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On Bi-Conservative Hypersurfaces in the Lorentz-Minkowski
4-space E{

Firooz Pashaie

ABSTRACT. In the 1920s, D. Hilbert has showed that the tensor
of stress-energy, related to a given functional A, is a conservative
symmetric bicovariant tensor © at the critical points of A, which
means that divO = 0. As a routine extension, the bi-conservative
condition (i.e. div@2 = 0) on the tensor of stress-bienergy O3 is in-
troduced by G. Y. Jiang (in 1987). This subject has been followed
by many mathematicians. In this paper, we study an extended
version of bi-conservativity condition on the Lorentz hypersurfaces
of the Einstein space. A Lorentz hypersurface M3 isometrically
immersed into the Einstein space is called C-bi-conservative if it
satisfies the condition No(VHs) = gHQVHQ, where N is the sec-
ond Newton transformation, Hs is the 2nd mean curvature func-
tion on M7 and V is the gradient tensor. We show that the C-bi-
conservative Lorentz hypersurfaces of Einstein space have constant
second mean curvature.

1. INTRODUCTION

In differential geometry, the study of bi-conservative immersions is
an interesting research topic. The subject of bi-conservative immersions
has been started by Eells and Sampson [4], which discusses on the crit-
ical points of the bienergy functional obtained form the tension field
and the zero set of the tangent component of bitension field. Before
that time, David Hilbert had proved that the tensor of stress-energy,
obtained from a functional A, is a conservative symmetric bicovariant
tensor O at the critical points of A ([9]). For the bienergy functional Ag,
G.Y. Jiang ([L0]) has defined the stress-bienergy tensor ©2 and proved
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2 F. PASHAIE

that it satisfies divOy = —(72(¢),d¢) (see also [2]). In 1995, Hasanis
and Vlachos have classified the bi-conservative hypersurfaces (namely
H-hypersurfaces) of 3 and 4 dimensional Euclidean spaces ([8]). Some
bi-conservative hypersurfaces in Euclidean k-space have been classified
in [19]. Recently, in semi-Riemannian context, some (spacelike) bi-
conservative_hypersurfaces in EJ having diagonal shape operator was
studied in [21]. Some other results on biconservative hypersurfaces in
semi-Euclidean spaces may be found in [7, 21]. Also, the biconserva-
tive hypersurfaces in some Riemannian manifolds have been studied in
b, 6, 20].

Let x : M} — Ef be a Lorentzian (i.e. timelike) hypersurface in the
Loentz-Minkowski 4-space Ef. We apply an extension of the Laplace
operator A on M;. By definition, the Laplace operator is given by
A(f) = tr(V2f) for any f € C°°(M}), where V2f is the hessian of
f. In fact, A stands for the linearized operator of the first variation of
the ordinary mean curvature of M;. We use the Cheng-Yau operator
C that is an extension of A by definition C(f) = tr(N;y o V2f), where
N; = nHI— S denotes the first Newton transformation associated to the
second fundamental from of M; (see, for instance, [, 11, 15, [16, 18]).
Recently, in [13], we have studied the C-biharmonic spacelike hyper-
surfaces in E} satisfying the condition C?x = 0. Here, we discuss on
C-bi-conservative timelike hypersurfaces with non-diagonal second fun-
damental form in E}. The hypersurface x : M7 — Ef is said to be
C-bi-conservative if the tangent component of vector field C?x is null.
Equivalently, M3 in E} is C-bi-conservative if it satisfies the condition
No(VH,y) = %HQVHQ, where Ny is the 2nd Newton transformation, Ho
is the 2nd mean curvature function on M3 and V is the gradient tensor.
We show that the C-bi-conservative Lorentz hypersurfaces of Einstein
space have constant second mean curvature.

