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Statistical Deferred Weighted Riemann Summability and
Fuzzy Approximation Theorems

Priyadarsini Parida', Susanta Kumar Paikray®* and Bidu Bhusan Jena®

ABSTRACT. The notion of statistical convergence has fascinated
many researchers due mainly to the fact that it is more general
than the well-established hypothesis of ordinary (classical) conver-
gence. This work aims to investigate and present (presumably new)
the statistical versions of deferred weighted Riemann integrability
and deferred weighted Riemann summability for sequences of fuzzy
functions. We first interrelate these two lovely theoretical notions
by establishing an inclusion theorem. We then state and prove
two fuzzy Korovkin-type theorems based on our proposed helpful
and potential notions. We also demonstrate that our results are
the nontrivial extensions of several known fuzzy Korovkin-type ap-
proximation theorems given in earlier works. Moreover, we esti-
mate the statistically deferred weighted Riemann summability rate
supported by another promising new result. Finally, we consider
several interesting exceptional cases and illustrative examples sup-
porting our definitions and the results presented in this paper.

1. INTRODUCTION AND MOTIVATION

Let Z = {¥:R — [0, 1]} satisfy the following assertions
(i) there exists po € R such that 9(ug) = 1, then ¢ is normal
(ii) 9 is fuzzy convex

(iii) © is upper semi-continuous

(iv) [W°={p €R and J(u) > 0} is compact set.
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Then ¥ € Z is called a fuzzy number, and Z is called as a fuzzy number
space.

If ¥ € Z and let (9] = {u € R: X (1) = A} be closed and bounded
interval for A € [0, 1].

Now, we recall some elementary properties of fuzzy numbers.

Let ¥,v € Z, A € [0,1] and A € R. Then

(i) (9 +v)(n) = sup,—y, min{d(t), v(s)}
(i) k() = 9(p/k) (k#0)
(iii) 09(x) = 0, where

a@):{l (1= a)

0 (otherwise)
(iv) [0 +v]* ZH + [V = [95 +vp, 98 + vy
(v) [k9)* = k[u]® = [k9y, k9]] for (k = 0)

(vi) ¥ Sv e [0 < N
Furthermore, the metric D is such that D : Z x Z — R be defined

o} - v},

where d(Z, D) is a metric space which is complete (see [17]).
Let D*(g, h) be the distance between two fuzzy number valued func-
tions g and h such that

as

D(9,v) = sup max{‘ﬁA
0SAS1

D*(g,ﬁ): sup sup max{‘g e
TSpsSyO0sAs]

-]

The convergence analysis on sequence space is one of the most impor-
tant and exciting aspects of real and functional analysis. The gradual
enrichment of this study leads to the blooming of statistical convergence,
which is genuinely more general than the traditional convergence. The
glory for independently defining this beautiful notion goes to both Fast
[7] and Steinhaus [15]. Nowadays, this potential notion of statistical con-
vergence has undoubtediy been a field of interest for many researchers
and is becoming an active research area in various fields of pure and
applied Mathematics. In particular, it is instrumental in the study of
Machine Learning, Soft Computing, Number Theory, Measure theory,
Probability theory. etc. For some current works in such direction, one
may refer [2-4, 8-10, 13, 14, 19].

Suppose 8* C N, and let 8 = {¢: £ <k and ¢ € R*}. Then the
natural density d(8*) of K is defined by

d(&*) = lim 2l

k—oo k - &
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where the number £ is real and finite, and |8} is the cardinality of &j.

Definition 1.1. A given sequence (7)) is statistically convergent to a
fuzzy number 9 if, for each € > 0,

/= {¢:€ € Nand Dy, 9) = e}
has zero natural density (see [12]). Thus, for each € > 0, we have

. . |8
d(f) = lim == =0.
We write

stat lim D(ng,¥) = 0.
k—o0

Let [z,y] C &, and for all k € N there is a fuzzy number valued
function hy, : [Z, 7] — Z and it is called a sequence (hy,) of fuzzy number
valued functions on [z, g].

We now describe the Riemann sum of a sequence (hy) of fuzzy number
valued functions allied with a tagged partition P which is of the following
form

) (ﬁk,P> = zk:fl(ti)D(zi,zi_l).
i=1

Next, we recall the definition for Riemann integrability of a sequence
of fuzzy number valued functions over an interval [z, 7].

