improve, extend and generalize many recently announced results in
the current literature.

1. INTRODUCTION

Many physical phenomena of the type
I'(w) = ¢,

arising from physical formulations can equivalently be transformed into
a fixed point problem of the form

(1.1) I'(w) = w.

The solution of (@) can be achieved using approximate fixed point
theorem. In 1922, Banach demonstrated a remarkable conclusion for
fixed point theory on the metric space, which was later called Banach
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contraction principle. Subsequently, several notable works have been
published about fixed point theory for different kinds of contractions
on different spaces, with real life applications cutting across different
disciplines; see, for example, [61-54] and the references contained in
them.

Since fixed point theory for multivalued mappings has invaluable ap-
plications in different fields, it is natural to extend the known results for
single-valued mappings to the setup of multivalued mappings.

In 1969, Nadler [24] introduced multivalued contraction mapping and
proved corresponding convergence theorem. Later on, a lot of very in-
teresting results have been obtained in this direction: Markin [22] in-
troduce the idea of using the Hausdorff metric to study the fixed points
for multivalued contraction and nonexpansive mappings, Hu et al [3§]
proved the convergence theorem for finding common fixed points of two
multivalued nonexpansive mappings satisfying certain contractive con-
ditions, Bunyawat and suntain [34] introduced an iterative scheme for
finding common fixed point of a countable family of multivalued quasi-
nonexpansive mappings in uniformly convex Babcn space, Isogugu [17]
introduced type-one multivalued mapping which guarantees strong con-
vergence without the condition that the fixed point set is stirct, Agwu
and Igbokwe [b5] proved convergence theorem for finding common ele-
ment of solution for minimization problems and fixed point problems of
asymptotically quasi-nonexpansive multivalued mappings etc. But what
captures the interest of the authors, basically because of the introduction
of a new scheme that solves the problem of ’sum condition’ (i.e., for any

m
given nonnegative sequence {{ozm}f\; 1}00 ) of real numbers, > a;, = 1,
n= i=1
where m € N), is the following theorems:

Theorem 1.1 ([40]). Let K be a nonempty conver and closed subset
of a real Hilbert space H. Suppose that {S; }1 1,N > 2 is a countable
family of type-one demicontractive mappings S; : K — P(K) from K
into the family of all proziminal subsets of K with contractive coeficient
\;i € [0,1) for each i. Suppose that N\ F(S;) # 0 and for each i, (I—S;)
is weakly demiclosed at zero; then, unsder appropriate conditions on the
control sequence, the sequence {x,} defined by

xn—&-l—cnlxn"’_zcnzn Cn,] Yn,i— 1+H 1_Cn])ynN7 n > 1,
7=1

where yn; € Sizy for each i, converges weakly to q € N, F(S;). Also,
if in addition, S; is L-Lipschitizian and satisfies condition (I) (see Def-
inition [2.§) for each i, then {x,} converges strongly to q € N}, F(S;).
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Theorem 1.2 ([40]). Let C be a nonempty conver and closed sub-
set of a real Hilbert space H, f : C' x C — R a bifunction satisfying
(B1) — (B4) and {T;}}L be such that T;.c_.p(cy is type-one \i-strictly
pseudocontractive-type mappings and (I — T;) is weakly demiclosed at
zero for eachi=1,2,...,N. Suppose F = N} F5(T;) N EP(f) # 0. Let
{z,} be a sequence generated from arbitrary xo € C' as follows:

Yn = Cn,1Tn + Ap,
(1.2) un € K : F(un,y) + By,

Tn4+1 = %(un + xn),

where
N i—1
= § Cni H 1 - Cn,] Yn,i—1 T H Cn,j)yn,Na
i=1 j=1 j=1

1

Tn

By = — (y = tun,un —yn) 20, VyeK.

Let T; satisfies condition 22?27 and {r,} C [a,00) for some a > 0. Then,
under appropriate conditions on the control sequences, {x,} converges
strongly to p € F.

The iteration schemes defined by (@) and (E) were recently intro-
duced by Isogogu, Izuchukwu and Okeke [40)].

Further studies, in line with constructing iteration schemes for the
case in which more than one auxiliary maps are used, of the modified
version of the Ishikawa iterative scheme are developed; and it has been
noted (see, for example, [32] for details) that those iteration schemes for
which more than one multivalued mapping is used as auxiliary mapping
are more robust against certain numerical errors than the ones that
involve only one auxiliary mapping. Thus, the following natural question
arises:

Question 1.3. Is it possible to construct an iteration scheme with more
than one auxiliary mappings that would guarantee strong convergence
for multivalued mappings larger than the one considered in [40]?

Moltivated and inspired by the above works, the purpose of this paper
if of three folds:

(a) To introduce a new class of multivalued mapping called strict
asymptotically demicontractive multivalued mapping in the set-
ting of a real Hilbert space;

(b) To give an affirmative answer to Question @ above and
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(¢) To prove strong convergence theorem for the solution of equi-
librium problems and fixed point problems for a finite family of
asymptotically demicontractive multivalued type-one mappings
in the setting of a real Hilbert space.

2. RELEVANT PRELIMINARIES

In the sequel, we shall need the following concepts and known results:
Let K be a convex, closed and nonempty subset of a real Hilbert space
H with the inner product (,.,) and the norm ||.||. In this paper, the set
of natural numbers shall be denoted as N, the set of real numbers shall
be denoted as R and if {z,, }7 | is a sequence in H, then weak and strong
convergence of {xy,}~; shall be denoted as — and —, respectively.

Let I',G : K — K be two nonlinear mappings.The set of fixed points
of I' and G shall be denoted by F(I') and F(G), respectivly. We shall
denote the set of common fixed point of I"and G by F ={y € K : y €
r'nGy}.

Definition 2.1. Recall that I' is called:

(a) k-strictly asymptotically pseudocontractive if there exist sequence
{kn}oey C [1,00) with h_}m k, = 1 and a constant k € [0, 1)
X o
such that for all z,y € K, we have
(2.1)
I0% = Ty < K2 flo — gl + k(1 = T") & — (T =T yl, n>1.

The class of mapping defined by (@) properly contains the
class of asymptotically nonexpansive mapping(where I is called
asymptotically nonexpansive if for all x,y € K, there exists a se-
quence {kp,}>°; C [l,00) with lim k, = 1 such that
T—>00
|02 — T"y|| < ky ||z — y||,¥n > 1) introduced by Goebel and
Kirk [1]; in fact, every asymptotically nonexpansive mapping is
0-strictly asymptotically pseudocontractive.
(b) [-strictly asymptotically pseudononspreading [46] if there exists
a sequence {ky}>° 5 C [1,00) with lim k, = 1 such that for all
T—00
z,y € K and for some g € [0,1), we have
(22) Tz —T"y|* <k e —yl> + B -T2 — (I -T")y?
+2(x —T"z,y —T"y), n>1

The class of asymptotically nonspreading type (where I' is said
to be asymptotically nonspreading type if Vx,y € K, we have
Itz — Tyl < Jlo - yll? + 2 (2 — D,y = T") 0 > 1) is a
subclass of the class mapping defined by (@) In [48] and [49],
Osilike and Chima [48] (respectively Osilike et al [49]) showed
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that the classes of S-strictly pseudononspreading (where a non-
linear map I' is called $-strictly pseudononspreading if for all
z,y € K, there exists some 8 € [0,1) such that [Tz — Ty||* <
lo =yl + BII(I = D)z — (I = D)y|]* + 2 (z — T,y — Ty)) and
B-strictly asymptotically pseudononspreading (respectively k-
strictly pseudocontractive and k-strictly asymptotically pseudo-
contractive, where a nonlinear map I' is called k-strictly pseu-
docontractive if for all z,y € K, there exists some k € [0, 1)
such that [Tz —Ty|? < |z —y|* + k(I =T)z — (I - D)y|?)
mappings are independent.

