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New Subclass of Convex Functions Concerning Infinite Cone

Fatolah Hasanvand'!, Shahram Najafzadeh®* and Ali Ebadian®

ABSTRACT. We introduce a new subclass of convex functions as
follows:

1!
Kic := {fGA:Re<1+ 2 (Z)) > |f(2) = 1], |2 <1}7
f'(2)
where A denotes the class of analytic and normalized functions in
the unit disk |z| < 1. Some properties of this particular class,
including subordination relation, integral representation, the ra-
dius of convexity, rotation theorem, sharp coefficients estimate and
Fekete-Szego inequality associated with the k-th root transform, are
investigated.

1. INTRODUCTION

For r > 0, let A, := {z € C : |z| < r} and let Ay = A be the
open unit disk on the complex plane. We denote by A the class of
all analytic and normalized functions A. Indeed any f € A has the
following representation

(1.1)  f(&)=z4 a2+ +an 12" +a2" 4+, (2€A).

Also, we denote by S C A, the class of univalent functions. For each
univalent function f of the form ([L.1)), the k—th root transform is defined
by

(1.2) F(z)= [f <2k>]1/k =z+ Zbkn+1zk”+1, (z € A).

2020 Mathematics Subject Classification. 30C45.
Key words and phrases. Univalent, Convexity, Subordination, Fekete-Szeg6 in-
equality, Coefficients estimates, Rotation theorem
Received: 18 May 2023, Accepted: 16 July 2023.
* Corresponding author.
167


http://scma.maragheh.ac.ir

168 F. HASANVAND, SH. NAJAFZADEH AND A. EBADIAN

Further, we denote by P the well-known class of analytic functions p with
p(0) =1 and Re(p(z)) > 0 (z € A). If f and g are two of the functions
A, then we say that f is subordinate to g, written f(z) < g(z), if there
exists a Schwarz function w such that f(z) = g(w(z)) for all z € A. In
particular, if the function ¢ is univalent A, then we have the following
equivalence:

f(z) <g(z) < (f(0) =g(0) and f(A) C g(A)).

Next, we say that a function f € A belongs to the class Q(«) if it
satisfies the following condition

Re(‘f(j)>>a, 0<a<lzeA).

Also, a function f € A is said to be in the class R(«) if f satisfies
Re(f'(z)) >a, (0<a<l,zeA).

We note that f € R(«a) if and only if 2 f' € O(«). It is well-known that
any f € R(«) is univalent in A (see [12] or [20]).

Robertson in [14] introduced the family K(«a) of functions f convex
of order a, 0 < a < 1, that satisfy the inequality

(129 o0, e

As usual, we write K£(0) = K and denotes the class of convex functions. It
is necessary to point out that there are several well-known subclasses of
K. For example, Ruscheweyh [16] defined the subclass D of K including
all functions f for which

Re(f'(2)) > [2f"(2)

Also, Goodman (see [4]) introduced the family UCV C K of uniformly
convex functions f having the property that for every circular arc ~
contained in A with center also in A, the image arc f(v) is a convex
arc. He then gave the two—variable characterization

(z = f"(2)
f'(2)

Afterwards, Ma and Minda [8, 9] and Renning [15] independently found
a more applicable one-variable characterization for UCV, namely

() > e

. (e A).

Re<1+ )>o, ((2,0) € A x A).

, (z€A).
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Finally, in 2015, Sok6t and Nunokawa (see [[18]) introduced and studied
a certain subclass of convex functions as follows

zf'(2) }
702) |

1!
MN = {feA:Re(l—}—zf (Z)> >
f'(z)
They obtained the order of starlikeness and strong starlikeness for the
class MN. However, in this paper, by Goodman’s idea and motivated
by the above classes, we introduce a new subclass of convex functions
as follows

Kic := {f € A:Re <1+ Zj:é?) > | f(2) —1\}.

-1

It is clear that Kjo C K. Letting
2f"(2)
f'(2)
where u;,v; € R (i = 1,2) and f € Kr¢, we conclude that uy > |ug +
ivy — 1| or equivalently u} — (u} — 1)2 —v2 > 0. It is clear that u? —
(u3 — 1)2 — v3 > 0 is infinite cone. Thus the class K¢ is related to the

infinite cone.
The following lemmas will be useful.

1+

= u1 + 1, I'(2) = ug + ivg,

Lemma 1.1 (Generalization of Nunokawa’s lemma [13]). Let p(z) be
an analytic function in |z| < 1 of the form

oo
p(z) =1+ Z 2", (em #0),
n=m
with p(z) # 0 in |z| < 1. If there exists a point zg, |20| < 1, such that
T
[arg{p(2)}] < = for |2| < ||
and

Jarg{p(z0)}] = 5

for some ¢ > 0. Then we have

Zop;(jo) — ilg,

p(z

where

(1.3) 1> % <a + i) > m when arg{p(zo)} = %
and

(1.4) I < —% (a-i- clz> < —m when arg{p(zo)} = —%
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where
{p(20)}"% = +ia, a>0.