2. PRELIMINARIES

We recall some notations and formulae from [11, 12, 14-17]. The
pseudo-Euclidean 4-space, ]E‘ll, is the Euclidean 4-space R* endowed with
4
the product (v,w) = —vjw; + Y. v;w;, where v, w € R*.
i=2
For a Lorentzian vector space V13, a basis B := {e1, ez, €3} is said to be
orthonormal if it satisfies (e;, e;) = eiég fori,7 =1,2,3, where ¢ = —1
and €o = e3 = 1. As usual, 53 stands for the Kronecker delta function.
B is called pseudo-orthonormal if it satisfies (e1,e1) = (e2,e2) = 0,
(e1,e2) = —1 and (e;,e3) = 63, for i = 1,2, 3.
The shape operator of a Lorentzian hypersurface x : Mf’ — E‘ll, as a
self-adjoint linear map on the tangent space of M3, can be put into one of



ON BI-CONSERVATIVE HYPERSURFACES IN THE LORENTZ-MINKOWSKI ... 3

four possible canonical matrix forms, usually denoted by I, I, I11 and
1V. Where, in cases I and IV, with respect to an orthonormal basis
of the tangent space of M5, the matrix representation of the induced

metric on M7 is
-1 0 0
Gl = 0 1 0
0o 0 1

and the shape operator S of M} can be put into matrix forms

A1 0 0 K A 0
Blz( 0 Ao 0 >’ B4:(>\ K 0>’ ()\#0)
0 0 A3 0 0 n

respectively. For cases I] and I11, using a pseudo-orthonormal basis of
the tangent space of M3, the induced metric on M7 has matrix form

0 1 0
Gy = 1 0 0
0 0 1

and the shape operator S of M13 can be put into matrix forms

P 0 0 K 0 0
By = 1w 0 |, B3 = ok 1,
0o 0 A -1 0 =&

respectively. In case IV, the matrix By has two conjugate complex eigen-
values k * i\, but in other cases the eigenvalues of the shape operator
are real numbers.

Remark 2.1. In two cases I1 and I, one can substitute the pseudo-
orthonormal basis B := {ej,ez,e3} by a new orthonormal basis B :=
{€1,€2,e3} where €1 := %(61 + e2) and € := %(61 — e2). Therefore, we
obtain new matrix representations Bs and Bs (instead of By and Bs,
respectively) as

sty 5 0 " 0 z
By = -1 w-1 o |, B3 = 0 —V2/2

K
_ V2 V2
2 2

After this changes, to unify the notations we denote the orthonormal
basis by B in all cases.

Notation: According to four possible matrix representations of the
shape operator of M3, we define its principal curvatures, denoted by
unified notations x; for ¢ = 1,2, 3, as follow.

In case I, we put k; := \;, for ¢ = 1,2, 3, where \;’s are the eigenvalues
of Bl.

In cases IT, where the matrix representation of S is Ba, we take k; :=
fori=1,2, and k3 := .

In case III, where the shape operator has matrix representation Bs,
we take k; ;== k for i =1, 2, 3.
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Finally, in the case IV, where the shape operator has matrix repre-

sentation By, we put K1 = Kk 4+ 1A, ko = kK — i\, and K3 := 7.
The characteristic polynomial of S on M3 is of the form

3 3
Q) =) (t—ri) =Y (~1)7s;t*7,
i=1 =0
3
where, sg:=1, 81 = > Kj, S2:= >, K ki, and s3 := K1Kak3.
= 1<i1 <ip <3

For j = 1,2,3, the j-th mean curvature H; of M is defined by

H; = (ji_)sj. When Hj is identically null, M is said to be (j — 1)-
minimal. Remember that, a timeike hypersurface = : M} — Ef with di-
agonalizable shape operator is said to be isoparametric if all of its princi-
pal curvatures are constant. But, a timelike hypersurface = : M} — E}
with non-diagonalizable shape operator is called isoparametric if the
minimal polynomial its shape operator has constant coefficients.

Remark 2.2. Here we remind Theorem 4.10 from [[12], which assures us
that there is no isoparametric timelike hypersurface of E‘ll with complex
principal curvatures.

The jth Newton transformation on M7, N; : x(M3}) — x(M3), is
defined (inductively) by

(2.1) Ng =1, N;j=s;I—-SoN;_1, (j=1,2,3),
where, 1 is the identity map.