Remark 2.2. Note that if F(I') # (), then (@) and (@) coincide. The
coincidence gives birth to a map called asymptotically demicontractive
mapping and is defined as follows:

Definition 2.3. Let K and H retain their usual meaning. A mapping I'
is called asymptotically demicontractive if, for any (z x q) € K x F(T),
there exist a sequence {k,}>2,; C [1,00) with lim, ok, = 1 and a
constant § € [0,1) such that

(23) - < K2 |le — gl + 5 — ], n> 1.

This class of map was introduced by Qihou [47], contains the class of
mapping studied in [12] and has been extensively studied in literature
(see, e.g,. [B2, BY] and the reference therein).

Let ¥ : K x K — R be a bifunction. The equilibrium problem for ¥
(for short EP) is to find w € K such that

(2.4) U(w,y) >0, VyeK.

A point z € K solving problem (@) is called equilibrium problem. The
set of solution of problem (R.4) is denoted by EP(W); that is,

(2.5) EPV)={we K :¥(w,y) >0,Vy € K}.

Due to the indispensable nature of equilibrium problems, different tech-
niques and algorithms have been employed to analyze the existence and
approximation of a solution to problem (R.4)); see [25]. In about 40
years or so, many researchers studied the problems of finding a common
element of solution of equilibrium problems and the common element
of the set of fixed points of nonexpansive mappings and some of their
generalizations_in the setting of a real Hilbert space; see for example,
2528, B335, 40, 43, 45] and the reference therein.

Let B be a strong positive bounded linear operator on a real Hilbert
space; that is, there exists a constant & > 0 such that

(By,y) > ally|*, Vye€ H.
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The problem of interest is to minimize a quadratic function over the set
of fixed points of a nonexpansive mapping 7 on a real Hilbert space:

1
min — (Bs,s) — (s,b),
SEF(T) 2 < > < >
where b is a given point in H.
Moltivated by the work of Xu [29], Marino and Xu [6] studied the
following iteration scheme for solving a fixed point problem of nonex-
pansive mapping using viscosity iteration scheme due to Moudafi [[7]:

(2.6) Sp+1 = anYg(sn + (1 — anA)Tsy,

where ¢ is a contraction and 7 is a nonexpansive mapping. They showed
that under mild condions on the control sequences, {s,} converges to
the unique solution of the variational inequality:

(2.7) ((B—n~g)s*,s—s") >0, VseF(r),

which is the optimality condition for the minimization problem:

1
sénF}%}r)i <BS7 8> - E(s),
where /¢ is a potential function for vg (i.e., £'(s) = vg(s),Vs € H).

In all, it is not difficult to see that approximation of fixed points
for nonlinear single-valued mappings is easier to handle as compared to
the corresponding multivalued nonlinear mappings. However, many au-
thors have intensively studied the fixed point theorems for multivalued
mappings possibly because of their invaluable applications in the areas
of control theory, economics, convex optimisation, variational inequali-
ties and differential inclusions (see [19-24] and the reference therein for
details).

Let Z be a normed space. A subset K of Z is called proximinal if for
each x € Z, there exists a point ¢t € K such that

(2.8) ol ) = inf{]lz ] -y € K}
= p(z,t).

It is well known that a closed and convex subset of a uniformly convex
Banach space and a weakly compact convex subset of a Banach space is
proximinal.

We denote CB(Z), C(K) and P(K) as the family of nonempty
bounded closed subsets of Z, the family of nonempty compact subsets
of K and the family of nonempty bounded proximinal subsets of k, re-
spectively. The Hausdorff metric induced by the metric p of Z for all
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A,B € CB(Z) is defined by

(2.9) H(A,B) = maX{Supp(:v,B),suw(y,A)},
€A yeB

where p(z, B) = inf{||z — y| : y € B} is the distance from the point z
to the subset B. A point ¢ € K is called a fixed point of the mulrivalued
mapping I' if ¢ € T'q. The set of fixed points of I' is denoted by F(I") =
{r e K:xeTx}.

Definition 2.4. Let I' : D(I') C Z — 27 be a multivalued mapping.
Then I' is said to be:

(1) uniformly n-Lipschitizian if there exists 7 > 0 such that
(2.10) H(I"z,I"y) <nlz—y|, Va,ye D).

Ifn==k,in (), where {k,}5°; C [1,00) with lim,_,o, = 1,
then I' is called asymptotically nonexpansive multivalued map-
ping.
(2) type-one [17] if given a pair z,y € D(T'), then
(2.11) |lu—v|| < H(T'z,T'y), Yué€ Prz,v € Pry,
where Prox ={u € 'z : ||z — u|| = p(z,T'x)}.
(3) w-strictly asymptotically pseudocontractive in the sense of Qi-

hou [47] for single-valued mapping if there exist a sequence
{kn}>2, C [1,00) with lim k, = 1 and a constant k& € [0,1)
Tr—r00

such that given any pair z,y € D(I') and u € Iz, there exists
v € I'"y satisfying ||u — v|| < H(I'z,I"y) and

(2.12) H(T"z,T"y)* < kn ||z =y + pllz — u = (y —0)|>.
Ifk=1in (), then I' is called asymptotically pseudocon-

tractive; whereas I' is O-strictly pseudocontractive (or asymp-
totically nonexpansive) if £k = 0 in ()

Definition 2.5. Let G : D(G) € Z — 2% be a multivalued mapping.
Then G is said to be:

(a) asymptotically S-nonspreading if there exists 5 > 0 such that
H(G"z,G"y)* < B (p(G"z,y)* + p(x,G"y)?), Va,y € K.
Note that G is called asymptotically nonspreading-type if 5 =
1
5; that is,
2H(G"x, GT"y)* < p(G"x,y)? + p(a, G y)?, Vr,y € K.

It is easy to see that if G is an asymptotically nonspreading-type
and F(G) # 0, then T is asymptotically quasi-nonexpansive

mapping.
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(b) [B-strictly asymptotically pseudononspreading in the sense of
Zhaoli and Wang [46] for single-valued mapping if there exist
a sequence {ky}>>; C [1,00) with li_}rn kn = 1 and a constant

xr o0

B € [0,1) such that given any pair z,y € D(G) and u € G"x,
there exists v € G™y satisfying ||u — v|| < H(G"z,G"y) and
(2.13)
H(G",G"y)? < ky ||z =yl + Bllz —u— (y = 0)[* +2(z —u,y —v).

If =1in (), then G is called asymptotically pseudonon-
spreading; whereas G is 0-strictly pseudononspreading if 5 = 0
in (2.13).

Definition 2.6 ([17]). Let X be a Banach space and S : D(S) C X —
2X be a multivalued mapping. I — S is weakly demiclosed at zero if
for any sequence {x,} -, € D(S) such that {z,} converges weakly to
g and a sequence y,, with y, € Sz, for all n € N such that {z, — y,}
strongly converges to zero. Then, g € Sq(i.e.,0 € (I — 5)q).

Definition 2.7 ([17]). Let X be a normed space and S : D(S) C X —
2% be a multivalued map. S is of type-one is given any x,y € D(S),
then ||u —v|| < H(Sz,Sy),Vu € Psz,v € Pgy.

Definition 2.8. [10] A multivalued mapping I' : K — P(K) is said
to satisfy Condition (I) (see, for example, [40]) if there exists a nonde-
creasing function f : [0,00) — [0,00) with f(0) = 0 and f(r) > 0 for
all 7 € [0, 00) such that d(z,I'z) > f(z, F(I")), Vo € K.

Lemma 2.9 ([6]). Asumme that A is a strongly positive self adjoint
bounded linear operator on H with coeficient @ > 0 and 0 < p < || A[| 71,
then |1 — pA|| < 1 — pa.

