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Ostrowski Type Inequalities for n-Times Strongly
m—MT-Convex Functions

Badreddine Meftah'* and Chayma Marrouche?

ABSTRACT. In this paper, we introduce the class of strongly m—
MT-convex functions based on the identity given in [P. Cerone et
al., 1999]. We establish new inequalities of the Ostrowski-type for
functions whose n'" derivatives are strongly m—MT-convex func-
tions.

1. INTRODUCTION

In 1938, A. M. Ostrowski proved a significant integral inequality, given
by the following theorem.

Theorem 1.1 ([24]). Let F : I — R, where I C R is an interval, be a
mapping in the interior I°of I, and ¢, € I°, with ¢ < e. If|F'| < M
for all x € [¢, €], then

(1.1) 'F(a:)—elé/;F(t)dt'gM(é—E) [iﬂ(‘_{;)}

In recent decades, inequality (@) has attracted much interest from
many researchers. Considerable papers have appeared on the general-
izations, variants and extensions of inequality (ﬁ)

Concerning some recent papers on integral inequalities, we refer to
readers [lll, B-11), 1322, 27, B1], and references therein.

In [20], Milovanovi¢ and Pécari¢ gave the generalization of Theorem
@ when ‘F(”)‘ < M.
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Theorem 1.2 ([20]). Let F : R — R be n times differentiable function
such that ‘F(”){ < M with n > 1. Then, for every x € [{,€| one has

1 —
n— k) F(k D (@) (z—0)F+r =) (&) (e—z) ¢
< +Z =0 )> _el—K/E F(t)dt

)n+l ( _ )n+1

(z—2
S = OnmT!

Recently, Tung [30], gave the following results concerning Ostrowski’s
inequality for differentiable MT-convex functions.

Theorem 1.3 ([30]). Let F : [¢,€] — R be a differentiable mapping on
(¢,€) with 0 < £ < & such that F' € LY[¢,e]. If |[F'| be MT-convex and
|[F'(x)] < M for all x € [{, €], then we have

él_z/;F(u)du—F(x)

Theorem 1.4 ([30]). Let F : [¢,€] — R be a differentiable mapping on
(¢,e) with 0 < £ < & such that F' € L*[¢,e]. If |[F'|? be MT-convex
where ¢ > 1 with % + % =1 and |[F'(z)] < M for all x € [¢,é€], then we
have

— 1 2, 2 N2
< M m\q (=0 :I-(e—x) ‘
(1+p)% ( 2 ) e—/{

elg/geF(U)dU_F(l')

Theorem 1.5 ([30]). Let F : [¢,€] — R be a differentiable mapping on
(¢,€) with 0 < £ < & such that F' € L'[¢,e]. If |F'|? be MT-convex
where ¢ > 1 and |F' (z)| < M for all x € [¢, €], then we have

ele/;F(u)du—F(x)

Motivated by the above results, in this study, we first introduce the
class of strongly m-MT-convex functions, and by using the identity
given in [2] we establish some new Ostrowski-type inequalities whose

h derivatives are strongly m-MT-convex functions.

)3 (x—0)2+(e—x)% M
e 2

< (3

2. PRELIMINARIES

In this section, we recall some definitions of certain classes of convex
functions and lemma.

Definition 2.1 ([25]). A function C : I C R — R is said to be convex
on [, if

Clev+(1—e)w) <eC(v)+ (1—¢)C(w),
holds for all v,w € I and all € € [0, 1].
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Definition 2.2 ([26]). A function C : I — R is called strongly convex
with modulus ¢, if

Clev+ (1 —e)w) <eC(w)+ (1 —¢)C(w) —ce(l —¢) v — w|*,
holds for all v,w € I and € € [0, 1].

Definition 2.3 ([2§8]). A function C : [0,b] — R is said to be m-convex,
where m € (0, 1], if

Clev+m(l—e)w)<eC(v)+m(l—e)C(w),
holds for all v,w € I, and € € [0, 1].

Definition 2.4 ([12]). A function C : I C [0,00) — R is called strongly
m-convex with modulus ¢ where m € [0, 1], if

Clev+m(l—e)w) <eCw)+m(l—e)C(w)—cme(l—e)|v—w?,
holds for all v,w € I and € € [0, 1].