J . .
Using its explicit formula, N; = >~ (—1)%s;_;S* (where S = I), it can
1=
be seen that, N; is self-adjoint and commutative with S (see [L, 15]).
Now, we define a notation as

k
n .
22 wa=> 0 (" )l (<i<315k<y

Corresponding to the four possible forms B; (for 1 < i < 4) of S, the
Newton transformation N; has different representations. In the case I,
where S = By, we have N; = diag[u1.j, 2.5, 3.5, for j = 1,2.

When S = Bs (in the case II), we have

K+A—3 —3 0
Ny = i K+A+3 0 |,
0 0 2K
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(k—3)A  —3A 0
Ny = A (k+HA 0
0 0 K>
In the case III, we have S = Bj, and
2k 0 —@ K2 — % —% —gn
Ny = 0 2t ¥ |, Ng = : K2+ 4 ?KJ
g @ 2K ?/ﬁ) @Fc K2
In the case IV, S = By,
k+n =X 0 KN —An 0
Ny = A k+n 0 |, No=| An &ny 0
0 0 2k 0 0 kK2+A

Fortunately, in all cases we have the following important identities for
j = 1,2, similar to those in [, 15].
(i) tr(Nl) = 6H;,
ii) tr(N9) = 3Ho,
(2.3) () ex(Na) = 3,
(iii) tr(Ny o S) = 6Ha,
(iv) tr(Ng o S) = 3Hj,
(i) trS? = 9H? — 6Hy,
(2.4) (ii) tr(Ny o S?) = 9H,H, — 3Hs,
(i) tr(Ng o S?) = 3H; Ha.
The linearized operator of the (j + 1)th mean curvature of M, L; :
C®(M) — C>®(M) is defined by the formula L;(f) := tr(N; o V2f),
where, (V2f(X),Y) = (VxVF,Y) for every X,Y € x(M).
Associated to the orthonormal frame {ej, e2, e3} of tangent space on

a local coordinate system in the hypersurface x : M3 — E}, the Cheng-
Yau operator C = L; has an explicit expression as

3
(2.5) C(f) = eipia (eieif — Veeif).

=1

For a Lorentzian hypersurface x : M} — Ej, with a chosen (local)
unit normal vector field n, for an arbitrary vector a € Ef we use the
decomposition a = a” +a® where a’ € T'M is the tangential component
of a, a¥ L TM, and we have the following formulae from [1, [L5].

(2.6) V(x,a) = al, V(n,a) = —Sa’.

(2.7) Cx = cngn, Cn = —BV(HQ) - 3[3H1H2 - Hg]n,
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(2.8) C?z = —6[9H,V Hy — 2N,V Hy] — 6 [9H H3 + 3HyHy — CHs| n.

Assume that a hypersurface x : M} — E{ satisfies the condition C2z = 0,
then it is said to be C-bi-harmonic. An C-bi-harmonic hypersurface
x : M} — Ef is said to be proper-C-bi-harmonic, if it satisfies the
condition Cx # 0.

By equalities (277) and (E=8), from the condition C(Han) = 0 we obtain
simpler conditions on Mj to be a C-bi-harmonic hypersurface in E‘ll, as:

(i) CHy = 3 (3H HZ — HyHs)

(2.9) . 9
(11) NQVHQ = 5H2VH2

A timelike hypersurface z : M} — E{ is said to be C-bi-conservative, if
its 2th mean curvature satisfies the condition (@)(u)
The structure equations of IE% are given by

4
(2.10) dw; = Zwi]’ Nwj, wij +wj; =0,
j=1
4
(2.11) dwij = Zwil A wij-
=1

With restriction to M, we have wy = 0 and then,
3
(2.12) 0=dws = szm N wj.
i=1

By Cartan’s lemma, there exist functions h;; such that
3
(2.13) W45 = Z hijw]', hij = hﬂ
j=1

This gives the second fundamental form of M, as B = ) hjjw;w;es. The
i?j

3
mean curvature H is given by H = % > hii. From (P0) - (213) we
i=1

obtain the structure equations of M as follow.