Definition 1.2. A sequence (ﬁk) ke of fuzzy number valued functions
is Riemann integrable to a fuzzy number valued function A on [z, ] if,
for all £ > 0 there exists 0. > 0 and let P be any tagged partition of
[Z, 7] with ||P|| < o. such that

D (5 (ki ®) h) <e.
We now outline the definition of statistical convergence of Riemann
integrable fuzzy number valued functions.

Definition 1.3. A sequence (A )ren of fuzzy number valued functions
is statistically Riemann integrable to a fuzzy number valued function h
on [z,y] if, for all € > 0 and for each p € [a, b], there exists 0. > 0, and
for P be any tagged partition of [z, 7] with |P|| < o, the set

R = {5:56NandD<5 (ﬁg,P) ,ﬁ) 25}
has natural (asymptotic) density. That is, for every € > 0,

d.) = tim Tl

k—oo

0.
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We write
statrie kli_)noloD (5 (ﬁk,P) ,iz) =0.

The following example demonstrates that every Riemann integrable
fuzzy number valued function is statistically Riemann integrable, while
the converse is not usually trustworthy:.

Example 1.4. Let hy, : [0,1] — Z be a sequence of functions defined by

V2 (neqn(o1; k=m? meN)
L) R =
k%l—l (otherwise).

It is easy to see that the sequence (ﬁk) of fuzzy number valued func-
tions is statistically Riemann integrable to 0 over [0, 1], but not Riemann
integrable over [0, 1].

The investigations mentioned above motivated us to explore the sta-
tistical versions of deferred weighted Riemann integrability and deferred
weighted Riemann summability for sequences of fuzzy functions. We first
connect these two lovely theoretical ideas by proving an inclusion the-
orem. We then demonstrate two fuzzy Korovkin-type theorems based
on our proposed useful and potential conceptions. In addition, we give
an example of sequences of fuzzy positive linear operators employing
the Bernstein polynomials to demonstrate the usefulness of our find-
ings. Finally, we estimate the statistical deferred weighted Riemann
summability rate supported by another exciting result.

2. DEFERRED WEIGHTED STATISTICAL RIEMANN INTEGRABILITY

Let (é1) and (o) € Z°F be such that ¢, < pp, and limy_0 @ = +00,
and let (pg) be a sequence of non-negative real numbers with

©k
P, = Z Do-

v=¢r+1
Then, we define the deferred weighted summability mean for the Rie-

mann sum of a sequence of fuzzy number valued functions § (ﬁk,P)
allied with the tagged partition P of the form
- 1k -
(2.1) w (5 <hk§P)> =B Z Pvl (hU;P) )
V=0
We now present the notions of statistical Riemann integrability and

statistical Riemann summability of a sequence of fuzzy number valued
functions via deferred weighted mean.
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Definition 2.1. Let (¢;) and (¢3) € Z°F, and let (pi) be a sequence
of real numbers (non-negative). A sequence (hy)ren of fuzzy number
valued functions is deferred weighted statistically Riemann (DWFRgat)
integrable to a fuzzy number valued function h on [z, 9] if, for all e > 0
there exists 0. > 0 allied with the tagged partition P (|P|| < o.) of
[z, 9], the set

{5 :{ = Py and peD (5 (Bg;f:) ,;3) > 5}
has zero natural (asymptotic) density. This implies that for each € > 0,

 llses a2 (i) )24,

We write

DWF Ryt lim D (5 (ﬁk; 7'D> ,B) —0.

Definition 2.2. Let (¢) and (¢3) € Z°F, and let (pi) be a sequence
of non-negative real numbers. A sequence (ﬁk)keN of fuzzy number
valued functions is statistically deferred weighted Riemann (statpwrr)
summable to a fuzzy number valued function h on [z, ] if, for all € > 0
there exists 0. > 0 allied with the tagged partition P (|P|| < o.) of
[z, 9], the set

[e:e<hand W (5 (he:P)) — Bl 2 e}
has zero natural (asymptotic) density. This implies that for all € > 0,

. Hf:fg k and D(W ((5 <iLg,77)> Jh) 25}‘

We write
statpwrRr, kli_}n(r)lop ((5 (ﬁk,P> ,iz) = 0.