Lemma 2.10 ([B9]). Let H be a real Hilbert space. Then
lz +yl? < llzl* + 2 (y,x +y), Vz,yeH.

Lemma 2.11 (see [29]). Let {an} be a sequence of monnegative real
numbers with an4+1 = (1 — a)an + by, n > 0, where o, is a sequence in
oo

b
(0,1) and by, is a sequence in R such that > o, = oo and lim sup — <

n=0 n—oo Oln
0. Then, lim,_ o0 ay = 0.
Lemma 2.12 ([30]). For each x1,z2,...,ZTm and ay, g, ..., 0, € [0,1]
m
with Y a; = 1, we have
i=1
(2.14)
m
Halxl +ag:c2+---+ozmme2 :ZainiHQ— Z aiajH:ci—a:jHQ.
i=1 0<i<j<m
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Lemma 2.13 ([31]). Let {w,} be a sequence of real numbers that does
not decrease at infinity, in the sense that there exists a subsequence {wny, }
of wy, such that wy; < wy,+1 for all j > 0. For every n > ng, define
an integer sequence {T(n)} as 7(n) = max{k < n:wy < wyy1}. Then,
7(n) — 00 as n — 0o and for all n > no, Max{wW,(n), Wn} < Wr(p)41-

For solving the equilirium problem, we assume that the ifunction W :
K x K satisfies the following conditions:

(B1) ¥(z,z) =0, Vze€K;
(B2) ¥ is monotone, i.e, ¥(x,y) + V(y,z) <0, Vz,ye€ K;
(B3) W is upper hemicontinous, i.e., for each z,y, z € K,

limsup ¥(tz + (1 — t)z,y) < ¥(z,y);
t—0t

(B4) ¥(z,.) is convex and lower semicontinuoua for each = € K.

Lemma 2.14 ([44]). Let K be a nonempty closed and convez subset of a
real Hilbert space H and let ¥ be a bifunction of K x K into R satisfying
(B1) — (B4). Let r > 0 and x € H. Then, there exists z € K such that

1
(2.15) \If(x,y)—I—;(y—z,z—:wZO, Yy € K.

Lemma 2.15 ([25]). Assume that ¥ : K x K satisfies (B1) — (B4). For
r >0 and x € H, define a mapping T, : H — K in the following way:

1
Trx:{zeK:\Il(z,y)+<y—Z,Z—SC>ZO, VyGK}.
r

Then, we have
(1) T, is single-valued;
(i) T, is firmly nonexpansive, i.e., for any x,y € H,
T2 — Toyl)* < (Tra — Ty, — y) ;
(i#d) F(T,) = EP(W),

Proposition 2.16 ([40]). Let {a;}52; C N be a countable subset of the
set of real numbers R, where k is a fized nonnegative integer and N € N
s any integer with k + 1 < N. Then, the following holds:

N

1—1 N
(2.16) ap + <047;H<1—Ozj)> +H(1_04j) =1.
=k J=h

i=k+1

Proposition 2.17 ([40]). Let t,u and v be arbitrary elements of a real
Hilbert space H. Let k be any fized nonnegetive integer and N € N be
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such that k+1 < N. Let {v;}¥ 7' € H and {a;}1¥, C [0, 1] be a countable
finite subset of H and R, respectively. Define

i=k+1 j=k =
Then,
1—1
o=l = o=t + 3 (o [T ) s =l
1=k+1 j=k
N
2
+ I —ay) o —ul
j=k
N - i—1
- > |« H 1—oy) [t —viea|* | + [J(1 = )it = v]?
i=k+1 j=k j=k
—(1—ag) [ > H 1= a) lvicy = (i1 + wig)|?
i=k+1 j=k
i1
+ay [J0 —Oéj)||U—UN1||2]7
j=k
where
N i—1 i—1
Wg = Z OéiH(l—OZj)’Uifl —|—H(1—Oéj)1j, k=1,2,...,N
i=k+1 j=k j=k

and wy, = (1 — ¢y)v.

3. RESULTS

In this section, we prove our main results. In the sequel, we provide
the following definition:

Definition 3.1. Let Z be a normed space and I': D(I') € Z — 2% be a
multivalued mapping. Then, I' is called asymptotically demicontrctive
if F(T") # () and Definition @ (3) and Definition (b) hold; that is, I’
is asymptotically demicontractive in the sense of Qihou [47] for single-
valued mapping if F(I') # ( and for all (z x ¢q) € D(I") x F(T') and
p € [0,1), there exist a sequence {k,}>2; C [1,00) with wh_{glo k, =1 and
u € I'x such that

(3.1) H(I"z,I"q)* < ky |lz — ql|* + plle —u]]*.
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Remark 3.2. If F(T') # () and F(G) # () in Definition and Def-
inition @, then (3) in Definition and (b) in Definition reduce
to Definition . Thus, the class of asymptotically demicontractive
mapping is larger than the classes of k-strictly asymptotically pseudoco-
tractive multivalued mapping and (§-strictly pseudononspreading multi-
valued mapping.

Example 3.3 ([41]). Let X = R be endowed with the usual metric.
Define I' : [-9,3) — P(Z) by
[—%x, —%:p] , x € (—3,0],
I'e =
[—%az, —%x] , x€]0,3).

1
Then, I' is uniformly ——Lipschitizian and asymptotically demicontrac-
tive mapping with F(I') = {0}. Indeed, for all x € (—3,0], we have
2

1 1
(3.2) H(F”x,O)Q:max{ 32| o |gm® }
12
=|-x
2

1
< <1+2n> |z — 0 + |z — 0.

1 1
Again, for u, € 'z, u, = —6"x, where — < §" < —, we have
377, 2n
(3.3) |z — un|? = & + 0z* = (1 + 6™)2|z — 0.
(@) and (@) imply that
1 1
H(I"z,0)% < <1+) =0+ ——— |z —u,)?
(0,0 < (14 7 ) o = O 4 gl =l
1 1
(1+3)

1 9
= (1 + 2n> |z — 0% + 1—6]@’ — up |
For z € [0,3), the result follows as in Example 4.1 in [41] with ¢ = 1.
Hence, I' is an asymptotically demicontractive multivalued mapping.
Now, we show that I' is uniformly L-Lipschitizian. Indeed, for x,y €
(—3,0], we have

1 1

1 1
H(I'"z,I'y) = max { ’—:U

2nx+ omn

i

g T 3m
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H(IMz,IMy) = max { ’—LL‘ + —

1 1
3 T3

|

1
In all cases, I' is uniformly 3~ Lipschitizian.

Theorem 3.4. Let K be a convex, closed and nonempty subset of
a real Hilbert space H and let ¥ be a bifunction of K x K into R.
Suppose that {T;}}, and {G;}}L|,N > 2 are two finite families of
type-one and L;-uniformly Lipschitizian asymptotically demicontractive
multivalued mappings T'; : K — P(K) and G; : K — P(K), re-
spectively from K into the family of all proriminal subsets of K with
contractive coeficient u(l),ugz) € [0.1) for each i. Assume that F =

(ML, F(Ty) N (N, F(Gy)) N EP(©) # 0 and for each i, (I —T;) and
(I — G;) are weakly demiclosed at zero. let g; be a contraction of K
into itself with constant p € (0,1) and A be a strong positive self adjoint

bounded linear operator on H with coeficient & such that 0 < py+2e < a@.
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Let the sequence {x,} be given iteratively as follows:

( 1

unB\I](um )+7< _Umun_xn>207 Vy € K;
n

Wn = Yn,1Un + Z Tn,i H ( 'Yn,j)Vn,i—anl;
(3.4) =

Sp = ﬁn,lwn + Z /Bmi Hj;l(l - Bn,j)zn,z’—l + Dpyo;
=2
Tnt+1 = Pk (anVQ(xn) + OpsSn + ((1 - 571)[ - anA)Sn> 5

where
N

N
H 1 - ’Yn] Un,N, Dn2 = H(l - 5n,j)zn,Na

j=1

Uni € Iuy and zy, ; € Glwy, for eachi, {on}, {0n} € [0, 1],{{5,172-}20:1}?:1
and {{’Yn,i}zozl}iil are countably finite families of real sequences in [0, 1].
Suppose the following conditions are satisfied:
( ) 5711 >’7n1 >maX{Hz}l 1 - ,an <’7nz <'Y<ﬁ< 1, fO’f‘ each i;
(11) hmnlggoﬁn,z]_[ L (1=Bn.) (Bua—pti—1) > 0 andlim 1nf HJ e
Bnj)(Bna — pn >0;
(791) lim mf fymH L (1Y) (Y1 —pi—1) > 0 and lim mf H e
)t — pi > 0;

1— i k2_1
(iv) hman_O Zan—ooand hm( Bg) (ka —1)

—1 T—00 Qi
(v) {rn} C [a,oo) for some a > 0.