3
(2.14) dw; = Zwij ANwj, wij +wj; =0,
j=1
3 13
(2.15) dwij =Y wir Awgj — 5 > Rijuwr Awi,

k=1 k=1
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for i,5 = 1,2, 3, and the Gauss equations
Riji = (hihji — hahj),

where R;j;j; denotes the components of the Riemannian curvature tensor
of M.
Let h;;, denote the covariant derivative of h;;. We have

3 3 3
dh;j = Z hijrwy + Z hyjwir + Z hixwjk-
k=1 k=1 k=1

Thus, by exterior differentiation of (213), we obtain the Codazzi equa-
tion h'ijk = hzk]
The next lemma can be proved by a similar proof as in [1§].

Lemma 2.3. Let M} be a timelike hypersurface in EY of type I with
principal curvatures of constant multiplicities. Then the distribution of
the space of principal directions corresponding to the principal curva-
tures is completely integrable. In addition, if a principal curvature is of
multiplicity greater than one, then it will be constant on each integral
submanifold of the corresponding distribution.

Now, we see two examples of non-C-bi-conservative timelike hypersur-
faces in Ef.

Example 2.4. Let M3(r) be the product S?(r) x E! € E} where r > 0.
It has another representation as

Mf(’l") = {(?/17-~-,?/4) E]Eﬂ —y%+y§+y§ :r2}7

having the spacelike vector field n(y) = —%(yl,yg,yg,O) as the Gauss
1
o
k3 = 0, and the constant higher order mean curvatures H; = %r‘l,

Hy = %T*Z and Hz = 0. One see that M} (r) is C-bi-conservative.

map. Clearly, it has two distinct principal curvatures k1 = kg =

Example 2.5. Let M3 (r) be the product E? x S!(r) C E} where r > 0.
It can be represented as

Mls(r) = {(ylv s 7y4) S }Eéﬂy% —+ yz = 1-2}7

with the Gauss map n(y) = —%(0, 0,y3,y4). it has two distinct principal
curvatures K1 = kg = 0, K3 = %, and the constant higher order mean
curvatures H; = 3—17,, and Hy = 0 for k = 2,3. Clearly, M3 (r) is C-bi-
conservative.



8 F. PASHAIE

3. MAIN RESULTS

In this section, we give five theorems on the C-bi-conservative con-
nected orientable timelike hypersurface in Ef with constant ordinary
mean curvature. Theorems)@ and are appropriated to the case
that the shape operator on hypersurface is diagonalizable. Theorems

, and are related to the cases that the shape operator on
hypersurface is of type II, IIT and IV, respectively.

Theorem 3.1. Let x : M7 — E} be an C-bi-conservative connected
orientable timelike hypersurface which has diagonal shape operator, con-
stant ordinary mean curvature and three distinct real principal curva-
tures. Then, M3 is isoparametric and its second mean curvature is
constant.

Proof. Suppose that, Hy is non-constant. Considering the open sub-
set U = {pe M :VH3(p)#0}, we try to show U = . By the as-
sumption M; has three distinct principal curvature, then, with respect
to a suitable (local) orthonormal tangent frame {ej,ez,e3} on M, the
shape operator S has the matrix form Bj, such that Se; = \;e; and
then, Pye; = p;2e; for i = 1,2,3. Using the polar decomposition

3
VHy =) €e;(Ha)e;, from condition (@)(ii), we get
i=1

(3.1) ei(Hs) (m;z - 3H2> =0,

for ¢ = 1,2,3. Each point of ¢ has an open neighborhood on which we
have e;(Hs) # 0 for at least one i. So, without loss of generality, we can
assume that e;(Hz) # 0 and then we have p1 9 = %Hz, (locally) on U,
which gives A3 = %Hg. Now, we prove three simple claims.

Claim 1: 62(H2) == 63(H2) =0.
If ex(Hz) # 0 or eg(Hz) # 0, then by (B) we get p12 = po2 = %HQ
or 12 = M3,2 = %HQ, which give )\3()\2 - )\1) =0 or )\2()\1 - )\3) = 0.
But, since \;’s are assumed to be mutually distinct, we get A3 = 0 or
Ao = 0, which gives Hy = 0 on Y. The result is in contradiction with
the definition of .

