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On Saigo Fractional q-Calculus of a General Class of
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Biniyam Shimelis1 and Dayalal Suthar2∗

Abstract. In this paper, we derive Saigo fractional q-integrals
of the general class of q-polynomials and demonstrate their ap-
plication by investigating q-Konhouser biorthogonal polynomial, q-
Jacobi polynomials and basic analogue of the Kampé de Fériet func-
tion. We have also derived polynomials as a specific example of our
significant findings.

1. Introduction and Preliminaries

The computation of fractional q-derivatives (and fractional q-integrals)
of special functions of one or more variables is significant. These re-
sults can be used to evaluate q-integrals and solve q-integral and q-
differential equations. The theory of q-hypergeometric functions of one
and more variables has several applications in Applied mathematics,
 Engineering  and Physical Sciences, such as Lie theory, Number the-
ory, Computational complexity,  Partition theory, Quantum field the-
ory, and so on. Due to their use in domains including  combinatorics,
orthogonal polynomials, calculus of variations, basic hypergeometric
functions,  the theory of relativity and mechanics, quantum difference
operators are significant in mathematics [3]. Numerous basic quan-
tum calculus ideas are covered in the book by Kac and Cheung [8].
Researchers have recently paid a lot of attention to q-calculus, and
[1, 12, 14, 19, 20, 26], along with other references cited therein, present
numerous new findings.
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148 B. SHIMELIS AND D.L. SUTHAR

The fractional calculus has been acknowledged as a tool for the expla-
nation of several phenomena in kinematics, biology, chemistry, finance,
etc. over the past two centuries (see [11]). Moreover, q-calculus has
been as a method for handling discrete variations of continuous scien-
tific problems (see [8] for more information). It was only a matter of
time before those ideas came together.

Inspired by these possibilities, a number of researchers have employed
fractional q-calculus operators in the theory of special functions of one or
more variables. Recently, Kumar et al. [9, 10] derived several fractional
q-integral formulas for the q-analogues of I-function and Aleph function
of one and two variables. Vyas et al. [22–24] analyzed the q-analogues of
the numerous special functions and subsequent implementation. It has
been derived for basic q-generating series,  q-trigonometric functions
and q-exponential function by Al-Omari et al. [13] utilized for differ-
ent forms of q-Bessel functions and some power series of special type.
Purohit et al. [15–17] derived a unified class of spiral-like functions, in-
cluding analytic functions with different types of fractional operators in
quantum calculus.

To our opinion, there is far too little literature on fractional  q-
integrability and q-differentiability. As a result of the foregoing research,
the goal of this study is to obtain the Saigo fractional q-calculus formula,
using series expansion method, for the general class of basic (or q-) poly-
nomials. The term ’general class of basic polynomials’ itself indicates the
importance of the results, as it enables the derivation of numerous frac-
tional q-calculus formulae for various classical orthogonal q-polynomials.

In q-series theory (see [2]), for a real or complex a and |q| < 1, the
q-shifted factorial is defined as:

(a; q)0 = 1, (a; q)n =
n−1∏
k=0

(
1− aqk

)
, (n ∈ N) .

Equivalently

(a; q)n =
Γq(a+ n)

Γq(a)
(1− q)n .

According to Gasper and Rahman [2], the q-gamma function is defined
as

Γq (ε) =
(q; q)∞
(qε; q)∞

(1− q)1−ε

=
(q; q)ε−1

(1− q)ε−1 , (ε ̸= 0,−1,−2, . . .).
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Also, the power series in terms of q-analogue (a±b)n is defined (see [20])

(a± b)(n) = (a± b)n(1.1)
= an (∓b/a; q)n

= an
n∑

k=0

[
n
k

]
q

qk(k−1)/2 (±b/a)k , (n ∈ N) ,

where the q-binomial coefficient is defined as:[
n
k

]
q

=
(q−n; q)k
(q; q)k

(−qn)k q−k(k−1)/2.

For a bounded sequence of real or complex numbers, let f(z) =
+∞∑

n=−∞
Anz

n be a power series in z, then (see, for instance, [4], p. 502, eqn.
(3.18) and [6])

(1.2) f [(z ± x)] =
+∞∑

n=−∞
Anz

n (∓x/z; q)n .

The generalized basic hypergeometric series (cf. Gasper and Rahman
[2]) is given by

rφs

[
a1, . . . , ar
b1, . . . , bs

; q, x

]
=

∞∑
n=0

(a1, . . . , ar; q)n
(q, b1, . . . , bs; q)n

xn
{
(−1)n q(n(n−1)/2)

}(1+s−r)
,

where for convergence, we have |q| < 1 and |x| < 1 if r = s+ 1, and for
any x if r ≤ s.

The abnormal type of generalized basic hypergeometric series 2ϕ1 (.)
is defined as

rϕs

[
a1, . . . , ar; q, x
b1, . . . , bs; q

λ

]
=

∞∑
n=0

(a1, . . . , ar; q)n
(q, b1, . . . , bs; q)n

xn
{
q(λn(n+1)/2)

}
where λ > 0 and |q| < 1.

In terms of a bounded complex sequence {Sn,q}∞n=0, the family of
basic (or q-) polynomials fn,N (x; q) (cf. Srivastava and Agarwal [21]) is
defined as:

(1.3) fn,N (x; q) =

[n/N ]∑
j=0

[
n
Nj

]
q

Sn,q x
j , (n = 0, 1, 2, . . .),

where N is a positive integer.
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On suitably specializing the coefficient Sn,q the q-polynomials family
fn,N (x; q) yields a number of known q-polynomials as its special cases.
These include, among others,the q-Laguerre polynomials, the q-Hermite
polynomials, the Wall polynomials, the q-Jacobi polynomials, the q-
Konhauser polynomials and several others.