Then, the sequence defined by (@) converges strongly to q € F, which
solves the variational inequality (A —~vg)q,z — q) > 0,Vx € F.

Proof. Firstly, we show that the map Pr[0]+(ayg+((1—90)]—aA))]isa
contraction of K into itself. Now, for any two points a;,d € | 0, min {1, ;})
and for all z,y € H, using Lemma with @ = Pr[0I + (ayg + ((1 —
0)I — aA))]z and R = P[0 + (ayg + ((1 — 6)I — aA))]y, we have
1PrQ — PrR|| < [[Pr[0I + (ayg + (1 = 6)I — ad))lz
— Pr[oI 4 (avg + (1 = 0)I — o A))]y||

< ayllg(@) = gl + 6n llz — yll + (1 = 6p) — cA)(z — y)||

< aypllz =yl + 0n llz — yll + (1 = 6n)] — @) [lz — y||

= (1= (a—9p)a))llz—yll.
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Hence, there exists a unique point ¢ € K such that ¢ = Pz[d] + (ayg +
((1 = 6)I — aA))]g, which is equivalent to

(I-A4+v9)g—q,q—p) >0, VYpeF

Now, since lim,,_,, o, = 0, we may assume that o, € <O, Hil“) for all
n > 0 By condition (iv), there exists a constant ¢ with 0 < e <1 -4
and Z Bn.i H L1 = Buy) (k2 — 1) < eay, for each i. Also, by Lemma
B, we get [[(1 = 8,)7 — anA| < (1— 6,)] — and.

Let ¢ € F and k, = max{k(l) S )},i = 1,2,...,m. Since u, =

n,’''n,n

T,,x, and ¢ = T}, q, we obtain (using Lemma ) that
(3.5) lun = all < Trp2n = Trpgll < [lzn — ll

Next, we show that the sequence {z,,} is bounded. Since I'; : K — P(K )
and G : K — P(K) are both asymptotically demicontractive, F/(I") #

) and F(G) # (. Thus, there exist two sequences {{k‘gz}ml}
) n 1
{{k(z)}._l} C[1,00) : AR AN 1, for each i, as n — oo and

n,i n,i° "Vn,i
’ n=1

real positive constants ugl),ug ) e [0, 1) such that for any (zxq) € K XF,
we have

(3:6)  llvni — all> < K an — al® + 1" lwn — vnall?s vni € Glen,
and

2 2
3.7 lzni — all? < kP an — all? + 18 un — 2nll® 20 € Glwn.

Using (@) and Proposition with s, = y,w, = t,g = u,k = 1 and
znN € Gilwy, we get

i—1
(3.8) llsn—ql* < —ql*+ Zﬁm L1 =Bz —al?
1
i—1 .
+ I = Baplizan = al?
7=1
i—1
[ZanH _ﬁn,j)Hwn_Zn,i—l”2
7j=1

i—1
+ H(l = Brj)llwn — zn, 2] .
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Since (; is type-one asymptotically demicontractive, it follows from (@)
that

|0 — qH2 >

i—1
gl + Zﬁm TT0 B[ (52l —al?
Jj=1

1
+ 1D flwn — zn,Hlﬂ

i—1 9
# T10 =80 | (22) o = + sl = ]
j=1
i—1
_ﬁnl [Zﬁnzn _Bn,j)Hwn_Zn,i—l”Z
1
i—1 !
+ 110 = Bug)llwn — 2, ]
j=1
i—1 i—1
< /Bn1+z/8nzH _Bn,j)+H(1_/Bn,j) ||wn_q||2
i=2 j=1 j=1

i—1

+ZﬁmH (1= ) ((2)" = 1) oo =
7j=1

+H 1 ) ((K2)" = 1) o al?

i—1

(ﬁn 1— Mz 1) Zﬁnz H - ﬁn,j)”wn - Zn,ifl”2
7j=1
— (Bua = 1) Tt~ Busdlin — znsl®

j=1

With k£ =1 in Proposition , we have

(59)
i—1 9
ol e~ a3 s T ) ()" 1) -
=2 7=1

i—1

# T10 = 6g) ((K2)" 1) o — al?

=1
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N i—1
Z ﬁn,z H ﬁn,j (ﬂml - Hz(1—)1> ||wn - Zn,i—1”2
1=2 j=1
i—1
+T10 = Bug) (Bua = 60 lim = 2
j=1

Similarly, from (@) and Proposition with w, = y,up, = t,q =
u,k =1 and vy,; € I'Muy,, it is easy to see (using the same argument as
above) that

(3.10)
N i—1 9
i = 1P < =l 4 3 s L= 2000 ((K2) 1) s = al?
=2 =1
i—1 9
#TT0 =200 ((62)" = 1) o al?
j=1

N i—1
- Tn,i H(l - ’Yn,j) (’Yn 1— ,U'£ )1> Hun - Vn,i—1H2
i—2 =1

i—1
+ TT0 = 30) (= 1) lom = 20|
j=1

(@) and () imply that

(3.11)
i—1 i—1
lsn —all* < |1+ Zﬁm [T =8u) (k= 1) + [T = Bay) (k7 = 1)
=2 7j=1 j=1
i—1
X 1+Z')’nzH1_’Yn,j)(k72l_1)
7j=1
1—1
+ 11 —7ny) (k721 - 1) |zn — QHQ
j=1
N i—1
[ Yo [ [ (1 = 7m) (%1 e 1) [t — Vi [
=2 7j=1
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i—1
+ H(]- - ’Yn,j) (’Yn 1= M’Ez N) Hwn — Zn NH
j=1
N i—1
- Zﬁn,z H(l - Bn,j) (ﬁnl ,Ul 1) ||Wn Zn,i 1”
=2 7j=1
i—1
+TT0 = Bug) (But = 1ieh) leom = 2
j=1
i—1 i—1
< 1+ Z’YnzH /Yn,j)"i_H(l_’ij) (kg_l)
j=1 j=1
1—1 i—1
+ Zm&l — Bug)+ [](1 = Bny)
j=1 j=1
i—1
x |1+ Z')’nzH — Vn,j)
1=2 7=1

1—1
+ IO =) | | (k2 =1) p llen —al®
7j=1

N i—1
- Tn,i (]—_’Yn,j) ('Ynl _Mg 1) Hun_Vnz 1||
=2 j=1
i—1
2
+ 110 = 09) (1 = 5E0) leon — 20
j=1
N z‘—1
Zﬂn,z /BTL,_] (611 1— ,Ul 1) ||wn — Zni— 1”
i=2 j:l
i1
+T10 = Bus) (But = 1iih) leom = 2
j=1
Furthermore, we obtain from (@) that