Definition 2.5 ([29]). A function C : K C R — R is said to be an MT
-convex function

C(ev—k(l—e)w)SW%C(U)—k—‘/;\;C(w),

for all v,w € K, and € € (0,1).

Definition 2.6 ([23]). A function C : K C R — R is said to be an
m-MT -convex function

Clev+ (1 —2)w) < 35=C (v) + "I==C (w),

for all v,w € K, and t € (0,1).

Lemma 2.7 ([2]). Let C : [¢,e] C R — R be n-times differentiable
mapping such that C(”_l)(:z:) is absolutely continuous on [¢,é€|, then for
n € N one has the following identity

& n—1
SNk k(o k4L
[ ety et e o
k=0

= (_nl!)n <($ o £)n+1 /(;1 (1 B t)n C(n) (tﬁ—i— (1 _ t) l’) dt

+ (e—z)"tt /l "™ (tz + (1 —t) ) dt) :
0

where an empty sum is understood to be nil.
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We recall that the gamma and beta functions for any complex num-
bers and non-positive integers x,y such that Re (z) > 0 and Re (y) > 0
are defined, respectively

o0

I'(z)= /txl exp tdt,
0

and
1

B(z,y) = /tw—l (1—t)v Lt
0
Some properties
(i) T(z+1) =2l (z).
(i) B (z,z) =2""%B(},2).

_ T(=)I'(y)
(iii) B (z,y) = Tty

3. MAIN RESuULTS

Definition 3.1. A nonnegative function C : [O, %] C I — R is said to
be strongly m-MT-convex functions with modulus ¢ on I, if

C(tl +m(1 —t)e) < 2\/1%6(6) +m¥LLe(e) — emt(1— 1) € — e,

holds for all ¢,e € I,m € (0,1] and ¢ € (0,1).

Theorem 3.2. Let C : [(,€*] — R be n-times differentiable mapping
such that ‘C(”)’q € L'[¢,e*] where 0 < ¢ < & < % < e If ‘C(")‘
is strongly m-MT-conver and n € N with n > 1, then the following
inequality holds

e n—1
VL (VR ()L
/e C (u) du =3 ==t —c® (@)
k=0

I‘(n—&-%)

- e (@ = 0" @ =m0 + (e 2)" (e - ma)?)

where I' is the gamma function.



OSTROWSKI TYPE INEQUALITIES FOR n-TIMES .. 85

Proof. Using Lemma @, the property of modulus and the strong m-
MT-convexity of |C(")‘, we deduce

b n—l V(YR ()R
[ etwau =3 e ew (o)
@ k=0
1
§m<@—@m4/(1—w"
0
1
+ (é—x)”“/ t”‘C(”) (te + (1 —t) é)‘dt)
0

1
< (G-t [ a0 (s fem o] + e (2)

cWMw+«1—oxﬂﬁ

1

m

— 2emB (2,0 +2) (( - £)*)

— 2emB (n+ 2,2) (x o %)2))
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86
X ((a: _ it ‘Cm) (e)\ +(@2n+1)m(z— ot (c<"> ()
@+ 1) (6 — o)t ‘c@"b) (x)] +m (6 — z)t! ]cw) (2)])
— e (@ = 0™ @ = ml)? + e — @)™ (e - ma))
which is the desired result. O
™) (z)| < M for

Corollary 3.3. In Theorem , if we assume that }C n)
allz € [l,e],m =1 and ¢ — 0, we obtain

n—1
)V () k (p—p) Rt
u)du—Z( L e —® (a)

41 n+1 n+1
g ()
Remark 3.4. Corollary @ will be reduced to Theorem 2 from [30], if

take n = 1.
Corollary 3.5. In Corollary @, if n =2, we obtain

’ e [ (z—0)3+(E—x)®
L [ @@+ (5 -2 e @) < g (0
Corollary 3.6. In Theorem @ if m =1, we obtain
e—a)Ft! p—p)kT1
/ C (u) du — Z (e +,§+})' O o) ()

- (n—fl 7)11)2 VT (( )n+1 ‘C(”) (g)) +(e—
o -t o) )

c(n+1 n _ n
i (=0 (e —a)mt?)
Corollary 3.7. By letting c tend to 0, Corollary @ gives

2™ e (@)

Tt o) ()

/ C (u) du — Z o) k+1)'

Pt ,{,)Q v (= ey e (o) + e - 2y e (e)]

— 4(n+1)x
+ @n+1) (@ 0"+ e -2t ]cw) (z) )) .