Claim 2: 62()\1) = 63()\1) =0.
Since H is assumed to be constant on M, we have

62()\1) == 62(3H - )\1 - )\2) == —62()\1) - 62()\2).

On the other hand, from two recent results eo(Hs) = 0 and AoA3 = JHo
we get

9
62()\1)\3) + 62()\1)\2) = e9 <3H2 — 2H2> =0,
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which gives Ajea(A2 + A3) + (A2 + A3)ea A1 = 0, and then we have
Area(3H — A1) + (A2 + Az)ead1 = (A1 + A2 + Az)ead; = 0.

Therefore, assuming ea(\1) # 0, we get A\ = A2 + A3 which gives con-
tradiction

62()\1) = 62()\2 + )\3) = 62(3H - )\1) = —62()\1).

Consequently, ea(A1) = 0.
Similarly, one can show e3(A;) = 0. So, Claim 2 is proved.
Claim 3: 62()\3) = 63()\2) = 0.

Using the notations

3
(3.2) Ve,e5 = Zwlkjek, (i,5 =1,2,3),
k=1

and the compatibility condition Ve, (e;, e;) = 0, we have

(3.3) wh =0,  wlt+wi; =0, (i,j,k=12.3)

and applying the Codazzi equation (see [14], page 115, Corollary 34(2))
(3.4) (Vv S)W =VwS)V, (W, W e x(M))

on the basis {e1, e2, e3}, we get for distinct 4, j,k =1,2,3

(35) (@) ei(Ag) = (i = A (0) (i = Ag)y = (o = Mgy
Also, by a straightforward computation of components of the identity
Ve, S)ej — Ve, 8)e; = 0 for distinct i, j = 1,2,3, we get [e2, e3](H2) =0,

1 1 2 3 _ 1 _
Wig = Wig = Wi = Wy = w3y = 0 and

A2) e1(A3)

3.6 2 _ bk 3 =

(3.6) w21 M — A Ws1 M — A3’
s _ e3(h) = e2(Xs)
23 )\3 _ )\2’ 32 )\2 _ )\3’

Therefore, the covariant derivatives V. e; simplify to Ve, = 0 for
k=1,2,3, and

_e1(Ma) _e1(X3)
(37) V62€1 = )\1 — )\262, Ve361 = )\1 — )\363,
_e1(N2) _ea(N3)
V62€2 = Xo — Ay €1, V83€2 = Ny — )\3637
Ve, €3 = e3(A2) Ves€3 = c1(Xs) + c2(As3) e

_)\3*)\2627 _)\3*)\161 As— Ay o
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Now, the Gauss equation for (R(eg, e3)e1, e2) and (R(ea, e3)eq, e3) show
that

e1(A2) \  e3(Xa) [ e1(A3) e1(A2)
(38) 63<A1—A2>‘A3—A2 (Al—As_All—Az>’

61()\3) . 62(/\3) 61(/\3) 61()\2)
(3.9) “ <)\1—)\3>_)\2—)\3 <)\1—)\3_/\1—/\2>'

We also have the Gauss equation for (R(e1, e2)e1, e2) and (R(es, e1)eq, es),
which give the following relations

(3.10) er (;f@‘i) + (;1192/\02 = Ao,

e1(A3) e1(Ns)
= \1)\3.
61(/\1—>\3>+<)\3—)\1 s

Finally, we obtain from the Gauss equation for (R(es,e1)es, e3) that
b () abueon

A2 — A3 (A3 = A1) (A2 — Ag)
On the other hand, we consider the condition (@)(u) It follows from
Claim I that
(3.12)

— perer(Hs)
61()\2) 61()\3) 2 3
Hy) —9H5 | H— =)\ | =0.
+ <M2,1 A +M3,1)\3 e e1(H2) —9H, M 0

By differentiating (BI2) along on es respectively es, and using (B3),
(B) we obtain

e1(A2) \  ea(A3) [ e1(As) e1(A2)
(3:13) “ ()\2—)\1> R ()\1—)\3_)\1—/\2>’

61(/\3) o 63(/\2) 61(/\2) 61()\3)
(3:14) “ <>\3—)\1> A=A <)\1—)\2_/\1—/\3>'