(3.12)
zns1 = qll < llanyg(zn) + onsn + ((1 = 6n)I — anA)s, — q||

< anllvg(en) — Aqll + dnllsn — qll + [[(1 = 6n)T — anAl[[[sn — qll

< anyllg(zn) — 9(@)|| + anllvg(q) — Aqll + 0nllsn — 4|

17
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+ (1= 6n)I — ana@) [[sn —
< anypllen — gl + anllvg(e) — Agll + (1 = ana)l[sn — gl
From () and conditions [(i) and (iv)], we get

(3.13)
N i—1
Isn = all < [T+ o [J(1 = Buy) (k= 1) +H — Bng) (k7 = 1)
i=2 j=1
X |[zn — 4|

< (L4 2ean)[lzn — 4l
() and () imply that
[2nt1 — gl < anypllzn — gl + anllvg(q) — Aq|l
+ (1 — ana)(1 + 2ean)||zn — 4|
< anypllen — qll + anllvg(q) — Aqll
+ (1 + 2eay, — @)z, — ||
= [1 = (@ —=2e —yp)an][|zn — gl + anllvg(q) — Aql|.
Using mathematical inductional argument, we get

al. H’w() Aq||
—2e—1p

which implies that the sequence {xn} is bounded; and from which we
conclude that the following sequences: {uy},{sn} and {g(z,)} are as
well bounded.

Next, for each i, we show that |lw, — zp 4| = 0 and |Ju, — vyl — 0
as n — oo. From Lemma% (B.11)) and (B.13), we get

o — gl < HlaX{Hl‘o }  VmeN,

(3.14)

|Znt+1 — QH2 < lenvg(zn) + dnsn + (1 — 0p)1 — anA)s, — Q||2

< lan(vg(zn) — Ag) — 6n(q — sn)

+ (T =0n)I — anA)(sp — Q)||2
= |lan(vg(zn) — Ag) — bnlq — 5n)||2

HI((L = 6)] = and)(sn —q)I”

+ 20 lvg(zn) — Aql[[[(1 = 6n)] — anA)(sn — )|
< apllvg(zn) — Aql

+0nllg = sull® + (1 = 6a)1 — an@)?[|sn — gl

+ 20 ((1 = 0n)I — an@)llvg(zn) — Aglll[sn — ql|
< (1 — 20, + 02 = 2(1 = 8, ana +a2a2)
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X |sn = qll* + nllg — snll® + agllvg(n) — Agl?
+ 20 ((1 = 0n)I — an@)llvg(zn) — Aglll[sn — ql|
=(1—28,(6p — 1) + ana(apa — 2) + 26,0,@)]|5n — ||
+aplvg(en) — Aql®
+ 20, (1 = 0n)] — n@)||vg(zn) — Agll[lsn — 4l
< (1 + 20 0na)||sn — (1”2 + O‘fLH'Yg(xn) - A‘I||2
+ 20 (1 = 0n)I — an@)llvg(zn) — Aglll[sn — ql|

<{1+ Z%H vn,J+H — ) | (k7 = 1)

j=1

i—1

N i—1
+ Zﬁn,z H (1= Bng)+ [J (1= Bn)

1= j=1 j=1

i—1 i—1
X |1+ Z'VnzHl_'Yn,j)"_H(l_'Vn,j) (krzz_l)
j=1 j=1
i—1
X Jlan —qlf? - va 10 =) (31 = 1))
j=1
1—1
Xtn = Vil + [T = 05) (Y01 = #2%) ltm = 200l
j=1

N i—1
> B TT0 = Bug) (B = 1)) lom = 20,612

i—1

+TT0 = Bus) (Bua = 100) lom = 20
j=1
N — i—1
+ 20, ana {1+ Z%HH L= )+ [ [0 =7ny)
i=2 j=1 j=1
N 1—1 i—1
ZﬂnzH ﬂnj H(liﬂn,j)
i=2 j=1 j=1
i—1
x [1+ Z%”H ’Yn,j)JrH(l*’Yn,j) (kifl)
Jj=1 Jj=1

i—1
2
X ”177:,*‘1”2 - E ’YnzH L —9nj) (Vn,l *ﬂz(‘_)1>
Jj=1
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i—1
Klltn = vl + [T = 03) (00 = 5 lom = 2] ]

j=1
N i—1
ZBn 4 H ﬂn J (571,1 - ;U'El—)1> ”wn - Zn,i*1H2
i=2 j=1
1—1
+TT0 = Bus) (Bua = 120 lom = zn,NnQ]
j=1

+ ai”’yg(l‘n) - ACIHQ + 20, (1 + 250%)((1 - 5n)I — ap@)
x |lvg(xn) — Agllllzn — ql|-

Set
i—1
M= vaH =) (31 = 1) It = v |2

J=1

i—1

2
+ TT =) (31 = 1) oo = 2l
j=1

Then, we obtain from the last inequality that
(3.15)

M < |z —q|* = llznss —ql)®

N i—1 i—1
{(Z’Vﬂzn(l_’yn]) H(l—'Yn,j)) (/{Z—l)

i=2 j=1 j=1

j=1
N i—1
~ 32 B TTO = Bui) (But = 1)) oo = 2nia?
i=2 j=1
i—1
+ H(l = Bn,j) (ﬂn 1= /LS%\I) [lwn — Zn,N||2:|
j=1

N 1—1 1—1
+ 2571,0477,54 {1 + (Z Tn,i H(l - FYn,j) + H(]' - 7”,]‘)) (ksz - 1)

i=2 j=1 j=1
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N i—1 i—1 i—1
+ (Z@’MH 1= Bni)+ [J(1 = Bny) ) [1+ (Z%HH 1— )
i=2 j=1 j=1 j=1
i—1
+]Ia- %m))] (kz —1) } 0 — gl

Jj=1

l—|

N 1—1
ZﬁniH 1_571] (ﬁnl_ﬂl 1) ||wn_znz 1”
j=1

=2

i—1
+ 110 = Bug) (B = ) llom - zn,Nn?} } + a2 |lvg () — Agl?
j=1

+ 20, (1 + 2€a,) (1 = 0p) 1 — an@)||vg(xn) — Aq||[|zn — ql|-

Now, to show z,, — ¢ as n — 0o, we consider the following cases:
Case A: Suppose the sequence {|z, — ¢||} is monotonically decreasing.
Then, {||x, — q||} is convergent. Hence,

(3.16) Tim [l — gl = fleara — ql] = 0
Consequently, from (), (), conditions [(i), (ii) and (iv)] and the

fact that lim,,_,. k, = 1, we obtain

(3.17) lim [Ju, — vyl = 0.
n—o0

Since vy, ; € I''uy,, using () we have

(3.18) nhﬁrn lun, — Tiuy|| = 0.