In complex analysis, the Fekete-Szeg6 inequality is an inequality for
the coefficients of univalent analytic functions found by Fekete-Szego [3]
related to the Bieberbach conjecture. By applying this inequality, we
can find many interesting geometric properties of the defined subclasses.
The Fekete-Szegd inequality states that if

+oo
f) =24 2",
k=2

is a univalent function on the open unit disk and 0 < A < 1, then

-2\
lag — Aa3| < 1+26Xp<(1_)\)> .

See [5, [10].
Lemma 1.2. (/7)) Let the function g(z) given by
g(2) =1+crz+coz® +--,
be in the class P. Then, for any complex number
lco — pct| < 2max{1, |2p — 1]}
The result is sharp.

In the present paper, we study some interesting properties of the class
Kic. All of our results are the best.

2. MAIN RESULTS

The first result is the following, which plays a vital role in order to
prove other results. We need the following definition.

Definition 2.1. The univalent function ¢ is called a dominance of the
solution of a subordination equation if p < ¢ for all p satisfies the equa-
tion. Also, a dominant ¢ that satisfies § < ¢ for all dominant ¢ is said
to be the best dominant.

Theorem 2.2. Let the function f € A belongs to the class Kic. Then
we have

(2.1) F(z) < 1%2 (z € A).

The function ﬁ is the best dominante.
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Proof. Let f € A. If we define p(z) := f/(z), then p is analytic function
in A and p(0) = 1. A simple calculation gives us

(2.2) 1+ﬁg?:1+fﬁgx (z € A).
Since f € K¢, by using (@) we have
(2.3) Im<y+ﬁé?>>m@y—u

> Re(1 = p(2)),
(2.4) ]%<m@+fﬁgv:wx (z € A).

By the subordination principle, the above inequality (@) is equivalent
to the following Briot—Boquet differential subordination

/
w'(z) 1+z
2.5 A).
(25) e+ T < en)
Applying Theorem 3.3d, [11, p. 109], we conclude that
1+=2
p() < a(z) < 2,
where ¢(z) is the univalent solution of the differential equation
/
1
(2.6) a(z)+ 2LE) _1EE g,

q(2) 1—-2’
Also ¢(z) is the best dominant of . It is easy to see that the solution
of the differential equation ( @ is equal to

2.7 ( =

and concluding the proof. O
Ruschewyeh and Singh (see [17]) showed that if ¢ is the analytic so-
lution of (@), then
min Re(p()) > min a()

Because Re{1/(1 — 2)} > 1/2, we have the following.

Corollary 2.3. K;c C R(1/2). This means that the members of the
class Ko are univalent.

In the following result, applying Theorem , we present an integral
representation for functions in the class Kj¢.
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Theorem 2.4. If f € K;¢, then
2.5) 6= [ s e d)
) z) = _ z
o 1— w(t)’ ’

where w(t) is Schwarz function.
Proof. The proof is very easy and thus we omit the details. O
Applying formula (@) for w(z) = z gives that

(2.9) f(z) = —log(1 — 2)

22 23

Z?’L
= _ — e —_— st S A
z+ 5 + 3 +-+ - +-, (2 )
which is extremal function for several problems in the class Kj¢. The

Figure E shows the image of A under the function f. Also we note that

feKx(/2).
157 /

1.0

0.5 /7%

0.0

—0.5- A —

0 1 2 3 4

F1GURE 1. The boundary curve of f(A)

In the next theorem we show that there are plenty of functions in the
class Krco.

Theorem 2.5. A function

(2.10) br(2) = 5 _ZTZ, (z € A),

is in the class Ko if and only if T < 1/2.
Proof. If 7 =0, then the proof is obvious. Let 7 # 0. With a simple

calculation () implies that
2(z) 1472
() 1—71z

1+ = F(z), (z€A)

and
/ _ 1 —.
C(z)—1= (= 1=:G;(»), (z€A).
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Thus )
Re <1 + zﬁ((;))) —Re(F.(2), (z€4)
and
6G) =1 = | = - 1]

Easily seen that the functions F:(z) and G-(z) do not have any poles
in A and are analytic in A, when 7 < 1/2. Therefore, looking for the
min{Re(F-(z)) : z € A} it is sufficient to consider it on the boundary
OF(A) = {0F,(¢) : € (—m,m)}. Thus we have

2

1—71
2.11 F = —.
(211) Re(F(2)) = (1=
Also
1 1
2.12 —— — —_— —
(2.12) ‘ (1 —7eif)? ’ 11— 7'62'9|2
Now from (R.11)) and () and by definition of K¢ we have
1—72 1

> -1,
1= e~ |1 o]’
or 1 > 27 cosf where —m < 6 < 7 and concluding the proof. O

The bounds for |arg f’(z)| constitute the rotation theorem and have
been considered by many researchers. They have earned it for some
subclasses of univalent functions. For example, if f € I, then we have
|arg f/(z)| < 2arcsin(r) (see [2]). In the next theorem, we shall consider
this problem for the class Kj¢.