2. q-Analogues of Saigo’s Fractional Integrals and
Derivatives

Recently, Purohit and Yadav [18] recently defined q-analogues of
Saigo’s fractional integral operators with the constraint that one of the
parameters η is a non-negative integer. With that constraint, it was not
possible to provide a definition of fractional derivatives. Garg and Chan-
chalani [5] provide the following formulations of q-analogues of Saigo’s
fractional integral operators to address these issues.

For ℜ(ε) > 0, ϑ and η being real or complex, the generalized frac-
tional q-integral operators Iε,ϑ,ηq (.) and Kε,ϑ,η

q (.) defined in the following
manner:

Iε,ϑ,ηq f(x) =
x−ϑ−1

Γq(ε)

∫ x

0
(tq/x; q)ε−1

∞∑
m=0

(
qε+ϑ; q

)
m
(q−η; q)m

(qε; q)m (q; q)m
(2.1)

× (−1)m q(η−ϑ)mq
−
(

m
2

)(
t

x
− 1

)m

q

f (t) dqt,

and

Kε,ϑ,η
q f(x) =

q−ε(ε+1)/2−ϑ

Γq(ε)

∫ ∞

x
(x/t; q)ε−1 t

−ϑ−1(2.2)

×
∞∑

m=0

(
qε+ϑ; q

)
m
(q−η; q)m

(qε; q)m (q; q)m
(−1)m q(η−ϑ)m

× q
−
(

m
2

)(
x

qt
− 1

)m

q

f
(
tq1−ε

)
dqt,

where 0 < |q| < 1, for a real valued function f (x) on (0,∞).
The q-integrals of a function f(t) are defined as [2] follows

(2.3)
∫ a

0
f (t) dqt = a (1− q)

∞∑
k=0

qkf
(
aqk

)
,

and

(2.4)
∫ ∞

a
f (t) dqt = a (1− q)

∞∑
k=1

q−kf
(
aq−k

)
.
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In view of (2.3) and (2.4), the definitions given by (2.1) and (2.2), can
be expressed as

Iε,ϑ,ηq f(x) = x−ϑ (1− q)ε
∞∑

m=0

(
qε+ϑ; q

)
m
(q−η; q)m

(q; q)m

× q(η−ϑ+1)m
∞∑
k=0

qk
(qε+m; q)k
(q; q)k

f
(
xqk+m

)
,

and

Kε,ϑ,η
q f(x) = x−ϑq−ε(ε+1)/2 (1− q)ε

∞∑
m=0

(
qε+ϑ; q

)
m
(q−η; q)m

(q; q)m

× qηm
∞∑
k=0

qϑk
(qε+m; q)k
(q; q)k

f
(
xq−ε−k−m

)
.

The q-analogues of Saigo fractional integrals of order ε ∈ C, (m − 1
< ℜ (ε) ≤ m), m ∈ N, for a real valued function f (x) on (0,∞) are
defined as follows

Dε,ϑ,η
q f(x) = Dm

q I−ε+m,−ϑ−m,ε+η−m
q f (x) ,

and

pε,ϑ,ηq f(x) = qε(ε+ϑ)
(
−q−(ε+ϑ)Dq

)m
K−ε+m,−ϑ−m,ε+η

q f (x) ,

where 0 < |q| < 1; ϑ and η being real or complex, Iε,ϑ,ηq and Kε,ϑ,η
q are

given by (2.1) and (2.2) respectively.
For 0 < |q| < 1; ℜ (ε) > 0, ϑ and η being real or complex. Images

of power function under fractional q-integrals Iε,ϑ,ηq and Kε,ϑ,η
q are given

by:

(2.5) Iε,ϑ,ηq (xµ) =
Γq (µ+ 1)Γq (µ− ϑ+ η + 1)

Γq (µ− ϑ+ 1)Γq (µ+ ε+ η + 1)
xµ−ϑ,

provided ℜ (µ+ 1) > 0 and ℜ (µ− ϑ+ η + 1) > 0. Also

(2.6) Kε,ϑ,η
q (xµ) =

Γq (ϑ− µ) Γq (η − µ)

Γq (−µ) Γq (ϑ+ ε− µ+ η)
xµ−ϑq−εµ−ε(ε+1)/2,

provided ℜ (ϑ− µ) > 0 and ℜ (η − µ) > 0.
For 0 < |q| < 1; n − 1 < ℜ (ε) ≤ n, n ∈ N, ϑ, η and µ being real or

complex. Images of power function under fractional q-derivatives Dε,ϑ,η
q

and P ε,ϑ,η
q are given by

Dε,ϑ,η
q (xµ) =

Γq (µ+ 1)Γq (µ+ ε+ ϑ+ η + 1)

Γq (µ+ ϑ+ 1)Γq (µ+ η + 1)
xµ+ϑ,
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provided ℜ (µ+ 1) > 0 and ℜ (µ+ ε+ ϑ+ η + 1) > 0.

P ε,ϑ,η
q (xµ) =

Γq (−ϑ− µ) Γq (ε+ η − µ)

Γq (−µ) Γq (−ϑ+ η − µ)
xµ−ϑqε(ϑ+µ)+ε(ε−1)/2,

provided ℜ (−ϑ− µ) > 0 and ℜ (ε+ η − µ) > 0.
Furthermore, the operators defined in (2.1) and (2.2) can be con-

sider extensions of the Riemann-Liouville, Weyl and Kober fractional
q-integral operators with the following functional relations:

Iε,0,ηq f(x) = Iη,εq f(x),

Iε,−ε,η
q f(x) = Iεqf(x),

Kε,0,η
q f(x) = q−ε(ε+1)/2Kη,ε

q f(x),

Kε,−ε,η
q f(x) = Kε

qf(x).