Corollary 3.8. In Theorem @, if n =1, we obtain

ele/;C(u)du—C(a:)
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€

+ m ‘C'( )D _ 120m ((x_g)2(x_mz)zt(f_xy(é_mx)g) '

< 6 ((”“’—_”2 /0] +3 (2 [0/ @) +mE9- [0 (2)])

Corollary 3.9. By letting ¢ tend to 0, Corollary @ gives

L ’ u u — i
H/ﬁc< )du — C (2)

_n2ic’ m(e—z)2|c/ (& e—x)?|C! (z)|+m(z—0)2|c' (&
<W<<x ORle (Ot >|6(m>|+3<< PIe@lma—t IC<m)l)>.

= 16
Corollary 3.10. In Theorem @, if n =2, we obtain
él_é/e C(u)du—C(z)+ (5 — ) C' (2)
< & (=10 O] +5 (G2 o @) + m " (2)])
e—x)3 é c r— z—mkb e—x)3(e—mx)>

ezl e (3)) - g (et

Corollary 3.11. By letting ¢ tend to 0, Corollary gives
g/g € (u) du—C (z) + (47 — ) C' ()

x [ @=0%C"(O)l+m(e—z)®[C” (& (e—2)*|C" (@) |+m(z—0)*|C" (&
<& pe ) el )

Theorem 3.12. Let C : [¢,e*] — R be n-times dzﬁerentiable mapping
such that |C ”)‘q € L' [¢,e*] where 0 < £ < e < e <e If ‘C(")‘q is
strongly m-MT-convex, where q,p > 1 with * > +2 7= =1 and n € N with
n > 1, then the following inequality holds

n—1

(u)du — Y E BT 00 ()

e+ 1)!
k=0
w m |o(n) 1 7 |p(n) (z q_L . 2 %
= n!(np—&-l)% <4 ¢ (6)‘ +m4 ¢ (m) 6m (1" mf) )
(=) (x| om) ()] 4oz e ()| = < @ 2\ ¢
+n'(np+1) (4 ¢ (l’)‘ +m4 c (M) 6m (6 mm)) .

Proof. From lemma @, properties of modulus and Hoélder’s inequality,
we have

(3.1)

n—1
e VR (L )k (g gyt
w)du — 3 e ()
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< (-0 [a-or

+ (6 — )"t /01tn ™ (te+ (1 —1t) e)’dt)

£n+1 1 % 1 q %
g(n)</ (1—t)”pdt) (/ ‘c<n>(w+(1—t)x)] dt>
0
= n+1 1 v i
+ et (/ t”pdt> (/ ’C(” (tz + (1 —t) )‘ dt>
_ (z—p)"T" e"+1 </ )c (t6+ (1 —1t) )‘ dt>q
n'np+1)P

1
+(6$)n+1</ ‘C(" (tz + (1 —1t) )‘ dt)q
nl(np+1)P

Since |C " ‘ the strongly m-MT-convex function, we have

c™ (tl+ (1 —1) x)‘ dt

/ )C (t0+ (1) )‘ dt

5/0 (Al

—emt(1—t) (¢ - %)2> dt

q

—cB(2,2)m (£ — &)

m

‘c(m ) I

Similarly, we have

(3.3) / (c (tz + (1 — 1) )‘ dt

c(n) (£)

m

q

¢ (m)‘ +m7

<i
Combining (@)—(@) we get the desired result. O

Corollary 3.13. In Theorem , if we assume that ‘C(") (x)| < M
forallz € [¢,e],m =1 and c — 0, we obtain

n—1
)Pl (1) k (p—p) kT
w)du — 3 e ()




OSTROWSKI TYPE INEQUALITIES FOR n-TIMES .. 89

< @ e )" 2y py,
n!(np+1)P

—~
B

Remark 3.14. Corollary E will be reduced to Theorem 3 from [30],
ifn=1.