Theorem 2.6. If the function f belongs to the class Ko, then
(2.13) larg f'(2)] < g (z € A).
The result is sharp.

Proof. Let f € Kjc. Then by definition of K;¢ and taking p(z) = f/(z2),
we have

(2.14) Re (1 + ZZS)) Sp(z) = 1], (z€A).

Suppose that there exists a point 2, |29| < 1, such that

jarg{p(2)}] < 5. (2] < |20}
and -
jarg{p(0)}] = 3.
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Then from Lemma @, we have

z20p'(20) _ i,
p(z0)
where
(2.15) > L (a + 1) when arg{p(z0)} = U
-2 a 2

and
(2.16) [ < 1 <a + 1) when arg{p(zo)} = i

- 2 a 2
where

p(20) = tia, a> 0.
In the both cases arg{p(z0)} = 5 and arg{p(z0)} = —F, we have

(2.17) Re <1 + z‘j’gp(ljj)o)> =1+ Refil} =1

and
(2.18) Ip(z0) — 1| = | +ia— 1| =+Va?+1, (a>0).
Since 1 < Va? + 1, and by () and (), we get

20p' (20)
Re (1 + (20) > < |p(z0) — 1],

which contradicts (R.14). Therefore,

T
|arg{p(2)}| = |arg f'(2)] < 5, (2 € 4).
We consider the function f(z) = —log(1 — z) for the sharpness. It is a
simple exercise that
~ 1 m
/
= < —
‘argf(z)’ arg T— 5
and thus, the proof of this theorem is completed. O

3. ON COEFFICIENTS

In this section first, coeflicient estimates of functions which belong to
the class Ko is obtained.

Theorem 3.1. If f(z) =z+ > apz" € K¢, then

n=2

(3.1) lan| < =, (n=2).

1
n
The result is sharp.
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Proof. Let f € K;c. Then by using the Theorem @, we have
1
/
z) < —— z € A).
fe) =< (zen)
The above subordination relation gives that

oo (o)
g napz""t < E 2L
n=2 n=2

Now, by Rogosinski’s theorem, we get nlay,| < 1 (n = 2,3,...) and

conclude the proof. Also, the result is sharp for the function f that
defined in (R.9). This is the end of proof. O

It is well-known that if f is of the form (@) and is a convex univalent
function in the unit disk A, then |a,| < 1 (n = 2,3,...), and the estimate
is sharp. Since Kjo C K, thus coefficient estimates of the functions
which belong to the class K;¢, i.e. 1/n (n = 2,3,...) are less than 1,
the bound of the coefficients of convex functions.

We consider this problem for functions which are in the class Kjc.
See [1, 6, 19].

Theorem 3.2. Let f € Kjo and F be the k—th root transform of f
defined by (E) Then, for any complex number u,

3
(3.2) |bok+1 — pbi | gmax{1,w€|k—1+2ﬂy}.
The result is sharp.

Proof. Let f € Kjc. Then from Theorem @ and by subordination
principle, there exists a Schwarz function w(z) such that it satisfies in

1

3.3 "(2) = ——— A).
(3.3 PG = oo (€8)
Define

14+ w(z) 9
(3.4) p(z) =1 w(z) ~ PR
Since w(z) is Schwarz function, thus p(z) € P. From (@), we have

1 1
(3.5) 1+2a22+3a3z2—|—---:1+§plz+§p222—|—---.
Equating the coefficients of z and 22 on both sides of (@), we get
1

(3.6) az = 71
and
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On the other hand, easily seen that for each f given by (EI), we have
(3.8)

1 1 1k—1
F(z) = [f(zYR)YF = 2 %W’CH + (

T 2R
The equations (Iﬁ) and (@), give us

a%) S2RHL

1 1 1k-1,
(3-9) bk—i—l = %027 b2k+1 = %ag — 57%.
Substituting (@) and (@) into (@), we get
1
b = —
k1= P
and
bypar = Lpy . LR
2k+1 = 6kp2 39 k& by
Therefore
1 1/3(k—1) 3u
1 b2 = — |py— = (2L 2R 2|
(3.10) bok+1 — b1 o [P2 5 ( ok + 4k> pl]
Assuming

p_ 1 (3(k=1) 3p
=\ T Tk

Moreover, as an application of Lemma @, the inequality () follows.
A simple check implies that the result is sharp for the function’s k—th
root transforms (@) O

The problem of finding sharp upper bounds for the coefficient func-
tional |ag — pa3| for different subclasses of the normalized analytic func-
tion class A is known as the Fekete-Szegd problem. Moreover, by putting
k =1 in Theorem B.2, we have:

Corollary 3.3 (Fekete-Szego inequality). If f € Ko, then for any
complex number p, we have

|a3 —,ua%‘ < max{l,ggﬂ}.

The result is sharp.

CONCLUSIONS

In Geometric Function Theory, many authors have studied and inves-
tigated various coefficient functionals of other classes of analytic func-
tions. Using a subordination structure, we achieved the bounds of coef-
ficients and arguments.
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