We now develop an inclusion theorem between the above two potential
and useful notions.

Theorem 2.3. Let (¢1.) and (pr) € Z°F, and let (px) be a non-negative
real numbers. If (ilk)k:eN is deferred weighted statistically Riemann
(DWFRgat) integrable to h on [Z,9y], then it is statistically deferred
weighted Riemann (stalpwrr) summable to h on [Z,7)], but not con-
versely.
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Proof. Suppose (hi)peny is deferred weighted statistically Riemann
(DWFRgtat) integrable to h on [z, y], then by Definition P.1|, we have

o652 s2) )2}

Now assuming two sets as follows:

Ve = {5 : £ £ Py and peD ((5 (Eg,P) ,fz) > 5}
e y§:{§:§§Pk andp§D<(5(iL€;7j>,fL> <5},
we have
D(v(s(7) W)= 5 > w2 (3(0:7).5)
v=¢p+1
<L ¢pp (5 (hui) . 7)
) S~ D (i)
v=¢r+1

k v=¢p+1
(¢eVe)
1 & B
+o > D (0 (hiP) h)
v=¢p+1
(£e¥9)
1 Pk
+h = Y pe—1
k U:(f)k-i-l
1 1
< . . C
= 0.

This implies that

DW (5 (hkp)) h) < e
Thus, (izkz is statistically deferred weighted Riemann (statpwrgr) sum-
mable to h on [z, 7. O

The next example shows that, a statistically deferred weighted Rie-
mann (statpwrr) summable sequence of fuzzy number valued functions
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is not deferred weighted statistically Riemann (DWFRg,¢) integrable in
light of the invalidity of the converse statement.

Example 2.4. Let ¢p = 2k + 1, ¢p = 4k + 1 and pr = 1 and let
hi : [0,1] — Z be a sequence of functions of the form given by

0 (t€Qn0,1]; k is even)
22) ()=
1 (te R—QnNJ0,1); kis odd).

It is obvious from the given sequence (hy) of functions that, it is nei-
ther Riemann integrable nor deferred weighted statistically Riemann
(DWFRgtqt) integrable. Nonetheless, it is clear from our suggested mean
(R.1) that

W(a(f}k;?))z ! f: 6(7%;75)

Ok — Pk it
| Ak

= Z 5(?@;75)
2k v=2k+1

_1

=5

Thus, (ht) has deferred weighted Riemann sum % allied with the
tagged partition P. Hence, (ﬁk) is statistically deferred weighted Rie-
mann (statpwrr) summable to % over the interval [0, 1]. However, it is
not deferred weighted statistically Riemann (DWFRgat) integrable.

3. KOROVKIN-TYPE THEOREMS VIA THE W (6 (hk;ﬁ))-MEAN

Many researchers are working to extend (or generalise) the Korovkin-
type approximation theorems in several other mathematical contexts,
including sequence spaces, measurable spaces, Banach spaces, proba-
bility spaces, etc. These ideas are very useful in many related fields,
including functional analysis, harmonic analysis, and real analysis, etc.
For the attention of enthusiastic readers, we choose to [5, §, 17].

Let h be a fuzzy number valued function such that

h:[z,7] — 2.
h is said to be a continuous fuzzy number valued function at a point
Mo € [i.7:g]7 if
D(pk, o) <€ (k— o00) whenever g — po.
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Moreover, if h is fuzzy continuous at every point u € [Z, 7], then it is so
also fuzzy continuous in the whole interval [z, g].

Let Cz[z, y] be the set of all fuzzy number valued continuous functions
over [z, y].

Suppose that, £ : Cz[z, y] — Cz[Z, y] be a fuzzy linear operator, if for
each A\, Ao € R and hy, hy € Cr[z, 7],

£ (/\1 O h1® N2 ® ha; t> =M 0O 2(%1) S P.VIO) S(INIQ)
Next, a fuzzy linear operator £ is said to be a positive fuzzy linear
operator, if
hi(p) = ho(t)) = L(has ) = L(ho; ) (. ha,ho € Ce[2, ) 1 € [2,7]).
Theorem 3.1. Let (¢x) and (pr) € Z°F, and let £ : Cclz,y] —
Celz,y] (k €N) be the fuzzy number valued sequence of positive linear

operators. Also, let {£] }ren be the analogous sequence of positive linear
operators from C[Z,y] into C|Z,y] such that