3

Corollary 3.15. In Corollary m, if n =2, we obtain
e ) 3.2
ig/ C (u)du—C (z) + (42 — 2) C' (z)| < T HED)
Y 2(e—£)(2p+1)P
Corollary 3.16. In Theorem , if we take m =1, we obtain

& n—1
)L (L) ()Rt
| € lman 30 et e
k=0

1
o shamt (P o e)
T 24pl(np+1)P ’ -

(5)7 M.

1
+ 7r$(é—an)"+1 @[ Hem @[t ¢ (e— x)Q q
20 nl(np+1)P ’ " |

Corollary 3.17. By letting ¢ tend to 0, Corollary gives

é n—1
VR (VR (p )Rt
[ ewdu= 3 e e o)
k=0

< o <(x_é)n+l('C(n)w)'q*’““u)Iq);
! 2

T T
24 (np+1)» "

1
R () (2)]? )1\ ¢
J eyt (IC @[ @) >>

Corollary 3.18. In Theorem , if we take n =1, we obtain

IE/EGC(u)du—C(:U)

3]

1

1 ’ Imle (= q q
< __ab (<mé_?2(|0<f>|+2|0<m>| . (x_mg)2>

1 1
24 (p+1)P 3m™m

1

e—z)? [ IC'(@)|"+m|c’'(£)]" _ 2 ¢
4 o) ( e (£) _3;m(e_mx)> )
Corollary 3.19. By letting ¢ tend to 0, Corollary gives

(jé/;cm)du—cm)
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1
< i <<x_e>2 <|C'<e>4+m!C’(£)">"
=71 T\ &2 2

29 (p+1)P

1
-2 (1 (2)]9 (€Y7 ¢
le=2) (| @4l (5) ) ) |
Corollary 3.20. In Theorem , if we take n =2, we obtain

1@/5 C (u)du — C (z) + (55 — 2) €' (x)
1
x et (7@ mlen ()], D\

= 2”5(2;1)% <(é—f) 2| @I 3 (@ — ml)

1
e—x)® (1”@ 4m|C” (D) o a
+ (éfﬁ) ( 2| ( )| T 3m™m (e—mx)2> )

Corollary 3.21. By letting ¢ tend to 0, Corollary |3.2Q gives

ie/e C (u)du —C (z) + (5° —2) C' (x)

1

< w% (Z‘—f)?’ |C"(Z)|q+m’0”(%)’q q
>~ 21+%(2p+1)% e—0 3

1
(e=x)® (1" @) +m[c”(£)[" )
+ é—e) ( 2 Gl '

Theorem 3.22. Let C : [¢,e*] — R be n-times differentiable mapping
such that ‘C(”)‘q € L'[¢,e*] where 0 < ¢ < & < % <e'. If ‘C(")‘q is

strongly m-MT-convex, where ¢ > 1 and n € N with n > 1, then the
following inequality holds

e n—1
e R4 (L 1)k (p gyt
[ e 5 =g

k=0

z—0)" ! n ‘ g
< St (w0 + 1) (F

q

c™ (¢) ‘q

HEE e ()

1
q
_ (n+1)!2¢ 2z —ml 2
F(n+%)(n+2)(n+3)m ( ) )

e—x)" ! n 3 n T
+ ( (n-i-)l)! <2>E(;—i)1)'r (n + %)) ! (%

e ()"

+Em|c™ (£)

m

1
“1 _ 1(n+1)!20 (z— m$)2 ! _
F(n+§) (n+2)(n+3)m
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where T' (.) is the Euler gamma function.

Proof. From lemma @, properties of modulus, power mean and the
strong m-M T-convexity of ’C (n) |q, we have

& n—1
PRV SR A M |
| Cwydu= 3 e @)
k=0

1
q

™) (40 4+ (1 — t) x)‘th>

n+l 1 1_% 1
g<f)</ (1—t)"dt> </ (1)
0 0
(é_m)n+l 1 1_% 1
4 =t ( / t”dt) ( / m
0 0

1

1 .