Using (B72), we find that

61()\2) e
o — M\ 2

Applying both sides of the equality (B-13) on i;(:\f\z, using (BL3), (B1MD),
and (BT), we deduce that

ea(A3) [ e1(A3) er(A2) ) _
(3.16) Ay — s <)\3_)\1+)\1—/\2> =0

(315) [61, 62] =
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(B18) shows that es(A3) =0 or
e1(A3) _ e1(h)
A3 — A1 Ao — A

From equation (BI1), by differentiating on its both sides along e; and
applying (BI0), we get Ao = A3, which is a contradiction, so we have to
confirm the result ea(A3) = 0.

(3.17)

Analogously, using (877), we find that [e1, e3] = /e\;(_’\iz es. By a similar

manner, we deduce that

e3(A2) [ e1(A2) n e1(A3) _0
A3 — A2 \ g — A\ A1 — A3 ’

(3.18)

and one can show that e3(\2) necessarily has to be vanished.
Hence, we have obtained es(\3) = e3(A2) = 0 which, by applying the
Gauss equation for (R(eq, e3)eq, es), gives the following equality
61(/\3)61()\2)
(A3 = A1) (A2 — A1)

Finally, using (B10), differentiating (819) along e; gives

(3.20) Mok < e1(A3) n e1(A2) ) _o,

(3.19) = Ag)3.

A3— A1 AL — A

RN

Az—A1 A1—A2
0). Therefore, we obtain Hy = 0 on U, which is a contradiction. Hence
H, is constant on M3}. Finally, we get that M3 is isoparametric. O

which implies A2 A3 = 0 (since we have seen above that (M 1 ala) )

Theorem 3.2. Let x : M} — E} be a C-bi-conservative Lorentzian hy-
persurfaces of IEJ‘Il with diagonalizable shape operator (i.e of type I) and
constant ordinary mean curvature. If M3 has ezactly two distinct prin-
cipal curvatures, then it is isoparametric and its second mean curvature
1s constant.

Proof. By assumption, M} has two distinct principal curvatures A and u
of multiplicities 2 and 1, respectively. Defining the open subset U of M
as U = {p € M3 : VH3(p) # 0}, we prove that U is empty. Assuming
U # @, we consider {eq, e, e3} as a local orthonormal frame of principal
directions of S on U such that Se; = \;e; for ¢ = 1,2, 3. By assumption,
we have

>\1:)\2:)\, )\3:u.
Therefore, we obtain

(3.21)
p2 =22 =M, psp=X,  3H=2\+pu,  3Hy= X\ +2\u
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By condition (@)(ii), we have

9
(3.22) P,(VHy) = §H2VH2.
Then, using the polar decomposition
3
(3.23) VHQ = Z €i<VH2, ei>e7;,

=1

we see that (B=22) is equivalent to
9
€;(VHa, e;) <Mz‘,2 - 2H2) =0

on U for 1 = 1,2,3. Hence, for every i such that (VHa,e;) # 0 on U we
get

9
(324) Hi2 = §H2

By definition, we have VHy # 0 on U, which gives one or both of the
following states.
Case 1. (VHy,e;) # 0, for i =1 or i = 2. By equalities () and

(), we obtain
9 /(2 1
A== =Ap+ =)\?
r=75 <3 M+ 3 ) ;
which gives

(3.25) A <6H - ZA) =0.
If A = 0 then Hy = 0. Otherwise, we get A = %H, w = —%H and
Hy=—-2H?

Case 2. (VHa,e3) # 0. By equalities () and (), we obtain

9 (2 1
M= Shp+ o)\
2(3“+3 )

which gives
11
(3.26) A <9H — 2)\> =0.