A
7- _ ox (A,
for all p e [Z,9)], A € [0,1], k € N. Then, for h € Cz[Z, 7]
(3.2) DWFRyat lim D (sk (h; u) ,h(@) —0
if and only if
(3.3) DWFRytat lim D (£5(1:12), 1) = 0,
—00
(3.4) DWF Ryt lim D (] (i ), ) = 0
—00
and
(3.5) DWFRta; lim D (i (s p), 1) = 0.
—00

Proof. Let h € Cc[z, 7], 1 € [£,7] and A € [0,1]. Since hl} () € C[z, 7],
so for each € > 0, there exists § > 0, such that

(3.6) P (r) = B ()| < e
whenever |k —pu| <6, (Y p, k€ [z,7]).

Next, for h is fuzzy bounded, fzg(u)‘ < MY (Z < p < @). Clearly, we

have

PA(R) — RA ()| S 2ME, (@ < o < ),

Let us choose 0(k, i) = (k — p)%. Then,
- . 2M4
R () = B ()] < e+ =52 00m, 1)
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which yields

2M4 - - 2M4
00, m) < (R () = R (W)) < &+ =550k, p).

Now the operator £7 is linear and monotone, by applying the operator

£ (1, p) in (B.7), we get

(L) <—s - “(Sﬁie(n,u)) < i1 (W m) — b ()

(3.7) —e-—

. 2M4
< £1(1, ) (5 + Tig(& M)) :

We note that p is fixed and B’;(u) is a constant number, we get

. oML, « (A S A «
(38)  —eSi(l) — T i(0,m) < e (R p) — A (W) (1, p)

<eLp(l,p) + Tifgk(gau)-
Also, we know that
(3.9)

i (o) =R (o) = [ (BY.p) = R () 251, )|+ () 211, ) 1.

Using (@) and (@), we get
(3.10) N

o ()~ k() < 2L w) + 22 00 )+ R ) [0 ) 1]
We now, compute £;(6, 1) as follows:
£10,1) = £ (5 = 2us + 4, )
= 5, (% 1) — 2085 (k, ) + L5 (1, 1)
= [ (K%, 1) = 1] = 20l (k, ) — p] + p2[L1(L, ) — 1].
Using (), we get
5 (o) — i) < 220,00 + 2 { 5 () — 7]
— 20l (5, 1) — ] + HP1L5 (L, ) — 1]}
A (L) — 1]

A
=el&(l,u)— 1] +e+ 2/;/2[i{ (5 (K2, 1) — pi?]
—2p [0 (K, 1) — ] + p2[€5(1, ) — 1]}

+ R () [S4 (1, 1) — 1].




336 P. PARIDA, S. K. PAIKRAY AND B. B. JENA

Since € > 0 is arbitrary, we can write
2MA 2
52

£ <BA7M)—Ei(u)‘§E+(€+ +Mi>

AMAe
52

"2{{\ (’%27M) - ,u2| )

x| LL(L,p) — 1] + |8 (k, 1) — pal
2M4
52

where ¢ = max{|z|, |7}
Consequently, we get

(311) |ei (Ao ) = Bh(o)| < e+ Hb (@) (12700 — 1
1250 1) = ]+ 125 (52, 0) = 122
where
oMY 2
52
Now it clearly follows from (@) that,

o AMAe 2/\/@) .

H () = max <6 + 52 0 §2

D* (Ek(h), h)

- (5 6).0

Sh (R ) — R

= sup sup max{ SZ(BQ;M) fﬁﬁ(u)‘}

nelz,y) A€(0,1]

)

Considering () with the last equality, one can easily write

D* (zk(h),ﬁ) < sup 5+M(e)( sup |€5(1, p) — 1

;LE[CE,@] ,U,E[i‘,g]

+ sup |€(k,p) — pl + sup [€f (%2,#)u2|>,

nelz,g] Helz.g]
where
M(e) = sup max {M*(e), M} (e)}.
A€0,1]
Therefore,
(3.12)

pD* <£k(il),il> < py sup e+ H(e)| pv sup |L£5(1,n) — 1
HElz,y] nE[z,y]
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+py sup €k, p) — pl +po sup L5 (K2 0) — 12| |-
KE[Z,T] HE[T,T]

