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Generalized Difference Lacunary Weak Convergence of
Sequences

Bibhajyoti Tamuli'* and Binod Chandra Tripathy?

ABSTRACT. In this paper, we introduce the concept of generalized
difference lacunary weak convergence of sequences. Using the con-
cept of difference operator, we have introduced some new classes
of sequences. We investigated several of its algebraic and topo-
logical properties, such as solidness, symmetry and monotone. We
gave appropriate examples and detailed discussions to validate our
established failure instances and definitions. Further, we have es-
tablished some inclusion relations of the introduced sequence spaces
with other sequence spaces, in particularly with the weak Cesaro
summable sequences.

1. INTRODUCTION

The initial work on lacunary sequences was done by Freedman et al.
[10]. They studied Cesaro summable sequences strongly lacunary con-
vergent sequences considering a general lacunary sequence 6 and estab-
lished a relation between classes of the two types of sequences. Further
lacunary sequences have been studied by Tripathy and Baruah [17], Er-
can et al. [], Gumus [11], Dowari and Triptahy [2-5], Haloi et al. [12],
Esi, Tripathy and Sarma [[7], Tripathy and Et [15], Tripathy and Dutta
[16] and Et, Mohiuddine and Sengiil [9].

Banach [[] proposed the concept of weak convergence, which is quite
interesting but restricted in several ways. Tripathy and Mahanta have
studied Vector-Valued sequence spaces [1§] and many others in recent
years. Many of the results associated with these concepts are generally,
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only true for separable space. Our main interest here would be to inves-
tigate the concepts of generalized difference lacunary weak convergence
of sequences. In this paper w, ¢, c and ¢y denote the set of all bounded,
convergent and null sequences of real or complex numbers.

2. DEFINITION AND PRELIMINARIES

A sequence of positive integer § = (k,) is called lacunary if ky = 0
and h, = k. — k,—1 — o0, asr%mandqrzﬁ, for r € N. In
this paper, the intervals determined by 6 will denoted by I, = (k,—_1, k; .
Let X be a normed space, then the set of all bounded linear functional,
BL(X, K), where K is the field of scalars, is called an algebraic dual of
X denoted by X'.

Freedman et al. [10] first defined the space Ny of lacunary strongly
convergent sequence as

Ny = x:rliglo}i’z |z — L| = 0, for some L
kel
Kizmaz [13] introduced the concept of difference sequence. Then Esi,
Tripathy and Sarma [7] introduced the generalized difference sequence
spaces as follows:
Let m,n > 0 be fixed integers,

Z(AT) ={z = () ew: Al'x = (AT'xy) € Z}

for Z = lo, ¢ and cg; where ATy, = A Ly — A™ Ly, and Az =
xk, for all k € N. This generalized difference operator has the binomial
representation shown below:

m

Ay, = (1) <T) Thine, for all k € N,
v=0

For m = 1 and n = 1, these spaces represent the spaces (o (A),c(A)
and ¢o(A) introduced and studied by Kizmaz [13]. For n = 1, these
spaces represent the spaces o (A™), c(A™) and ¢o(A™) introduced and
studied by Et and Colak [8]. For m = 1, these spaces represent the
spaces Loo(Ay), c(Ay) and co(A,,) introduced and studied by Tripathy
and Esi [14].

The sequence spaces Z(A") for Z = l, ¢ and ¢y are Banach spaces,
by the norm

mn
2l = lai| + sup |Aay|,  form >1,n> 1.
i=1 k
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Definition 2.1. In a norm space X a sequence () is said to be weakly
convergent if there exists an element x € X such that

lim f(z, —x)=0, forall fe X'

n—o0

Definition 2.2. In a norm space X a sequence (z,) is said to be be
lacunary weakly convergent to L € X if

lim ;TZf(:ck—L):O,

n—oo
kel

for each f € X', where X’ is the algebraic dual of X. In this paper
lacunary weak convergent is denoted by Djy.

Definition 2.3. A sequence (zy) is said to be lacunary weakly general-
ized difference convergent to L, if

lim -3 f (AT, — L) =0,

r—oo R, =
-

Definition 2.4. A sequence (xj) in normed linear space X is said to
be weakly Cesaro summable to L € X, if

.1
nIL%OEZf(xi—L)—O.