Using the same argument as above (considering (), (), conditions
[(i), (iii) and (iv)] and the fact that lim,_,~ k, = 1), we easily see that

(3.19) lim |jwy, — 2p] = 0.
n—oo
Since z,; € G'wy, using (), we get
(3.20) |lwn, — Gilwypl|| = 0.
Next, we show that lim,, . ||z, — u,|| = 0. For any ¢ € F, we have

[un — gl < | Trnzn — Trogl?
< <Trnxn —Trnqg, z, — Q>
n — 4, Tn — Q>

I
®

1
= 5 (lun = @l + 2 = all? = 12 = wal®)

and hence

(3.21) lun = qll* < llon = gl® = |z — unl®
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(B.9), B.1d) and (B.13) imply that

N i—1
|Zns1 = ql* < lwn = all* + > Bui [ [(1 = Bug) (ki = 1) llwon — al®
=2 j=1
i—1
+ [1 = Buy) (k7 = 1) llon — gl* + 20 [6n]| s — g
j=1
+ ((1 - 671)] - an@)nyg(xn) - AQHHSn - QH]
i—1
< lun — qlf* + Z'vm TTO = vns) (B2 = 1) llun — glf?
=2 7j=1

+H = Ynj) k _1) Hun_quz

+Z/3mH — Bug) (k= Dl — g

7j=1

H /Bnu - 1) ||wn_QHQ“‘QO‘n[(Sn@HSn_QHQ

+ ((1 — 0p)I — an@)|lvg(wn) — Agll[lsn — lll,

which by () yields

(3.22)
i—1
|z = tnll* < ll2n = gll* = 2ns — 1]* + va [ =) (k2 - 1)
7=1
1—1 1—1
+ ] = y) (K2 1) +ZﬂmH — Bnj) (kn —1)
7=1 1=2 j=1
1—1
+H( ﬁn,])( 1) Q
j=1

+ 2ap [0,0Q + ((1 = 0n)I — and)|vg(zn) — Aqlll[sn — 4ll],
where Q* — sup [, — gl[2.Q" = sup [lwn — gl* and Q = max{Q*, Q**}.
From (B.16), condition (iv) and the fact that lim,, o kn, = 1, we obtain

from the last inequality that

(3.23) HILH;O |zn — uy|| = 0.
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Moreover, from (@), we have the following estimates:

(3.24)
[Znt1 = snll < lanag(zn) + 0nsn + (1 = 0,)1 — A)sp — syl
= ay|lag(zy,) — Asp|| — 0 as n — oo (by condition (iv)),

(3.25)
i—1 i—1
Hsn_wnH: 5n1+2/3nz]__[ _Bn,j)+H(1_ﬁn,j) Wn
=2 7=1 7j=1

i—1

+ZﬁnzH _/Bn,j)(zn,i—l _wn)
j=1

H ﬁn,j Zn,N — ) — Wn

j=1

1
1_5n,j Hznz 1— wn”

71—

+H ﬁng ||ZnN WnH — 0,
as n — oo_[b () and ()] and by following the argument as was

used for (B.15), we have (using () and (E)) that
(3.26)

1—1 i—1
Hwn_unH = ’7n1+27nzH 1_7n,j)+H(1_7n,j) Un
j=1 j=1

i—1

+ Z'Yn i H ’Yn,j)(yn,ifl — Up)

7j=1

H ’Yn,j Vn,N - un) — Wn

Jj=1

N i—1
Z H — Tng) [[Vni—1 — |

j=1

=2
-1
+ H(l — Tnj) VN —un|| =0 asn — oo.
j=1
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Observe rhat

[Zn+1 — 2ol < lTna1 — sall + lIsn — wall + [Jwn — un|| + [lun — 20|
(13.214), (B24|), (BZQ), (BQd) and the last inequality imply

(3.27) lim ||zp41 — x| = 0.
T—00

Also, observe that
(3.28)
[wn — Giwn|| < [lwn — Giwal| + [|Giwn — Gilun ||
+[|Gi(GF M up) — Gi(G™ w1 |
+ |GG wn1) — Giwn)||
< flwn = Giwnl| + L flwn = unl| + L {Jun — wn—1|
LG s
< [lwn = Gif'wn|l 4+ L{jwn — unl| + Ll[lun — zx ||
+ [|zn = sn—1]l + [Isn-1 — wp—1l]] + L [||GI ' wn1 — wp—1]|
+l|wn—1 = sn—1ll + Isn—1 — znll + |20 — unll + [[un — wall]
< |lwn — Gllwpl|| + L HG?_lwn_l — wp—1 || + 2L]|wn — un|
+ llun — @nll + |20 — sp—1 ]| + l|sn-1 — wn-1]l];
(3:20), (B:23), (B-24), (8.2, (B.26) and (B.28) imply that
(3.29)

llwn — Giwnl| = 0.

lim
n—co
Again, observe that
(3.30)

[un — Liunl| < [lun — Tiun || + [TFun — i@y ||

+|[Ta(TF  an) = Ti(Tfun—1)|| + [T (T up—1) = Tiug||
< lun = iun || + L lun — zn|| + L |20 — tn—1]|

+ L [|Tftun—1 — uy|
< lun = Piun || + L lun — zn|| + L{l|zn — sn—1]|

+ [$n-1 — wn-1]| + [lwp—1 — un—1]

+ L||ITF un—1 — up—1| + lun—1 — wp-1]|

+ flwn—1 = sn—1ll + [[sn—1 — Zn | + 20 — uall]
< lun = Lfun || + L ||ITfun—1 — un—1|| + 2L{[|un — zn |

+ |z = sn—1ll + [[Sn-1 — wn-1]| + llwn-1 — wn—1]]]-
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(B.18), (8.23), (B.24), (B.23), (B.26) and (B.30) imply that
(3.31)

lim ||u, — Lijuy| = 0.
n—oo

Next, we show that
(3.32) lim sup (A —79)q,q —x,) <0, VneN,
n—oo
where ¢ = Pr(1 — A + vg)q is a unique solution of the variational in-
equality (.7). To do this, choose a subsequence {zp, } of {zn,} such
that

(3.33) Lim (A=79)a,q = 2ny) = lim (A —79)q,q — xn) .

Now, since the sequence is bounded (as shown above),there exists a
subsequence {xy, } of {zn,} that converges weakly to z* € F. We
assume (without loss of generality) that z,, — 2* as n — oo. Since
|un, — x| = 0 as n — oo, we have up,—~ — x* as k — oo. We show
that z* € F. To do this, we proceed as follows:

First, we show that z* € EP(V¥). By u,, = T'rpz,, we get

1

Tn

From (B2), we also get

=t — ) > W),y € K,
consequently,
<y — Uy, un’“_mn’“> > U(y, up, ).
Ty,
Since 2 T 4 and Up, — =¥ as k — oo, from (B4), we have

T
0=>V(y,z"), VyekK.

Let y; = ty+ (1 —t)a*, where y € K and 0 < ¢ < 1. Since y,z* € K and

K is convex, we have y; € K and ¥(y;,2*) < 0. Hence, from (Bl)and

(B4), we obtain

0=W(ys,y)
< tW(yey) + (1 — )V (y, 27)
< t¥(ys,y),
which yields ¥(y;,y) > 0. From (B3), we get ¥(z*,y) > 0,Vy € K.
Thus, z* € EP(V).
Also, from u,, — z*, the fact that lim, o ||up —iu,| = 0 and
demiclosedness of I —I'; at zero for each i, following standard argument,
we conclude that 2* € N F(I';). Again, since lim,,_,« [|wn, — Giwy|| = 0
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and limy, oo ||tn, — Sn|| = 0, by our assumption that I — G; is demiclosed
at zero for each i, we obtain z* € N, F(G;). Hence, z* € F. Since
q= Pr(i — A+ ~g)q and z* € F, it follows from () that

(3.34) limsup (A — v9)q,q — x,) = lim <A —v9)q,q — mnk2>

n—s00 i—voo
= lim (A —19)q,q —27)
<0,
as required.
Now, using (@) and Lemma , we get
(3.35)
(Bl
< leanvg(wn) + dnsn + (1 = )1 — apA)sy — q”2
= [lan(vg(zn) — Aq) + 0n(sn — q) + (1 = 6u)1 — anA)(sn — Q)|
< (1= 64) — anA) (50 — @) = Gn(q — sn)|I
+ 205 (v9(zn) — Ag, Tnt1 — q)
< (1= 61 = n)?||sn — qll* + 02 llsn — @)1
+ 20,7 (9(2n) — 9(q), Tnt1 — q)
+ 205, ((A = 79)q: ¢ — Tnt1)
<L — 28, + 02 — 2(1 — 8n)ana + a2a?]|[sn — q|?
+02llsn — QN> + 2anypllen — gl Tni1 — gl
+ 205 ((A —79)¢: ¢ — Tnt1)
= [1 426, (0y, — apar — 1) — 2ctp0 + aioﬂ]“sn — qH2
+ anypllzn — all” + lzni1 — qll?)
+ 20, ((A = 79)¢, ¢ — Tpt1)
< (1= 2an0)|sn — ql” + @i a®|lsn — ql” + anyplllzn — gl®
+ | @ns1 — qll’] + 200 (A = 79)q, g — Tnt1) -