Next, for given k > 0, choose € > 0 such that p, SUP e[z, € < W-
Then, we can write

O(u;e) = {k k<P, and p,D* (Ek(ﬁ),ﬁ> > 5’}
and
7 - g —e
Ojk(p,e) =|qk:k< P and pD ('gkhj(ﬂ)vhj(:u)) z—= b
3HL

we easily obtain from () that
2
)=).6;
j=0
Thus, we fairly have

II/\

2
|@jk H, €
SRS

Consequently, by Definition @ and under the above assumption for the
implications in (B.3) to (@), the right-hand side of (B.13) are zero as
k — oco. We, thus get

[CAI
lim ——— = .
Jim 2 0, (e¢>0)
Hence, the implication in (@) is fairly true. O

Theorem 3.2. Let (¢x) and (pr) € Z°F, and let £ : Cc[z,y] —
Celz,y] (k €N) be the fuzzy number valued sequence of positive linear
operators. Also, let { £} }ren be the analogous sequence of positive linear
operators from C|z,y| into C|Z,y] such that

(3.14) {sk <h u)} — o (hi,@

for all p € [z,9)], A € [0,1], k € N. Then, for h € Cz[Z, 7]

(3.15) statpwrR leH;OD <£k (h;,u) ,h(u)) =0

if and only if

(3.16) statDWFR khm D (22(17 M), 1) = 0,
—00

(3.17) statpwrr lim D (L5 (s p), 1) =0
k—ro0
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and
(3.18) statpwrr lim D (L (4% p), p?) = 0.
k—o00

Proof. Here we skip the details proof of Theorem @ as it can be proved
in the similar lines of the proof of Theorem B.1l. O

Given the applicability of Theorem @ over Theorem @, here we
consider a numerical example and analyze a sequence of positive lin-
ear operators that does not escalate the functioning of Theorem
However, it does well work on Theorem B.9. In this sense. we call that
Theorem ﬂ is a non-trivial generalization of Theorem B.1|.

We now consider the operator that was used by Al-Salam [[l] and,
more recently by Viskov and Srivastava [16] as follows:

(3.19) (1 + D), (D _ CZ{) .

Example 3.3. Consider the Bernstein polynomial By, (717 a) on C[0,1]
given by
(3.20)

7o\ L AYAAW k—p L
%k(h,a>—p§0h<k><p>a(l—b) . (@e0,1;k=0,1,...).

We now propose the following positive linear operators on C|0, 1] under
the composition of Bernstein polynomial and the operators given by

(B.19)
(3.21) £, (E; a) - [1 + ﬁp} a(l+ aD)®B, (ﬁ; a) : (\7 h € C[o, 1]) :

where (h,) is the same as intimated in Example @
We now apprise the values of the individual testing functions 1, « and
a? by using our designated operators (B.21)) as follows:

£o(Lia) = [1 + ﬁp] a(l+aD)l = [1 + ﬁp} a,
Lol a) = [1 + ﬁp} a(l+aD)a = [1 + ilp} a(l+ «a)

and
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Consequently, we have

(3.22) statpwrr lim D(SZ(l; a),1) =0,
pP—00

(3.23) statpwrr lim D(L)(a; a),a) =0
pP—00

and
: * 2. 2\ _

(3.24) statpwrr plilglop (Qp (a ,a) , Q ) =0,

A Q

that is, the sequence £ (iL7 a) satisfies the conditions (B.1€6) to (B.1§).

Hence, by Theorem B.2, we fairly have
statpwrr lim D* (Slp (ﬁ; a) ,B) = 0.
p—+00

Clearly, (ﬁk), as specified in Example @ is statistically deferred weighted
Riemann (statpwpr) summable. However, it does not fairly deferred
weighted statistically Riemann (DWFRg,¢) integrable. Thus, our rec-
ommended operators in ) satisfy Theorem B.2. But the same is not
true for the Theorem B.1. Thus, unquestionably, we can say that the
statistical versions of deferred weighted Riemann summability is well
behave over the deferred weighted Riemann integrability for sequences
of fuzzy number valued functions.