Definition 2.5. A sequence space E C w is said to be solid if (axzx) € E
whenever (z;) € E for all sequence of scalar (ay) with |ay| < 1, for
all k € N.

Definition 2.6. Let K = {k1 <ka <--- <k, <---} CN. Let (x,) €
w, then the K —step space of the sequence space E C w is define by

A = {(z1,) €w: (71) € E}.

Definition 2.7. A canonical pre-image (y,,) of sequence (x,,) € E, where
K —step space /\g is considered, is defined by

oz, ifneN;
Yn=73 0, otherwise.

Definition 2.8. If the sequence space 2 C w contains all pre-imeges of
its step spaces then E is said to be monotone.

Definition 2.9. If (z,,) € E implies (z:(n)) belongs to E, where 7 is a
permutation of N, then a sequence space F is said to be symmetric.

Remark 2.10. A sequence space E is solid implies £ monotone, but
not necessarily conversely.
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3. MAIN RESuULT

We give our main result in this part. Let 6 be a lacunary sequence and
(x) be any non-zero sequence. Here we define some classes of sequences

[Dy, ATy = x=<m»:Mn—f§ijm% =07;

r—oo h,
kel
E— m — .
Do, A —xkg&TZfAm L)=0¢;
kel
m _ i m
(D, AT, = )¢ Jim o k;fok@o ;

[(ACY)w, AT = {x (zg) : lim — Z f(A™zpy; — L) =0,
" kel,

uniformly in i € N}.
Theorem 3.1. The classes [Dg, ATy, [Do, A7}, and [Dg, AT are lin-
ear spaces.

Proof. We establish the result for [Dy, A7}, . The other cases will follow
similarly.

Let (xk), (yx) € [Da, A7}, - Then we have

and

kel kel

< o] hm—Zf

" kel,
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+ 18| hmfo Yk))

" kel
— 0, asr — o0

Hence (axi+pyx) € [Dg, A']o. Therefore [Dyg, A}, is a linear space. [

Theorem 3.2. The classes [Dg, ATy, (Do, A7, and [Dg, AV} are
normed linear spaces, normed by

Z]f x; ]—l—sup = Z]f Alx)|

kel
form>1n>1.

Theorem 3.3. Let X be a Banach space then [Dg, ATy, [Do, AT, and
[Dg, AV, are Banach spaces, normed by

(3.1) Z|f ) +sup o Z|f ATzy))

kel
form>1,n>1.

Proof. Let f € X', then by the linearity of f, it can be verified that
[|.Il, defined on [Dg, A7'];,G = 0,1,00 is a norm. We now show that
these sequence spaces are complete concerning the norm given by (B.1)).
Consider the Cauchy sequence (z°) in [Dy, AT'] , where (z°) = (2f) =
(27, 25,23, ...) € [Dg, AT] ., for each s € N. Then

|z* — =t Z‘fﬂ:‘—l‘ }—I—suph Z‘f xj — 1)) = 0,
kel
as s,t > oo form>1,n>1;mn =nform=1and mn=m forn=1.
Hence we obtain ‘l‘i — xi‘ — 0 as s,t — oo for each k£ € N.
Therefore, (z3) = (x5, 25,23,...) is a Cauchy sequence in C, the set
of complex numbers.
Since, C is complete, it is converges, then

lim zj, = xy,
S§—00

Say, for each k € N. Since (z°) is a Cauchy sequence,there exist ng =
no(e) for each € > 0, such that

Hxs - xtH <e€
w

for all s,t > ng. Hence

> O[S —al)| <e
=1
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and
" m
Z(_l)v (U) ($Z+m; - xz—&-nv)
v=0
for all £ € N and for all s,t > ng.