3. Main Results

In this section, we shall evaluate the following Saigo fractional q-
integrals involving a general class of basic polynomials. The main theo-
rems are as follows:

Theorem 3.1. Consider a xk-weighted basic binomial function and the
family of q-polynomials, and then generalized fractional q-integral of
Saigo type Iε,ϑ,ηq (.) is given by

Iε,ϑ,ηq

{
xk (x+ ξ)(−λ) fn,N

(
xρ

(
xq−λ + ξ

)(−σ)
; q

)}
(3.1)

= xk−ϑ ξ−λ

[n/N ]∑
j=0

[
n
Nj

]
q

Sn,q

(
xρ

ξσ

)j

× Γq (k + ρj + 1) Γq (k + ρj + 1− ϑ+ η)

Γq (k + ρj + 1− ϑ) Γq (k + ρj + 1 + η + ε)

× 3φ2

[
qλ+σj , q1+k+ρj , q1+k−ϑ+η+ρj ;
q1+k−ϑ+ρ j , q1+k+η+ε+ρ j ;

q,−
(
xq−λ−σ j/ξ

)]
,

where ℜ(k + ρj + 1) > 0, ℜ(k + ρj + 1 − ϑ + η) > 0,
∣∣xq−λ−σ j/ξ

∣∣ < 1,
min(k, λ, σ, ρ) > 0, n = 0, 1, 2, . . . and N is a positive integer.

Proof. For a simple and direct proof of the generalized fractional q-
integral formula (3.1), we express the general class of q-polynomials fn,N
occurring on its left hand side (say L) in the series form given by equation
(1.3), then with help of relation (1.2) it yields to

L = Iε,ϑ,ηq

xk (x+ ξ)(−λ)
[n/N ]∑
j=0

[
n
Nj

]
q

Sn,qx
ρ jξ−σ j

(
−xq−λ

ξ
; q

)
(−σ j)

 ,
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On using the q-binomial theorem given by (1.1), we get

L = ξ−λ

[n/N ]∑
j=0

[
n
Nj

]
q

Sn,q ξ
−σ j

∞∑
m=0

(
qλ+σj ; q

)
m

(q; q)m

(
−q−λ−σj

ξ

)m

× Iε,ϑ,ηq

{
xk+m+ρj

}
,

On using (2.5), we arrive at

L = ξ−λ

[n/N ]∑
j=0

[
n
Nj

]
q

Sn,q ξ
−σ j

∞∑
m=0

(
qλ+σj ; q

)
m

(q; q)m

(
−q−λ−σj

ξ

)m

× Γq (k +m+ ρj + 1)Γq (k +m+ ρj − ϑ+ η + 1)

Γq (k +m+ ρj − ϑ+ 1)Γq (k +m+ ρj + ε+ η + 1)

× xk+m+ρj−ϑ.

Rearrangement of parameters and simple calculation, we obtain

L = ξ−λxk−ϑ

[n/N ]∑
j=0

[
n
Nj

]
q

Sn,q

(
xρ

ξσ

)j

×
∞∑

m=0

(
qλ+σj ; q

)
m

(q; q)m

(
−q−λ−σj

ξ

)m
Γq (k + ρj + 1)

Γq (k + ρj − ϑ+ 1)

×
Γq (k + ρj − ϑ+ η + 1)

(
qk+ρj+1, q

)
m

(
qk+ρj−ϑ+η+1, q

)
m

Γq (k + ρj + ε+ η + 1) (qk+ρj−ϑ+1, q)m (qk+ρj+ε+η+1, q)m
.

Furthermore, by utilizing the series expansion of 3ϕ2(.) during the course
of analysis, we arrive at the required result (3.1). □

If we set ϑ = 0 and ϑ = −ε, in the Theorem 3.1, then we obtain the
following corollaries:

Corollary 3.2. Consider xk-weighted basic binomial function and the
family of q-polynomials, and then fractional q-integral of Kober type
Iη,εq (.) is given by

Iη,εq

{
xk (x+ ξ)(−λ) fn,N

(
xρ

(
xq−λ + ξ

)(−σ)
; q

)}

= xk ξ−λ

[n/N ]∑
j=0

[
n
Nj

]
q

Sn,q

(
xρ

ξσ

)j Γq (k + ρj + 1 + η)

Γq (k + ρj + 1 + η + ε)

× 2φ1

[
qλ+σj , q1+k−ϑ+η+ρj ;

q1+k+η+ε+ρ j ;
q,−

(
xq−λ−σ j/ξ

)]
,
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where ℜ(k + ρj + 1 + η) > 0,
∣∣xq−λ−σ j/ξ

∣∣ < 1, min(k, λ, σ, ρ) > 0,
n = 0, 1, 2, . . . and N is a positive integer.

Corollary 3.3. Consider a xk-weighted basic binomial function and
the family of q-polynomials, and then fractional q-integral of Riemann-
Liouville type Iεq (.) is given by

Iεq

{
xk (x+ ξ)(−λ) fn,N

(
xρ

(
xq−λ + ξ

)(−σ)
; q

)}

= xk+ε ξ−λ

[n/N ]∑
j=0

[
n
Nj

]
q

Sn,q

(
xρ

ξσ

)j Γq (k + ρj + 1)

Γq (k + ρj + 1 + ε)

× 2φ1

[
qλ+σj , q1+k+ρj ;
q1+k−ϑ+ρ j ;

q,−
(
xq−λ−σ j/ξ

)]
,

where ℜ(k + ρj + 1) > 0,
∣∣xq−λ−σ j/ξ

∣∣ < 1, min(k, λ, σ, ρ) > 0, n =
0, 1, 2, . . . and N is a positive integer.