4. Fuzzy RATE OF DEFERRED WEIGHTED RIEMANN SUMMABLE

In this section, we wish to study the fuzzy rate of statistically deferred
weighted Riemann summability of sequences of fuzzy number valued
positive linear operators C(Z) into itself.

Definition 4.1. Let (¢;) and (p) € Z°F, and let ((,) be a non-
increasing positive sequence. A fuzzy sequence of functions (ﬁk) is sta-
tistically deferred weighted Riemann (statpwrr) summable to a fuzzy
number h on Z with rate o(¢y), if for each & > 0,

Q .
k—o0 CkPk:
uniformly with regards to u € Z or, otherwise if
Qk y €
lim €2 (1 )||c£[0,1] _
k—o0 Ck:Pk

0,
where
Ol ) = Hg:gg k and D(W (5 (715;7'3)) h) ge}‘ —0.

We write
statRpwrrD* (hk(u), h(,u)) =o0(C;) on Z.
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We next wish to prove the following Lemma.

Lemma 4.2. Let (a}) and (b},) be two non-increasing positive sequences,
and let (hy) and (gx) € Cx(Z2) satisfy the conditions:

statrpwrr D™ (fzk(u),h(u)) =o(ay) on Z.

and
statrowrr D" (g1 (1), §(1)) = o(b,)  on 2,
then all the following assertions are true:

(i) statrowrrD" (ﬁk(u) + (), () + g(u)) = o(c}) on Z;
(ii) statrpwrrD" <ilk(#)» E(M)) D* (1), §()) = olayby,) on Z;

(iii) statrpwrrKD* (ﬁk(u), ﬁ(u)) =o(a}) on Z, for any scalar K ;

=

(iv) statrRpwrRr {D* (ﬁk(u), ﬁ(u))} =o(a},) on Z,
where ¢, = max{aj, b }.

Proof. For the assertion (i) of Lemma @ we consider the following sets
for which € > 0 and u € Z:

Swz) = {6 e <hand D[W (5 (he +3:7)), (h+3)] 2 ¢},
Soslie) = |{¢: ¢ < kana DO (5 (hei®) ) 2y 2 S}

and
B e) = Hg . ¢ <k and D(W (5 (55;7‘9)) R = %}‘ .
Clearly, we have
G (1, €) C Gor(p,€) UBqk(p,e).
Moreover, since
(4.1) ¢, = max{ay, b}, },
by using the assertion (i) of Theorem @ we obtain

(1) 180z o 10kl lle, (2 \|@51,k(u76)llcﬁ(3)
‘ P, = a} P, b, P,

Also, by using the assertion (i) of Theorem @ we obtain

1Bk (1, €)lle,(2)
Py

Thus, assertion (i) of this Lemma is proved.

(4.3) =0.
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Furthermore, the remaining assertions (ii) to (iv) of Lemma @ are
resembling the assertion (i), so these can be proved in a similar manner
to establish the proof of the Lemma i4.2. O

Next, for h : [Z,7] — Z, the fuzzy modulus of continuity is defined by
(4.4)
w (ﬁ,5> = sup {D* (ﬁ(y),fz(:r)) ly—x| <6 (0<6<z— gj)}
z,y€[z,]
We now establish a theorem on fuzzy rates of statistically deferred
weighted Riemann (statpwrr) summable sequences of fuzzy number-
valued positive linear operators via the fuzzy modulus of continuity.

Theorem 4.3. Let (¢r) and (¢r) € Z°F, and let £ : Ccl7,y] —
Crlz,y] (k€ N) be a sequence of fuzzy positive linear operators. Also,
suppose that {£} }ren be the analogous sequence of positive linear oper-
ators from C[z,y| into C|Z,y] such that ) holds. Further assume that

(a,) and (b)) be two non-increasing positive sequences and the operators
{€; ken such that

(i) statrowrrLr(1, 1) — 1 =o(a;,) on Z,

(ii) statRpwrrw (ﬁ, Sk) =o(b)) on Z,
where .
Su(p) = {5 (0% 1)} and 0(s) = (s — ),
then for each h € Cz(Z), the assertion as below holds true:

(4.5) statrpwrr D" <£k(h), h) = O(C;g) on Z,
where (c}.) defined by @)
Proof. Suppose Z C R be compact, and let h € Cc(Z2), u e Z. Then,

D" (x(h,p)i k) £ QIEE(L ) — 11+ (505 0) + /24 (1w (B, 51 )

where R
Q= |hlle.(z)-
Which yields

(4.6)
D* (sk(;}),z}) < Qe (1) — 1+ 2w (;}, Sk) tw (E,Sk) (85(1; ) — 1)
+w (ﬁ, Sk:) (L5.(1; ) —1).