_ gt /(1-15)” Ot 4 (1 - t)a)|"ar)”
n(n+1)""7 \Jo

L (/ m
nl(nt1) "1
< zen+1 < 1t)\f‘c(n ‘+ (1t"F‘Cn) )
n' n+1
— emt (1— )" (£ - £)2) dt)cl’
e ([ (ol o
7 \Jo

nl(n+1)"

1
q

™) (tz + (1 —1) e)‘th>

1
q

™ (tx+ (1 —1t) e))th)

q

—emt (1 —t)" (z - %)2) dt) ‘
z—0)" ! n a n) (x|
_ gt (B(%,nJr%) }c<><z>\ +B(5n+3)mlc ()

o -
20 (nl) (n-+1)' @

— 2B (2,n+2)m )
l q
2

+(é—w—)"“1(3( %

27 (n!)(n+1)" "1 m

\c(n x\ +mB (n+1,3) \c(n) (£)

— 2B (2,n+2)m (x— ,;)2)‘11

3

1
n q(g—g)"t1t 1
= {7z, ;;):1()!)13% (3T (n+3)) (T

1
q

+(2n+1 ‘C a (n+1)12¢ (z — m€)2>
n+3)m

F(n—i—%) (n+2)(
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i = n =
4 (DT (1 (4 4))7 (@D ‘

(n1)n'Fa

cm (x)‘

1
q

+ VT (c<n> (£)

m

4 (n+1)!12¢ & — max)?
F(n+%)(n+2)(n+3)m ( )
The proof is completed. O

Corollary 3.23. In Theorem , if we assume that ‘C(") (ac)’ <M
forallz € [l,e],m =1 and c — 0, we obtain

& n—1
eVl (1) ()Rt
[ ewdu= 3 e o)
k=0

< (n—&-l)%

T (0t
Remark 3.24. Corollary will be reduced to Theorem 4 from [30],
ifn=1.

Corollary 3.25. In Corollary } if n =2, we obtain
’ e : —0)3+(e—x)°
le/g C(u)du—C(z)+ (Bt —2)C' (z)| < (Fm)7 (www

167 6(b—a)
Corollary 3.26. In Theorem , if we take m = 1, we obtain
-1

€ & e L k()R
A C (u) du =y ==t —c® ()
k=0

(Er )" (0w et ar

q

z—)" 1 n G T
< ((n?n! <2x((:i)1)xr (n+ %))q (T

@nt D)V | a(n) a (n+1)12¢ y: g
T (x)’ T (n+3) (n+2)(n+3) (@=1)
n+

cm (g)‘

1

1 q
2

e—x)" ! n+1
+ ((n+)1)! (2x((n+)1)!F(

cm (x)’

g
(n) (=7 (n+1)!2¢ _ N2
¢ (e)‘ I (nt3) (n4+2)(n+3) (e aj)) '

Corollary 3.27. By letting ¢ tend to 0, Corollary gives

g n—1
€ VR4 (L 1)k (p gyt
[ et~ ¥ attyggention
k=0

1 1
n+1)2 /7 q z—)" 1 C) (0)|"+(2n+1)|Cc ()| @
< (UEED (04 1)) (Wm <| [ nrbjee)
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1
(e—o)"*! [ @ntD)|c™ (@) +eM @] | 7
+ mro In+1) :
Corollary 3.28. In Theorem , if we take n =1, we obtain

ee/c )du —C (x)

1
L (1e @ +3m|er (2] q
= E) (2)q< 4| Gl 3ﬂm($—m€)>

e—2)? [\ L [ 3IC @) 4m|c’ ()] 2
+(z(é—é) (2)q< 4| (| _37rm(e_m$)>

Corollary 3.29. By letting ¢ tend to 0, Corollary gives

e 1
€ 1 r— 2 c' (¢ q+3mc/£ q q
eu/e C (u) du — C (z)] < (%) <é<e_% <| O +3m| <m>r>

1
4 (e’ <3C'<w [7+m|c’' ()" ) )
2(6—0) 1 :

Corollary 3.30. In Theorem , if we take n =2, we obtain

ee/c )du—C(x) + (& —z)C ()
1

_ N ¢ ()| "4+5m|c() c 9\ ¢

= 6(b—£) (%)q (’ @l 6| G _ 1547rm (z —ml) )

e—z)3 T 1 5C(”)(m) q+m c(n) % q . -
Ol e

<!

N

Q=

B

1
q

15m™m

Corollary 3.31. By letting ¢ tend to 0, Corollary gives

/C )du —C (x) + (%—x)cl(w)
ot (@— cM ()| +5mlcr T\
< ) (25 (oremenca

1
(e=2)® (5] @) +m|ct™ ()]* ) @
+5@—0 ( 5 | :
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