Theorem 3.4. Consider a xk-weighted basic binomial function and the
family of q-polynomials, and then generalized fractional q-integral of
Saigo type Kε,ϑ,η

q (.) is given by

Kε,ϑ,η
q

{
xk (x+ ξ)(−λ) fn,N

(
xρ

(
xq−λ + ξ

)(−σ)
; q

)}(3.2)

= xk−ϑq−εk−ε(ε+1)/2 ξ−λ

[n/N ]∑
j=0

[
n
Nj

]
q

Sn,q ξ
−σj

× Γq (ϑ− k − ρj) Γq (η − k − ρj)

Γq (−k − ρj) Γq (ϑ+ ε− k + η − ρj)

(
x

qε

)ρj

× 3φ2

[
qλ+σj , q1+k+ρj , q1−ϑ−ε+k−η+ρj ;

q1−ϑ+k+ρj , q1−η+k+ρj q;
q,−

(
xq−ε−λ−σj/ξ

)]
,

where ℜ (ϑ− k − ρj) > 0, ℜ (η − k − ρj) > 0,
∣∣xq−ε−λ−σ j/ξ

∣∣ < 1,
min(k, λ, σ, ρ) > 0, n = 0, 1, 2, . . . and N is a positive integer.

Proof. For a simple and direct proof of the generalized fractional q-
integral formula (3.2), we express the general class of q-polynomials fn,N
occurring its left hand side (say ℓ) in the series form given by equation
(1.3), then with help of relation (1.2) it yields to

ℓ = Kε,ϑ,η
q

xk (x+ ξ)(−λ)
[n/N ]∑
j=0

[
n
Nj

]
q

Sn,qx
ρ jξ−σ j

(
−xq−λ

ξ
; q

)
(−σ j)


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On using the q-binomial theorem given by (1.1), we get

ℓ = ξ−λ

[n/N ]∑
j=0

[
n
Nj

]
q

Sn,q ξ−σj
∞∑

m=0

(
qλ+σj ; q

)
m

(q; q)m

×
(
−q−λ−σj

ξ

)m

Kε,ϑ,η
q

{
xk+m+ρj

}
,

On using (2.6), we obtain

ℓ = ξ−λ

[n/N ]∑
j=0

[
n
Nj

]
q

Sn,q ξ−σj
∞∑

m=0

(
qλ+σj ; q

)
m

(q; q)m

(
−q−λ−σj

ξ

)m

× Γq (ϑ− k −m− ρj) Γq (η − k −m− ρj)

Γq (−k −m− ρj) Γq (ϑ+ ε− k −m− ρj + η)

× xk+m+ρj−ϑq−ε(k+m+ρj)−ε(ε+1)/2,

Using the formula
(
qη−k−ρ j , q

)
−m

=
Γq(η−k−m−ρj)
Γq(η−k−ρj) (1− q)−m, we get

ℓ = ξ−λ

[n/N ]∑
j=0

[
n
Nj

]
q

Sn,qξ
−σj

∞∑
m=0

(
qλ+σj ; q

)
m

(q; q)m

(
−q−λ−σj

ξ

)m

×
Γq (ϑ− k − ρj) Γq (η − k − ρj)

(
qϑ−k−ρj , q

)
−m

Γq (−k − ρj) Γq (ϑ+ ε− k + η − ρj) (q−k−ρj , q)−m

×
(
qη−k−ρj , q

)
−m

(qϑ+ε−k+η−ρj , q)−m

xk+m+ρj−ϑqε(−k−m−ρj)−ε(ε+1)/2.

Further using the series expansion of 3ϕ2(.) during the course of analysis,
we arrive at the required result (3.2). □

If we set ϑ = 0 and ϑ = −ε, in the Theorem 3.4, then we obtain the
following corollaries:

Corollary 3.5. Consider a xk-weighted basic binomial function and
the family of q-polynomials, and then fractional q-integral of generalized
Weyl type Kη,ε

q (.) is given by

Kη,ε
q

{
xk (x+ ξ)(−λ) fn,N

(
xρ

(
xq−λ + ξ

)(−σ)
; q

)}

= q−ε(ε+1)/2 ξ−λ

(
x

qε

)k [n/N ]∑
j=0

[
n
Nj

]
q

× Sn,q ξ
−σj

(
x

qε

)ρj Γq (η − k − ρj)

Γq (ε+ η − k − ρj)
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× 2φ1

[
qλ+σj , q1−η−ε+k+ρj ;

q1−η+k+ρj ;
q,−

(
xq−ε−λ−σj/ξ

)]
,

where ℜ (η − k − ρj) > 0,
∣∣xq−ε−λ−σ j/ξ

∣∣ < 1, min(k, λ, σ, ρ) > 0, n =
0, 1, 2, . . . and N is a positive integer.