By (B.d), (B.d), (B.1d) and (B.33), we have

(3.36)

41— glf?
i—1

N
< (1= 2000) lwn = all> + Y Bug [[(1 = Bay) (k2 = 1) lwn —al®

i=2 j=1
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i—1

+ 1@ = Bug) (k2 = 1) llwn — all® + afia®|[sn — al?

j=1
+ anyplllzn — al? + llzntt — qll?] + 20 (A = 79)q, ¢ — Tnt1)
N i—1
< (1 - 20,0)[lzn —q|* + Z’Yn,z‘ H(1 — ) (k2 = 1) lun — gl
=2 =1

1—1
+ H(l - ’Yn,j) (k:i - 1) ||Un - QH2
j:l
i—1
+ Zﬁnz H - /Bn,j) (ki - 1) ”wn - QHQ
7=1
i—1
+ [ = Bug) (k2 = 1) wn = all” + apa?||sn — gl

j=1
+ onyp [2n — al” + |2ns1 — al*] + 200 (A —v9)q, ¢ — Tpt1)
N 7—1
< 1= 20— yp)anlln — alP + 3 s [[ (= mg) (2 — 1) @
i=2 =1
1—1
+H — Yuj) (K2 = 1) Q* +Z,BMH (1= Buy) (K2 —1) Q*
=2 7j=1
H — Bny) (ko — 1) @™ + a2 a®Q* + anyp|Zns1 — ql)?
+ 2% (A=79)q,q — Tnt1)
< [1— (2a — yp)an]||lzs — ||
—1 1—1
+Qana’ +2(k Z%H —Bug)+ [ - Bus) | @
j=1 j=1

+ anypl|Tns1 — qlI* + 200 (A = 79)q, ¢ — Tnt1)

where @, Q* and Q™ still retain their usual meaning.
The last inequality implies that

(3.37)

2(a —yp)an

2
ol |

|zns1 —ql* < 1
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2 N i—1
a, s 2(k2—1)
+— apa” + ———+ Yni 1 — Bn;
1—0171’7[) n an ZZ; nz]l_ll( n])

i—1

+H(1_Bn7j) Q+2<(A_79)Qaq_xn+l>

L—ayyp '

2 k2 -1 N i—1 i—1
= {{“na2 w2 [va [Ta-s.0+]]a —m,j)] cz}
" n i=2

Jj=1 Jj=1

+2«A—7m%q—%wﬁ},

and

2 N i—1 i—1
- 55— {{ana2 L2l [va [T+ 0~ ﬂn,j>] Q}

2(a—p =2 j=1 j=1

+2«A—vwmq—%wﬁ}-

Then, we obtain from () that
(3.38) b1 < (1 —0p)by, + ln,

where b, = ||z, — ¢||%. It is easy to see, using condition (iv) and the fact
that lim k, = 1, that
T—00

o
on — 0 as n—>oo,Zan:oo and lim sup 4, <0.
Therefore, by Lemma m and (@), the sequence {z,} converges
strongly to g € F.
Case B: Assume that sequence {||z, — ¢||} is monotonicalyy inreasing.
Then, we can define an integer sequence {7, } for all n > 0 (for some ng

large enough) as follows:

(3.39) Tn=max{k e N:k<n:|zp—q| < ||zgs1 — 4|}

It is obvious that 7 is a nondecreaing sequence such that 7,, — oo as
n — oo and for all n > ng, we have

(340) Hxﬂ'(n) - QH < ||x7(n)+1 - QH



NEW ITERATION ALGORITHMS FOR SOLVING EQUILIBRIUM PROBLEMS ..29

From (B15|), (Blé), (BQd) and () with (n replaced by 7(,)), we have

(3.41) I Jury =itz || =0,

and

(3'42) xlggo HmT(n) = Ur(n) ” = 0.

Following the same argument as in Case A, we obtain

(3.43) bry+1 < (1 = 0r(m))brin) + Lr(n),

Orny = 0as n — 00, Y 0r) = o0 and lim sup £,y < 0. Thus, by

n=1 n—o0
Lemma R.11|, we have lim, |27y — qll = 0 and limy 00 (|27 (n) 41 —
q|| = 0. Hence, by Lemma ‘2.13, we obtain

0 < fln — 4l

< max{||zn — qll, |27 — gll} lim

< ”xT(n)+1 - QH-t-

Therefore, {x,} converges to ¢ = Pr(1 — A + vg)q and this completes
the proof. O

Theorem 3.5. Let K be a convex, closed and nonempty subset of a
real Hilbert space H and let ¥ be a bifunction of K x K into R. Sup-
pose that {U;}N., and {G;}Y.{,N > 2 are finite families of type-one and
L;-uniformly Lipschitizian asymptotically strictly pseudocontractive mul-
tivalued mapping T'; : K — P(K)and type-one and L;-uniformly Lips-
chitizian asymptotically strictly pseudononpreading multivalued mapping
G; : K — P(K), respectively from K into the family of all proximinal
subsets of K with contractive coeficient ugl),ugz) € [0.1) for each i. As-
sume that F = (NY(F(T;)) N (Y, F(G;) N EP(©) # 0 and for each 1,
(I =T;) and (I — G;) are weakly demiclosed at zero. let g; be a contrac-
tion of K into itself with constant p € (0,1) and A be a strong positive
self adjoint bounded linear operator on H with coeficient & such that
0 < py + 2e < a. Let the sequence {xy} be given iteratively as follows:

un 3 V(un,y) + Qn1, Vy € K;
Wn = Yn,1Un + Qn2,

Sp = ﬁn,lwn + Qn3,
Tnt1 = Pr(anyg(zyn) + 0nsn + (1 — 0p) 1 — anA)sy),

(3.44)

where

1
Qn1:7<y_unaun_xn> >0,

n
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N i—1
QnQZZ’Yn,iH( 771,] Vn,i— 1+H ’Ynj Vn,N,

i—1
Qnz = Zﬁnz H 1 - ,Bn,j)zn,ifl + H(l - ﬁn,j)zn,Na
j=1
Uni € Iuy, and 2, ; € Gllwy, for eacht, {an}, {0n} € [0, 1],{{ﬂn7i}le}ij\il

and {{77171'}20:1}?;1 are countably finite families of real sequences in [0, 1].
Suppose the following conditions are satisfied:

(1) Bni > Yna1 > mam{m}ﬁil By < g <v < B <1, for each i;
(i) lim inf B [TZ5(1=Bug) (Bua—pi—1) > 0 andlim inf T[j73(1-
ﬁn,j)(ﬁn,l —un > 0;
P . . —1 . . —1
(7i7) hmnlggofyn’i [152 (=) (Y —pi—1) >0 andhmnlggo [[= (-
Yng) (Yn,1 — ,UN > 0;

1—0Bn)(kn—1
(iv) hm an =0, Zozn—oo and hm( Bn.i)( )

—1 T—00 oy,
(v) {rn} C [a, oo) for some a > 0.
Then, the sequence defined by () converges strongly to q € F, which
solves the variational inequality (A —~vg)q,x — q) > 0,V € F.