We have f a linear function on X, so taking limit as ¢ — oo, in the
above two inequalities, we have

tlggloZ‘fac —zb) }—Z|fx —xz)| <e

f (A7 (ah — 2t))| =

<g,

and
lim ’f(AmiL‘ — )|—|f (AT (x] —x3))| < e

t—r00
for all s > ng. This implies that ||z® — x|, < 2¢ V s > ng, That is
x® —x, as s — 0o, where x = (xp). Also, since

gl = |7 (é(—l)”(?) <xk+m>)‘
7 (%1)“(7) (Tt = xk+m+wk+m)>'
<|s <”Z°il)v () @32 - ka)) ‘
nr (vzzo(l)” (") @ Zim))'

<z — x|, + [|ATz |
= 0(1)

Hence = € [Dy, A)?'] . Therefore [Dy, AT"] is a Banach space. Similarly it
can be established for the other spaces.
Without proof we state the following result. O

Proposition 3.4. The spaces [Dg, AV, [Dg, Ap']y and [Dg, A}'] . are
BK space.

Theorem 3.5. (01),(A7) C [Dg, (AT)] if and only if liminf, g, > 1.

Proof. Let liminf, ¢ > 1, 3 6 > 0 such that, 1 +0 < ¢, V7 > 1. Then
for the sequence = € (01)w(A]") we have,

—hlzfmx, 1ZfAmxz

=1
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kr—1

kT‘ — i m r—1 m
:m<kr1;f(Anxi>— e 1ZfA ;)

Since, h, = k, — k,._1, for each k € N, so we have

@ < 1+ 57 krfl < 1
h =5 hy =6
k'r‘ 1
The term k, ! Z f(AP'x;) and k. 11 Z f(ATz;) both converges to 0

1=1
and it follows that 7, converges to 0, that is, © € [Dg, (ATY)].

Therefore, (1), (A) C {DQ,AZL]
Conversely, Let liminf,.q. = 1. Since (9 is lacunary sequence, we

choose a subsequence (k)
where r; > r;_1 + 2.
Define x = (x;) by
Alp = & if i € I,.j, for some j =1,2,...;
! 0, otherwise.

Where e is the identity element of X and  is the zero element of X.
Then, for any real L,

he, Y f(Apa;— L) = f(1—-L), forj=1,2,...
Ir;
and

hr_lzf(Anm:L‘i —L)= f(L), forr#r;.
I

Since = ¢ [Dy, A]'']. However, z is weakly Cesaro summable, if t is any
sufficiently large integer, so we can find the unique j for which k1 <
t < k:TjH,l and

+ hy, 2
t_l Amx 7"] 1 I < y
Z f Z o ij—l ]
Since, t — oo implies that j — oo. Hence, we have x € (01),(A}Y). O
Theorem 3.6. [Dy, AT'| C (01)w(A]) if and only if limsup, g, < oo.

Proof. Let limsup,. ¢, < oo, then 3 Z > 0 such that ¢, < Z for all » > 1.
Considering = € [Dyg, A'] and € > 0 we can then find R > 0 and K >0
such that sup;>p7 < ¢ and ; < K, forall ¢ = 1,2,... If ¢t is any
integer with k,_; <t < k:r, where > R, we can write.

t
I f(AT ) < kY Zf (A™ )
=1
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ity (AR + 3 FAT) 4 3 (AR
I Ip) 1

_ k ko — k1 kr —kr—1 kry1 — kR
B k'r—lTl * k'r—l Tt k'r—l TR k'r—l TR
+ + kr - kr—l
kr—l 7-7"
< (su ) r + | su Fr = bR
Ti Ti

- izll) kr_1 izg kr_q

kr
<K +eZ.

kal

t
Since, k,_1 — oo, as t — 0o, it follows that t=1 > f(A™x;) — 0. i.e.,

i=1
z € (01)w(AD).
Suppose limsup, ¢ = oo. To prove the result we are to find a se-
quence z such that z € [Dy, A7| and = ¢ (01)w(A]Y). First, choose a
subsequence. (k;,) of 6 so that g, > j and then define x = (x;)

I ifi € Ky,—1 <1 <2K,,_1, forsome j =1,2,...;
! 0, otherwise.
Where e is the identity element of X and  is the zero element of X.
k. _ ] _
Then 7, = # < j%l, and if r #r;, 7 = 0.
T Ti—

Thus z € [Dg, A}}']. For the sequence z = (z;) aboveandi =1,...,k,,,

kit FARw = 1) >k (ke — 2k, 1)

_1_ 2kr;—1
= S
2
>1-=
J
which converges to 1 and, for i =1,...,2k,, 1,
1 kv
Am ) > J
2ij_1 ; f( n :L"L) — 2k‘r-j-1
1
S 2
and it follows that z ¢ (01),(A). O

We state the following theorem without proof given the previous two
theorems.
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Theorem 3.7. [Dy, A7'] = (01)w(A]) if and only if 1 < liminf, ¢, <
0.