Corollary 3.6. Consider a xk-weighted basic binomial function and the
family of q-polynomials, and then fractional q-integral of Weyl type Kε

q (.)
is given by

Kε
q

{
xk (x+ ξ)(−λ) fn,N

(
xρ

(
xq−λ + ξ

)(−σ)
; q

)}

= xk+εqε(−k)−ε(ε+1)/2 ξ−λ

[n/N ]∑
j=0

[
n
Nj

]
q

× Sn,q ξ
−σj

(
x

qε

)ρj Γq (−ε− k − ρj)

Γq (−k − ρj)

× 2φ1

[
qλ+σj , q1+k+ρj ;
q1+ε+k+ρj ;

q,−
(
xq−ε−λ−σj/ξ

)]
,

where ℜ (−ε− k − ρj) > 0,
∣∣xq−ε−λ−σ j/ξ

∣∣ < 1, min(k, λ, σ, ρ) > 0,
n = 0, 1, 2, . . . and N is a positive integer.

Theorem 3.7. If ℜ(k + ρj + 1) > 0, ℜ (η + k + ρj + δi+ 1− ϑ) >

0,
∣∣∣xq−λ−σj

ξ

∣∣∣ < 1, min (k, λ, ρ, δ, σ) > 0, and Iε,ϑ,ηq (.) be generalized frac-
tional q-integral operator (2.1) of Saigo type, then the following result
holds:

Iε,ϑ,ηq

{
xk (x+ ξ)(−λ) fn,N

(
xρ

(
xq−λ + ξ

)(−σ)
; q

)
fm,M

(
xδ; q

)}(3.3)

= xk−ϑ ξ−λ

[n/N ]∑
j=0

[m/M ]∑
i=0

[
n
Nj

]
q

[
m
Mi

]
q

Sn,q Sm,q
xρj+δi

ξσj

× Γq (k + ρj + δi+ 1)

Γq (k + ρj + δi+ 1− ϑ)

Γq (k + ρj + δi+ 1− ϑ+ η)

Γq (k + ρj + δi+ 1 + η + ε)

× 3ϕ2

[
qλ+σj , q1+k+ρj+δi , q1+k−ϑ+η+ρj+δi ;
q1+k−ϑ+ρ j+δi , q1+k+η+ε+ρ j+δi ;

q,−
(
xq−λ−σ j/ξ

)]
,

where n,m = 0, 1, 2, . . . and N, M are arbitrary positive integer.

Proof. Proceeding as in Theorem 3.1, one can easily prove the Theorem
3.7. □
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Again, if we set ϑ = 0, and ϑ = −ε then by using the functional
relations (2.9) and (2.10), the Theorem 3.7 yields to the following corol-
laries:

Corollary 3.8. If ℜ (η + k + ρj + δi+ 1) > 0,min (k, λ, ρ, δ, σ) > 0,∣∣∣xq−λ−σj

ξ

∣∣∣ < 1, and Iη,εq (.) be fractional q-integral operator of Kober type,
then the following result holds:

Iη,εq

{
xk (x+ ξ)(−λ) fn,N

(
xρ

(
xq−λ + ξ

)(−σ)
; q

)
fm,M

(
xδ; q

)}

= xk ξ−λ

[n/N ]∑
j=0

[m/M ]∑
i=0

[
n
Nj

]
q

[
m
Mi

]
q

Sn,qSm,q
xρj+δi

ξσj

× Γq (k + ρj + δi+ 1 + η)

Γq (k + ρj + δi+ 1 + η + ε)

× 2φ1

[
qλ+σj , q1+k−ϑ+η+ρj+δi ;

q1+k+η+ε+ρ j+δi ;
q,−

(
xq−λ−σ j/ξ

)]
,

where n,m = 0, 1, 2, . . ., and N, M are arbitrary positive integer.

Corollary 3.9. If ℜ (k + ρj + δi+ 1) > 0,
∣∣∣xq−λ−σj

ξ

∣∣∣ < 1,min(k, λ, ρ,

δ, σ) > 0, and Iεq (.) be fractional q-integral operator of Riemann-Liouville
type the following result holds:

Iεq

{
xk (x+ ξ)(−λ) fn,N

(
xρ

(
xq−λ + ξ

)(−σ)
; q

)
fm,M

(
xδ; q

)}

= xk+ε ξ−λ

[n/N ]∑
j=0

[m/M ]∑
i=0

[
n
Nj

]
q

[
m
Mi

]
q

Γq (k + ρj + δi+ 1)

Γq (k + ρj + δi+ 1 + ε)

× Sn,q Sm,q
xρj+δi

ξσj
2 φ1

[
qλ+σj , q1+k+ρj+δi ;
q1+k+ε+ρ j+δi ;

q,−
(
xq−λ−σ j/ξ

)]
,

where n,m = 0, 1, 2, . . ., and N, M are arbitrary positive integer.

Theorem 3.10. If ℜ (ϑ− k − ρj − δi) > 0, ℜ (η − k − ρj − δi) > 0,∣∣∣xq−ε−λ−σj

ξ

∣∣∣ < 1, min (k, λ, ρ, δ, σ) > 0, and Kε,ϑ,η
q (.) be generalized frac-

tional q-integral operator (2.2) of Saigo type, then the following result
holds:

Kε,ϑ,η
q

{
xk (x+ ξ)(−λ) fn,N

(
xρ

(
xq−λ + ξ

)(−σ)
; q

)
fm,M

(
xδ; q

)}(3.4)
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= xk−ϑq−εk−ε(ε+1)/2 ξ−λ

[n/N ]∑
j=0

[m/M ]∑
i=0

[
n
Nj

]
q

[
m
Mi

]
q

Sn,qSm,q

× ξ−σj

(
x

qε

)ρj+δi Γq (ϑ− k − ρj − δi) Γq (η − k − ρj − δi)

Γq (−k − ρj − δi) Γq (ϑ+ ε− k + η − ρj − δi)

× 3φ2

[
qλ+σj , q1+k+ρj+δi, q1−ϑ−ε+k−η+ρj+δi;

q1−ϑ+k+ρj+δi , q1−η+k+ρj+δi ;
q,−

(
xq−ε−λ−σj/ξ

)]
,

where n,m = 0, 1, 2, . . ., and N, M are arbitrary positive integer.