If A = 0 then Hy = 0. Otherwise, we have A\ = %H, = —1—31H and
H, = %H 2. Therefore, Ho is constant. Finally, we get that M; is
isoparametric. Il

Theorem 3.3. Let x : M{ — E} be an C-bi-conservative connected
orientable timelike hypersurface with shape operator of type II in Ef. If
M3 has constant ordinary mean curvature, then its 2nd mean curvature
has to be constant.
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Proof. Suppose that, Hy be non-constant. Considering the open subset
U={pe M:VH2(p) # 0}, we try to show U = ). By the assumption,
with respect to a suitable (local) orthonormal tangent frame {ej, e2, e3}
on M, the shape operator S has the matrix form Bs, such that Se; =
(k + %)61 — %eg, Sey = %el + (k — %)62, Ses = Aeg and then, we have
Pyey = (k— %))\el + %/\eg, Pyey = —%)\61 +(k+ %))\62 and Pres = K2es.
3
Using the polar decomposition VHs = Y €;e;(Hs)e;, from condition

R (ii) we get -

(i) ere1(Ha) [(“ - %)/\ - 3H2] = 6262(H2)g
(3.27) (ii) eze2(Ha) [(n + %))\ — gHQ = —6181(H2)%

9
(iii) ezez(Hy) (;-;2 — 2H2> = 0.
Now, we prove some simple claims.

Claim 1: 61(H2) = EQ(HQ) = eg(Hg) =0.
If e1(H2) # 0, then by dividing both sides of equalities ()(z,zz) by

e1e1(Hz) we get
1 H
(i) </€—2>)\—9H2: 6262(2);‘

2 H
(3.28) " 1 61;1( 2) .
€2€2(H2
Q202 "2) - THy| =2
erer (M) {(K 323 2} 27
which, by substituting (¢) in (i7), gives %(1+u)2 = 0, where u := ZZ?EZ;;

Then A = 0 or u = —1. If A = 0, then we get Hy = 0 from (B=ZR)(7).
Also, by assumption A # 0 we get u = —1 which gives kA = %HQ, then
k(3k +4X) = 0 and finally xk = —%)\ (since K = 0 gives Hy = 0 again).
Hence, we have Hy = %IQ)\ = —2—87)\2 and H; = —g)\, and since Hj is
assumed to be constant, Hy has to be constant and we have e;(Hz) = 0,
which is a contradiction. Therefore, the first claim is proved. The second
claim (i.e. e2(Hz) = 0) can be proven by a similar manner.

Now, if e3(Ha) # 0, then by (8227)(iii) we get k? = 3Ho, then r(k +
6A) = 0, which gives Kk = 0 or kK = —6A. If kK = 0, then Hy = 0, and if

k = —6A then since H, = —1—31)\ is assumed to be constant, we get that
Hj is constant and then es3(Hz) = 0. Which is a contradiction, so we
have e3(Hz) = 0. O

Theorem 3.4. Let x : M7 — E} be an C-bi-conservative connected
orientable timelike hypersurface with shape operator of type II11 in Ei.
Then M3 has constant second mean curvature.
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Proof. Suppose that, Hy be non-constant. Considering the open subset
U={pe M:VH2(p) # 0}, we try to show U = ). By the assumption,
with respect to a suitable (local) orthonormal tangent frame {ej, e2, e3}
on M, the shape operator S has the matrix form Bs, such that Se; =

key + ge& Seg = Keg — @eg, Ses = —gel - §€2 + ez and then, we
2 1 1 2 1 2.1 2
have Pyer = (k% = 3) €1~ fea =P res, Poen = her+ (k2 + §) eat Pre
V2

and Pyeg = 721161 + S5 keg + K2es.
3
Using the polar decomposition VHy = Y €;e;(Ha)e;, from condition

&) i) we get -
(3.29)

(i) ere (Hy) KFP - ;) _ QHQ] + %egeQ(Hg) + \fegeg(Hg)m —0

(ii) ;ﬁlel(HQ) + ege2(Hy) [<f€2 + ;) - zﬂz} + \fésee;(ﬂz)'£ =0

(iii) €1€1 (Hg)

2 2 9
K+ ezez(Hz)\gm + eses(Hz) <H2 — 2H2) =0.

Now, we prove some simple claims.