Proof. Since F = (NI, (F(T;))N(NY, F(G;)NEP(O) # 0, it follows that
both I'; and G; are type-one and L;-uniformly Lipschitizian asymptot-

ically demicontractive multivalued mappings. Consequently the results
of Theorem follows immediately from Theorem 3.4 O

Theorem 3.6. Let K be a convex, closed and nonempty subset of a real
Hilbert space H . Let {I;}N, and {G;}Y.,, N > 2 be finite families of
type-one and L;-uniformly Lipschitizian asymptotically strictly pseudo-
contractive multivalued mapping I'; : K — P(K)and type-one and L;-
uniformly Lipschitizian asymptotically strictly pseudononpreading mul-
tivalued mapping G; : K — P(K), respectively from K into the family of
all proximinal subsets of K with contractive coeficient ,ugl),,ul(z) € [0.1)
for each i. Assume that F = ("X (F(T;)) N ("X, F(G;) # 0 and for
each i, (I —T;) and (I — G;) are weakly demiclosed at zero. let g; be a
contraction of K into itself with constant p € (0,1) and A be a strong
positive self adjoint bounded linear operator on H with coeficient & such
that 0 < py + 2¢ < a. Let the sequence {x,} be given iteratively as
follows:

Wn = Yn,1Un + Whi,
(345) Sp = Bn,lwn + WTL27
Tnt1 = anv + (1 = dp)sp,
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where
1—1

ZrynzH ’Yn,] Vni— 1+H ’Yn] Un,N,

1—1

ZﬂnzH ﬁn] Zn,i— 1+H ﬁn] Zn,N»

Uni € IMuy and zy, ; € Gl'wy, for each i, {on}, {0n} € [0, 1],{{5,171-}20:1}?:1
and {{%,z‘}f:l}fil are countably finite families of real sequences in [0, 1].
Suppose the following conditions are satisfied:
() Bni = Yna1 > max{:ul}z 15 By S i <y < B <1, for each i;
(i) i inf B T1523 (1=Bn) (Bua—pic1) > 0 andlim inf T]; -
ﬁn,])(ﬁn,l :UJN >1 0 -
(i) i inf s T2 (1) (G —f1i-1) > 0 andlim g [[7=)(1—
’Ynj)(’)/nl_,uN>0§ L
(iv) lim o, =0, Z an = 00 and hm (1= Bn)( )

z—>00 ne1 Qnp

Then, the sequence defined by () converges strongly to q € F, which
solves the variational inequality (A —~vg)q,z — q) > 0,Vx € F.

=0.

Proof. If ¥(z,y) =0 for all z,y € K, r =1 for all n > 0 then u, = z,.
Hence, with g(x) = v and A = I (where I is an identity map on H), the
results follows immediately from Theorem B.4. 0

4. NUMERICAL EXAMPLE

Now, we give an example to illustrate that our proposed iteration
scheme is implementable.

Example 4.1. Consider the nonempty closed convex subset k = (—3, 3)
of a Hilbert space R. Define the mappings I'; : K - PK and G; : K —
PK, for i =1,2,3, as follows:

[—%aj, —2%$] , € (=3,0],

[—%x,—%x] , x€]0,3),
and
[_31'%3;7 —21%1'] , T € <_370]7
(4.2) G1$ =

[_Qi%l" _31%$] , T E [07 3)
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Then,
(4 3) n [_3%'7;7 _Q’L%:U] y TE (_37 O]a
. ST =
’ [ 1 1
and
[_ 3(i+11)n$a —2(i+11)n x} , =€ (=3,0],
(4.4) Gl =

1 1
[_ 5G+Dn T 3G+ Dn 37} , T € [0,3).

Note that, using the same argument as in Example @ in [41] and

Example 77 above, it is easy to see that both maps are uniformly L-

Lipschitizian and asymptotically demicontractive multivalued mappings.
Now, define the bifunction ¥ as follows:

(45) {\I/:KXK—>R

U(x,y) = y* + xy — 22
It is not hard to see that W satisfies conditions (B1) — (B4). If we set
In n

rn, =1, then u,, =T, (x,) = 31 4 ( see [b0] for details). For
N =3, (@) becomes

1
Up D ‘I’(Umy)-i-? (y_unaun_$n> >0,Vy € K,

n

M = Yn,1Un + Yo,
Sp = Bn,lwn + W,
Tn+1 = PK(anVQ(xn) + 0pSp + ((1 - 571)[ - anA))

where
Yn = (1 - ’Yn,l)’Yn,QVn,l + (1 - ’Yn,l)(l - ’Yn,2)7n73yn,2
+ (1= 7m,) (1 = 1,2) (1 = 1n,3)Vn.3;

Wn = (1 - /Bn,l)/Bn,an,l + (1 - /Bn,l)(l - 571,2)671,3271,2
+ (1 - Bn,l)(l - Bn,Z)(l - /Bn,?))zn,?)-

x 1
Put g(IE) = *aA =1,v= 1)’771,1 =Tn2 = Tn,3 = 7>ﬁn,1 = Bn,2 = /Bn,i’) =
2 4

n
3 and a, = pa—l Then, for arbitrary x¢o € K, the above iteration
n
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scheme yields:

(P S A I
n — 4 16 n,l 64 n,2 64 7,39
(4.6) n 2 +
. Sp = — + —2 —z —z
n 3 9 n,1 27 n,2 27 n.3»
x = In + i S
LT o) n1 "
where
1 1
Up1 € _271'117_371'71 5
1 1
Un2 € _47:[‘”’ _971'71 )
1 1
VUn3 € _gxna_ﬁxn ,
for =, € (—3,0] and
1 1
Up,1 € _37xn7_27$n s
1 1
Un2 € _97xna _47'7;71 9
1 1
Un3 € —ﬁfﬁm—STﬂUn )
for x,, € [0,3) whereas
1 1
Zn,1 € 47 Ny 9n33n s
1 1
Zn,2 € gn Tno 27nxn ,
1 1
Zn,3 € _me 81nx” )
for x,, € (—3,0] and
1 1
Zn,1 € _971‘113 4n33n )
[ 1 1
Zn,2 S —ﬁ ns 8nl‘n s
1 1
Zn,3 € _8? ns 16"33” )

33
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for z,, €0, 3).
Observe that the sequence {x,} converges to zero ad n — oo. That
is, F = (NZ, (F (1)) N (N2 F (Gy)) # 0N EP(¥) = {0}.

Remark 4.2. Since every asymptotically quasi-nonexpansive multival-
ued mapping is asymptotically demicontractive multivalued mapping
with the constant k£ = 0, Theorem holds true for this class of map-
ping.

Remark 4.3. Theorem @ improves results of Isogugu, lzuchukwu and
Okeke [40]. Indeed, Isogugu, lzuchukwu and Okeke considered a hori-
zontal iteration scheme with one auxiliary multivalued (demicontractive)
mapping, but here we presented a modified horizontal iteration scheme
with two auxiliary multivalued (asymptotically demicontractive) map-
ping.

Remark 4.4. Theorem @ generalises the results of Ali and Umar [35]
and Osilike and Aniagbosor [39] from single-valued multivalued quasi-
nonexpansive and single-valued asymptotically demicontractive map-
ping to finite family of asymptotically demicontractive multivalued map-
ping, respectively.

Remark 4.5. Theorem @ generalises the results of Zhaoli and Wang
[46] from single-valued asymptotically strictly pseudononspreading map-
ping to finite families of two asymptotically pseudononspreading map-

ping.
5. CONCLUSION

In this paper, we have introduced and studied a new class of asymp-
totically demicontractive multivalued mapping and proved convergence
results for equilibrium problems and fixed point problems of type-one
asymptotically demicontractive multivalued mapping without an impo-
sition of any sum conditions on the control parameters, in the setup of
a real Hilbert space. Also, we provided a numerical example to demon-
strate the implementablity of our proposed iteration technique. The
results obtained in this paper extend, improve and generalise several
known results so far obtained in this direction.

Acknowledgment. The authors thank the anonymous reviewers for
their careful reading of this paper and approved the final manuscript.
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