Proof. Proceeding as in Theorem 3.4, one can easily prove the Theorem
3.10. □

Again, if we set ϑ = 0, and ϑ = −ε; then on using the functional re-
lation (2.11) and (2.12), the Theorem 3.10 yields to the following corol-
laries:

Corollary 3.11. If ℜ (η − k − ρj − δi) > 0,
∣∣∣xqε−λ−σj

ξ

∣∣∣ < 1,min(k, λ, ρ,

δ, σ) > 0, and Kη,ε
q (.) be generalized fractional q-integral operator of

generalized Weyl type, then the following result holds:

Kη,ε
q

{
xk (x+ ξ)(−λ) fn,N

(
xρ

(
xq−λ + ξ

)(−σ)
; q

)
fm,M

(
xδ; q

)}

= xkq−εk−ε(ε+1)/2 ξ−λ

[n/N ]∑
j=0

[m/M ]∑
i=0

[
n
Nj

]
q

[
m
Mi

]
q

× Sn,q Sm,q ξ−σj

(
x

qε

)ρj+δi Γq (η − k − ρj − δi)

Γq (ε− k + η − ρj − δi)

× 2φ1

[
qλ+σj , q1−ϑ−ε+k−η+ρj+δi;

q1−η+k+ρj+δi ;
q,−

(
xq−ε−λ−σj/ξ

)]
,

where n,m = 0, 1, 2, . . ., and N, M are arbitrary positive integer.

Corollary 3.12. If ℜ (−ε− k − ρj − δi) > 0,
∣∣∣xqε−λ−σj

ξ

∣∣∣ < 1, min(k, λ,

ρ, δ, σ) > 0, and Kε
q (.) be fractional q-integral operator of Weyl type, then

the following result holds:

Kε
q

{
xk (x+ ξ)(−λ) fn,N

(
xρ

(
xq−λ + ξ

)(−σ)
; q

)
fm,M

(
xδ; q

)}

= xk+εq−εk−ε(ε+1)/2 ξ−λ

[n/N ]∑
j=0

[m/M ]∑
i=0

[
n
Nj

]
q

[
m
Mi

]
q

Sn,qSm,q

× ξ−σj

(
x

qε

)ρj+δi Γq (−ε− k − ρj − δi)

Γq (−k − ρj − δi)
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× 2φ1

[
qλ+σj , q1+k+ρj+δi;
q1+ε+k+ρj+δi ;

q,−
(
xq−ε−λ−σj/ξ

)]
,

where n,m = 0, 1, 2, . . . , and N, M are arbitrary positive integer.

4. Special Cases

As the special cases of our main results, if we take σ = 0 in the results
(3.1), (3.2) (3.3) and (3.4), we deduce the following results

Iε,ϑ,ηq

{
xk (x+ ξ)(−λ) fn,N (xρ; q)

}
(4.1)

= xk−ϑ ξ−λ

[n/N ]∑
j=0

[
n
Nj

]
q

Sn,qx
ρj

× Γq (k + ρj + 1)Γq (k − ϑ+ η + ρj + 1)

Γq (k − ϑ+ ρj + 1)Γq (k + η + ε+ ρj + 1)

× 3φ2

[
qλ, q1+k+ρj , q1+k−ϑ+η+ρj ;
q1+k−ϑ+ρ j , q1+k+η+ε+ρ j ;

q,−
(
xq−λ/ξ

)]
,

Kε,ϑ,η
q

{
xk (x+ ξ)(−λ) fn,N (xρ; q)

}
(4.2)

= xk−ϑq−εk−ε(ε+1)/2ξ−λ

[n/N ]∑
j=0

[
n
Nj

]
q

Sn,q

(
x

qε

)ρj

× Γq (ϑ− k − ρj) Γq (η − k − ρj)

Γq (−k − ρj) Γq (ϑ+ ε− k + η − ρj)

× 3φ2

[
qλ, q1+k+ρj , q1−ϑ−ε+k−η+ρj ;

q1−ϑ+k+ρj , q1−η+k+ρj ;
q,−

(
xq−ε−λ/ξ

)]
,

Iε,ϑ,ηq

{
xk (x+ ξ)(−λ) fn,N (xρ; q) fm,M

(
xδ; q

)}(4.3)

= xk−ϑ ξ−λ

[n/N ]∑
j=0

[m/M ]∑
i=0

[
n
Nj

]
q

[
m
Mi

]
q

Sn,q Sm,q

× xρj+δi Γq (k + ρj + δi+ 1)

Γq (k + ρj + δi+ 1− ϑ)

Γq (k + ρj + δi+ 1− ϑ+ η)

Γq (k + ρj + δi+ 1 + η + ε)

× 3φ2

[
qλ, q1+k+ρj+δi , q1+k−ϑ+η+ρj+δi ;
q1+k−ϑ+ρ j+δi , q1+k+η+ε+ρ j+δi ;

q,−
(
xq−λ/ξ

)]
,

and



160 B. SHIMELIS AND D.L. SUTHAR

Kε,ϑ,η
q

{
xk (x+ ξ)(−λ) fn,N (xρ; q) fm,M

(
xδ; q

)}(4.4)

= xk−ϑq−εk−ε(ε+1)/2ξ−λ

[n/N ]∑
j=0

[m/M ]∑
i=0

[
n
Nj

]
q

[
m
Mi

]
q

Sn,qSm,q

×
(

x

qε

)ρj+δi Γq (ϑ− k − ρj − δi) Γq (η − k − ρj − δi)

Γq (−k − ρj − δi) Γq (ϑ+ ε− k + η − ρj − δi)

× 3ϕ2

[
qλ, q1+k+ρj+δi, q1−ϑ−ε+k−η+ρj+δi;
q1−ϑ+k+ρj+δi , q1−η+k+ρj+δi ;

q,−
(
xq−ε−λ/ξ

)]
.