Claim: el(Hz) = GQ(HQ) = 63(H2) =0.
If e1(H2) # 0, then by dividing both sides of equalities (B=27)(¢, i3, 4i7)
by e1e1(Hz), and using the identity Hy = x? in Case I11, we get

1 7 1 2
(330) (1) — 5 - 5:"4?2 + 5111 + \2[112/1 =0
. —1 1 7, V2
(11) 74—111 <2—2/€>+QUQ:‘€—O
—V2 2 7
(iii) ;fl-i + \2[111/{ - §m2u2 =0,
where u; = 222%; and uy = 22%1%;’ which, by comparing (i) and

(i1), gives k?(u; — 1) = 0. If K = 0, then Hy = 0. Assuming & # 0, we
get u; = 1, which, using (B330)(7i7), gives ug = 0. Substituting u; = 1
and ug = 0 in (B230)(i), we obtain again x = 0, which is a contradiction.
Hence e;(Hz) = 0.
Therefore, using the result e; (Hz2) = 0, the system of equations (8729)
gives
1

(3.31) (1) 56262(1‘12) + ?6363(1’12)/{ =0
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(i) €2e0(Hy) (; _ ;&) + ?6363(1’12),‘1 —0

2
(iii) 6262(H2)§/€ — 6363(H2)%K2 =0.

Comparing (i) and (i7), we get kea(Hz2) = 0, which using (iii) gives
ke3(Hz) = 0, and then, using (i), gives ea(H2) = 0. Then, the second
claim (i.e. ea(Hz) = 0) is proved.

Now, using the results e;(H2) = ea2(Ha) = 0, we get kez(Ha) = 0,
which, using Hy = k2, implies keg(x?) = 0 and then e3(x3) = 0, and
finally es(Hz) = 0. O

Theorem 3.5. Let x : M7 — E} be an C-bi-conservative connected
orientable timelike hypersurface with shape operator of type IV in Ef. If
Mf has constant mean curvature and a constant real principal curvature,
then its second and third mean curvatures are constant.

Proof. Assuming Hy to be non-constant on M, we show that the open
subset U = {p € M : VH2(p) # 0} is an empty set. By the as-
sumption M; has three distinct principal curvature, then, with respect
to a suitable (local) orthonormal tangent frame {ej,e2,e3} on M, the
shape operator S has the matrix form By, such that Se; = ke; — Aea,
Sea = Aep + kea, Ses = nes and then, we have Pre; = kne; + Anea,

Paes = —Ane1 + knez and Paeg = (k% + \?)es.
3
Using the polar decomposition VHy = > €;e;(Ha)e;, from condition

®9) (i) we get -

(3.32) (i) erer (Hy) <l-€77 - gHQ) — esen(H) A,
. 9
(ii) ezea(Ha) </<m - 2H2> = —erer(Ha)An,

(iii) 6363(H2) <H2 -+ p 2H2) = 0.

Now, we prove three simple claims.

Claim 1: el(HQ) = €2(H2) = 0.
If e1(H2) # 0, then by dividing both sides of equalities ()(z,m) by
e1e1(Ha) we get

(3.33) (i) kp— =Hy = —=—=\p
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2
which, by substituting (i) in (i), gives A\n <1 + <ZZ?EZ§§> ) = 0, then

An = 0. Since by assumption A # 0, we get n = 0. So, by (B333)(i) we
have Hy = 0, which is a contradiction.

Similarly, if ea(Hz) # 0, then by dividing both sides of equalities
(B332(i, 1)) by ezea(Ha) we get

., e1e1(Ha) 9 B
(3.34) (i) () </<m - 2H2> = An,
(i) iy — SHa = —zzgzix :

e2e2(Hz)
An = 0. Since by assumption A # 0, we get n = 0. So, by (B=34)(ii) we
have Hy = 0, which is a contradiction.
Claim 2: e3(Hsz) = 0.

If e3(H,) # 0, then from equality (8332)(iii) we have 2 + A2 = JH>,
which gives k2 + A2 = —6kn, where n = 3H; — 2x and 1 and H; are
assumed to be constant on U. So, k is also constant on U, and then,we
get that Hy = %4&77 = %/@2 — 4Hk is constant on U, which contradicts
with the assumption. O

2
which, by substituting (i) in (i7), gives An <1 + (EIGI(HQ)) ) = 0, then
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