Thus, for the conditions (i) and (ii) (of Theorem @) inclusive of Lemma
, the last inequality (.6) assists us to settle the assertion (4.5). Hence,
the proof of Theorem is completed. O
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5. REMARKABLE CONCLUSION

In this conclusive section of our_investigation, we_further recognize
some special remarks on Theorem and Theorem @ and of specific
earlier published classical versions of the Korovkin-type theorems.

Remark 5.1. Considering the sequence (h,),en of functions in our Ex-
ample @, it is statistically deferred weighted Riemann (statpwggr) sum-
mable, and that

. = a1
statpwFR phﬁrgloD <5(hp;73), 2) on [0,1].

Then, we have

(5.1) statpwrr lim D(L5(hy; x), hu(x)) =0, (v=0,1,2).
p—+00
Thus, by virtue of Theorem , we immediately obtain
(5.2) statpwrr 1im D*(£,(h; x), h(x)) = 0,
p—00
where

ho) =1, () =x and ha(x) = x".
Clearly, (hs) is statistically deferred weighted Riemann (statpwpg ) sum-
mable, but neither deferred weighted statistically Riemann (DWFRgat)
integrable nor classically Riemann integrable. Thus, our proposed The-
orem B.2 appropritaly works over the operators specified in equation
(B.21). But, neither the traditional nor the statistical versions of de-
ferred weighted Riemann (DWFERstat) integrable sequence of fuzzy num-
ber valued functions work on (@) In this context, we claim that our
Theorem is a non-trivial generalization of Theorem @ as well as the
previously published classical Korovkin-type theorem [[11].

Remark 5.2. We suppose replace the conditions (i) and (ii) of our
Theorem by the following condition:

(5.3) D* (sk(ﬁy; “)’i‘”(“))cﬁ(a — statrpowrro(Cr, ), (v = 0,1,2).

Then, since
50, 1) =[5, (%, 1) — 7] = 20[L5(k, ) — p] + p2[L1(L, ) — 1).
We can write

2
(5.4) S(0,0) £ G |l @) — ()
=0

;
21

where 3 )
G =1+ |hillc.z) + lP2llc.(z)
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It clearly follows from (@), (@) and Lemma @ that
(5.5) 0 (1) = \/ £1(62) = statrowrro(dy,),

where

O(d;c) = max{gko’ Ck1 ) CkQ}
This implies that

w (fb, 5) = statrpwrro(dy,).

Now, by using (@) in Theorem @, we immediately see for h € Cz(2)
that

SZ (il, M) ,71(/1) = StatRDWFRO(d;g)-

Hence, if we use condition (@) in Theorem @ instead of the conditions
(i) and (ii), then we easily obtain the rates of the statistically deferred
weighted Riemann (statpwrr) summablity of the sequence of fuzzy val-
ued positive linear operators in Theorem B.2.

Remark 5.3. If we substitute (¢r) = 0 and (¢x) = k into our main
Theorem B2, then the earlier-published results by Yavuz [1§] and by
Das et al. [p] are deduced. In this sense, we say that Theorem B2 is a
non-trivial unification and generalization of the earlier-published results
(see [, [1§]).

Remark 5.4. Through this study, we have precluded the notion of
statistical convergence in the sense of the deferred weighted Riemann
summability technique and presented some new definitions. We have
after that established some new theorems. Furthermore, by considering
the modulus of continuity, we have estimated the fuzzy rate of statis-
tically deferred weighted Riemann summability of sequences of fuzzy
number valued positive linear operators.

Many researchers have considered various summability means on a
various fuzzy sequence spaces to prove several fuzzy approximation re-
sults. A list of some articles has been mentioned in the references. Thus,
by combining the existing concepts and directions of the fuzzy sequence
spaces associated with our proposed mean, many new fuzzy Korvokin-
type approximation theorems can be proved under different settings of
algebraic and trigonometric functions.
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