Further, if we take λ = 0 in the above results (4.1) , (4.2), (4.3) and
(4.4), these formulae reduces to

Iε,ϑ,ηq

{
xk fn,N (xρ; q)

}
(4.5)

= xk−ϑ

[n/N ]∑
j=0

[
n
Nj

]
q

Sn,q

× Γq (k + ρj + 1)Γq (k + ρj + 1− ϑ+ η)

Γq (k + ρj + 1− ϑ) Γq (k + ρj + 1 + η + ε)
xρj ,

Kε,ϑ,η
q

{
xkfn,N (xρ; q)

}
(4.6)

= xk−ϑq−εk−ε(ε+1)/2

[n/N ]∑
j=0

[
n
Nj

]
q

Sn,q

× Γq (ϑ− k − ρj) Γq (η − k − ρj)

Γq (−k − ρj) Γq (ϑ+ ε− k + η − ρj)

(
x

qε

)ρj

,

Iε,ϑ,ηq

{
xkfn,N (xρ; q) fm,M

(
xδ; q

)}(4.7)

= xk−ϑ

[n/N ]∑
j=0

[m/M ]∑
i=0

[
n
Nj

]
q

[
m
Mi

]
q

Sn,qSm,q

× Γq (k + ρj + δi+ 1)Γq (k + ρj + δi+ 1− ϑ+ η)

Γq (k − ϑ+ ρj + δi+ 1)Γq (k + ρj + δi+ 1 + η + ε)
xρj+δi,
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Kε,ϑ,η
q

{
xkfn,N (xρ; q) fm,M

(
xδ; q

)}(4.8)

= xk−ϑq−εk−ε(ε+1)/2−ϑ

[n/N ]∑
j=0

[m/M ]∑
i=0

[
n
Nj

]
q

[
m
Mi

]
q

Sn,qSm,q

× Γq (ϑ− k − ρj − δi) Γq (η − k − ρj − δi)

Γq (−k − ρj − δi) Γq (ϑ+ ε− k + η − ρj − δi)

(
x

qε

)ρj+δi

.

5. Applications of the Main Results

The Saigo fractional q-integrals formulas deduced in the previous sec-
tions, can find many applications by providing the Saigo fractional q-
integral operators of all such classical orthogonal q-polynomials which
are special cases of the q-polynomial system (1.2). As a simple illustra-
tion, we first apply formula (4.5) to obtain the Saigo fractional q-integral
operator of one of the q-Konhouser biorthogonal polynomial Zµ

n (x; q, ρ)
define by ([25] p.185 , equ. (2.1)).

(5.1) Zµ
n (x; q, ρ) =

Γq (ρn+ µ+ 1)

(q; q)n

n∑
j=0

[
n
j

]
q

(−1)jqj(j−1)

Γq (ρj + µ+ 1)
xρj ,

where ℜ (µ) > −1 and ρ is a positive integer.
By setting

(5.2) N = 1, ρ ≥ 1, Sn,q =
Γq (ρn+ µ+ 1) (−1)j qj(j−1)

(q; q)n Γq (ρj + µ+ 1)
,

and replace x by xρ in equation (1.3), (4.5) and (4.6) in view of (5.1)
yields then the results

Iε,ϑ,ηq

{
xkZµ

n (x; q, ρ)
}

=
Γq (ρn+ µ+ 1)

(q; q)n

∞∑
j=0

[
n
j

]
q

(−1)jqj(j−1)Γq (k + ρj + 1)

Γq (ρj + µ+ 1)

× Γq (k + ρj + 1− ϑ+ η)

Γq (k + ρj + 1− ϑ) Γq (k + ρj + 1 + η + ε)
xk−ϑ+ρj ,

and
Kε,ϑ,η

q

{
xkZµ

n (x; q, ρ)
}

=
Γq (ρn+ µ+ 1)

(q; q)n
xk−ϑq−εk−ε(ε+1)/2

∞∑
j=0

[
n
j

]
q

(−1)jqj(j−1)
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× Γq (ϑ− k − ρj) Γq (η − k − ρj)

Γq (−k − ρj) Γq (ϑ+ ε− k + η − ρj)

(
x

qε

)ρ j

.