Result 3.8. The class of sequences [Dy, A']g,G = 0, 1, 0o are not solid
in general.

To support of the above result we prove the following example.

Example 3.9. We prove for [Dy, A]. Let m = n = 1, then consider
X = R and consider the norm |.| ., the function f(z) =z, for allz € R.
Consider the sequence (x) which is defined as xp = k, for all £ € N.

Then )
e > A =1.
kel
Consider the sequence of scalar (ay) defined by ag = (—1)F then we get

Alaxy) = (-=1)F(2k +1).
We have,

w2 An] = 3 [1rer+

kel, " kel,

:i2(2k+1)ﬁoo, as r — o0o.
" kel
Hence, (axzi) ¢ Do, Also-
Therefore, the space [Dy, Al is not solid.
Similar proof can be provided to show that the other sequence classes
are not solid.

Combining Remark 2.10 and Result 3.8 we give the following result.

Result 3.10. The class of sequences [Dy, Al"|g,G = 0,1,00 are not
monotone.

Result 3.11. The class of sequences [Dy, Al']g,G = 0,1,00 are not
symmetric.

In order to justify the above result we provide the following example.

Proof. We establish this for [Dy, Al"'];. Consider the lacunary sequence
6 = 2" for m = n = 1.Consider the sequence (zj) defined by z; = k,
for all k € N. If (z) is defined as the following, then let (yx) be the
rearrangement of (x), which is defined as follows

(ykﬁ) = ($1,$2,$4,I’3,IE9 U )
Then (yk) ¢ [’D@,A?;]l.

Similarly it can be shown that the other classes of sequence are also
not symmetric. O
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Theorem 3.12. (ACy)(AL") C [Dy, AT?| and the inclusion are strict.

Proof. Let x € (ACy)(A)') and € > 0, there exists N > 0 and L such
that

th Z f(ATzgy; — L) <e, forn>N,r=123,...
kel
Now we can select H > 0 for the lacunary sequence 6 so that » > N and
thus 7 < €.
Thus x € Dy. Therefore to find a sequence in Dy but not in (ACy )., (A]")
we define x = (z;) by

- { e, if, for some k,_1 <1 < ky_1+ Vhy;
;=

0, otherwise.

Where e is the identity element of X and @ is the zero element of X.

But, 7. = h—lTZf(xz) = h%[\/hT] = \/% which converges to 0 as
I "

r — oo. Hence the sequence (z;) is an oscillatory sequence with repect
to n. So it is not weakly almost convergent to 0. g

Theorem 3.13. Form > 1 andn > 1,[Dy, A7V ']g C [Dy, Alg forG =
0,1,00. In general, [Dg,Al]lg C [Dg,A"]g for G = 0,1,00 and i =
0,1,...,m — 1. The inclusion are strict.
Proof. Let (x1) € [Dg, AT 1.

Then we have,

: 1 m—1
(3.2) TIE&E > fAarTta) =0
kel,
Now,
m 1 m—1 -1
kel kel

as r — oo we have
1 m
A > f(Apak) =0, by (E2)
kel,
which implies (zy) € [Dg, AT 1]o.
The other cases will follow similarly.
Proceeding inductively we have,[Dy, Al lg C [Dg,A)']g, for G =
0,1,cand i =0,1,...,n— 1.
The inclusion is strict follows from the following example. O
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Example 3.14. We consider a lacunary sequence 6 = 2" and con-

sider a non zero sequence () = (kp—1). Then A (zg) = 0, Az =
m—1

S (=1)Y(" Y ktne, for all k € N. Therefore (1) € [Dp, A but

v
v=0

(zk) & [Do, AT o
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