Also by putting
(5.3) N = ρ = 1,

Sn,q =
Γq (n+ τ + 1) (1− q)n Γq (τ + ς + n+ 1 + j) (−1)j q(j(j+1)/2)−nj

(q; q)n Γq (τ + ς + n+ 1)Γq (τ + 1 + j)

the results (4.5) and (4.6) comes involving q-Jacobi polynomials, namely

Iε,ϑ,ηq

{
xk p(τ,ς)n (x; q)

}
=

Γq (τ + 1 + n) Γq (k + 1)Γq (k + 1 + η − ϑ)

Γq (τ + 1)Γq (n+ 1) Γq (k + 1− ϑ) Γq (k + 1 + η + ε)
xk−ϑ

× 4φ3

[
q−n, qτ+n+ς+1, qk+1, qk+1+η−ϑ

qτ+1, qk+1−ϑ, qk+1+η+ε ; q, xq

]
,

and
Kε,ϑ,η

q

{
xk p(τ,ς)n (x; q)

}
= q−εk−ε(ε+1)/2xk−ϑ

× Γq (τ + 1 + n) Γq (ϑ− k) Γq (η − k)

Γq (τ + 1)Γq (n+ 1) Γq (−k) Γq (ϑ+ ε− k + η)

× 4φ3

[
q−n, qτ+n+ς+1, q1+k, q1+k−η−ε

qτ+1, q1+k−ϑ, q1+k−η−ε−ϑ ; q, xq1−ε

]
,

where the q-Jacobi polynomials is defined as

(5.4) p(τ,ς)n (x; q) =

(
qτ+1; q

)
n

(q; q)n
2ϕ1

[
q−n, qτ+n+ς+1;

qτ+1;
q, xq

]
.

Similarly, if we express the polynomials fn,N (xρ; q),fm,M

(
xδ; q

)
in the

form (5.1) and (5.4) in accordance with the choice of parameters given
in (5.2) and (5.3) respectively, we get the following result from (4.7) and
(4.8):

Iε,ϑ,ηq

{
xkZµ

n (x; q, ρ) p(τ,ς)n (x; q)
}(5.5)

=

(
qµ+1; q

)
ρn

(
qτ+1; q

)
m

(q; q)n (q; q)m (1− q)ρn
Γq (k + 1)Γq (k + 1− ϑ+ η)

Γq (k − ϑ+ 1)Γq (k + 1 + η + ε)
xk−ϑ

×
n∑

j=0

[m]∑
i=0

[
n
j

]
q

[
m
i

]
q

(
qτ+m+ς+1; q

)
i

(qµ+1; q)ρj (q
τ+1; q)i

(
qk+1; q

)
ρj+i

(qk−ϑ+1; q)ρj+i
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×

(
qk−ϑ+η+1; q

)
ρj+i

(qk+η+ε+1; q)ρj+i

(−1)j+iqj(j−1)+i(i+1)/2−mi (1− q)ρj
(
xq−ε

)ρj+i
,

and

Kε,ϑ,η
q

{
xkZµ

n (x; q, ρ) p(τ,ς)n (x; q)
}(5.6)

= xk−ϑq−εk−ε(ε+1)/2

×

(
qµ+1; q

)
ρn

(
qτ+1; q

)
m
Γq (−k) Γq (ϑ+ ε+ η − k)

(q; q)n (q; q)m (1− q)ρn Γq (η − k) Γq (ϑ− k)

×
n∑

j=0

[m]∑
i=0

[
n
j

]
q

[
m
i

]
q

(
qτ+m+ς+1; q

)
i

(
qϑ−k; q

)
ρj+i

(qµ+1; q)ρj (q
τ+1; q)i (q

ϑ+ε+η−k; q)ρj+i

×

(
qη−k; q

)
ρj+i

(q−k; q)ρj+i

(−1)j+iqj(j−1)+i(i+1)/2−mi (1− q)ρj
(
xq−ε

)ρj+i
.

Furthermore, it is interesting to observe that for ρ = 1, the above result
(5.5) and (5.6) reduces to a new result involving q-Konhouser polyno-
mials, q-Jacobi polynomials and basic analogue of the Kampe de Feriet
function as follows:

Iε,ϑ,ηq

{
xkZµ

n (x; q, 1) p(τ,ς)n (x; q)
}

=

(
qµ+1; q

)
n

(
qτ+1; q

)
m

(q; q)n (q; q)m (1− q)n
Γq (k + 1)Γq (k + 1− ϑ+ η)

Γq (k − ϑ+ 1)Γq (k + 1 + η + ε)
xk−ϑ

× φ2:1:2
2:1:1

[
qk+1, qk+1−ϑ+η : q−n, q−m, qτ+m+ς+1 : q, (1− q)xqn, xq

qk−ϑ+1, qk+1+η+ε : qµ+1; qτ+1 : 1, 0, 0

]
,

and

Kε,ϑ,η
q

{
xkZµ

n (x; q, 1) p(τ,ς)n (x; q)
}

=

(
qµ+1; q

)
n

(
qτ+1; q

)
m
Γq (−k) Γq (ϑ+ ε+ η − k)

(q; q)n (q; q)m (1− q)n Γq (η − k) Γq (ϑ− k)
xk−ϑq−εk−ε(ε+1)/2

× φ2:1:2
2:1:1

[
qk−η, qk−ϑ : q−n, q−m, qτ+m+ς+1 : q, (1− q)xqn−ε, xq1−ε

qk, qk−ϑ−η−ε : qµ+1; qτ+1 : 1, 0, 0

]
,

where the q-Kampe de Feriet function is defined by (cf. Jain [7])

ϕA:B
′
;B”

C;D′ ;D”

 (a) :
(
b
′
)

:
(
b”
)

; q, x, y

(c) : (a”) :
(
a”

′
)

; i, j, k


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=

∞∑
m,n=0

∏A
t=1 (at; q)m+n

∏B”
t=1

(
b
′
t; q

)
m

∏B”
t=1

(
b”t; q

)
n∏C

t=1 (ct; q)m+n

∏D”
t=1 (d

′
t; q)m

∏D”
t=1 (d

”
t; q)n

× xmynqim(m−1)/2+jn(n−1)/2+kmn

(q; q)m (q; q)n
,

where |x| < 1, |y| < 1 and i, j, k are integers.
Though several similar results can be obtained from our theorems, we

omit further details.
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