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Exponential Convex Functions with Respect to s

Mahir Kadakal

ABSTRACT. In this paper, we study the concept of exponential con-
vex functions with respect to s and prove Hermite-Hadamard type
inequalities for the newly introduced this class of functions. In
addition, we get some refinements of the Hermite-Hadamard (H-
H) inequality for functions whose first derivative in absolute value,
raised to a certain power which is greater than one, respectively
at least one, is exponential convex with respect to s. Our results
coincide with the results obtained previously in special cases.

1. INTRODUCTION

The aim of this paper is to give the concept of exponential convex
function with respect to s and examine some results connected with
new Hermite-hadamard integral inequalities for these type of functions.
Especially, it is thought that some important definitions and concepts
such as convex function, Hermite-Hadamard integral inequality and h-
convex functions are known by the readers. In addition, readers can
refer to the articles [[l, 412, 14-22] and the references therein for more
detailed information on both these topics and the different classes of
convexity.

In recent years, in [13], Kadakal and Iscan gave and studied the con-
cept of exponential type convex functions and some of their algebraic
properties. The authors prove two Hermite-Hadamard type integral in-
equalities for the newly introduced class of functions and also obtain

2020 Mathematics Subject Classification. 26A51, 26D10, 26D15.
Key words and phrases. Convex function, Exponential convex functions with re-
spect to s, Hermite-Hadamard inequality.
Received: 01 April 2023, Accepted: 09 December 2023.
Corresponding author.
275


http://scma.maragheh.ac.ir

276 MAHIR KADAKAL

some refinements of the Hermite-Hadamard integral inequality for func-
tions whose first derivative in absolute value at certain power is expo-
nential type convex. In [14], the authors introduced the concept of expo-
nential trigonometric convex functions and obtained Hermite-Hadamard
type inequalities for the newly introduced class of functions. The au-
thors show that the result obtained with Holder-Iscan and improved
power-mean integral inequalities give better approximations than that
obtained with Holder and improved power-mean integral inequalities.
In [2], the authors investigate the idea and its algebraic properties of
n-polynomial exponential type p-convex function. The authors prove
new trapezium type inequality for this new class of functions. Some
refinements of the trapezium type inequality for functions whose first
derivative in absolute value at certain power are n-polynomial exponen-
tial type p-convex are also obtained. At the end, some new bounds for
special means of different positive real numbers are provided as well.
These new results yield us some generalizations of the prior results.

2. MAIN RESULTS

Definition 2.1. Let I C R be an interval. A non-negative function
Z I C R — R is called exponential convex function with respect to s
if for every 61,02 € I, w € [0,1], and s > 0

Z (woy 4+ (1 —w)ds) <ws ™ Z(61) + (1 — w) s“Z(d2).

Denote by EXPC (I,s) the class of all exponential convex with re-
spect to s on interval I.

Proposition 2.2. Fvery nonnegative exponential convex with respect to
s is a convex for s < 1.

Proof. If s < 1 then s 7% < 1 then ws'™* < w and similarly (1 — w) s* <
1 — w. Thus

Z (woy 4 (1 —w)do) <ws'™Z(61) + (1 — w) s“Z(d)
<wZ(61) + (1 —w) Z(d2).

Therefore, every nonnegative exponential convex with respect to s is
convex. U

Example 2.3. Let ¢ <0 be any fixed point. The function Z:ICR—
R, Z(x) = c is an exponential convex with respect to s for s < 1. Since
wsl™ + (1 -w)s* <w+ (1 —w) =1, we have

Z(wo+(1-w)d)=c<c [wsl_w + (1 —w)s¥]
= ws Y Z(61) + (1 — w) ¥ Z(82)
for all 61,02 € I, w € [0,1].
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Proposition 2.4. Every nonnegative convex is exponential convexr with
respect to s for s > 1.

Proof. If s > 1then s!™* > 1 then ws'™* > w and similarly (1 — w) s' =% >
1 — w, we obtain
Z (wiy + (1 — w)da)
<wZ(6) + (1 —w)Z(0) < ws™Z(61) + (1 —w)s¥Z(61). O
Example 2.5. According to the above Proposition, Z :[0,00) — R,
Z(z) = a™,n > 1, is an exponential convex with respect to s for s > 1.

Definition 2.6 ([22]). Let i : J — R be a non-negative function, h # 0.
We say that f: I — R is an h-convex function, or that f belongs to the
class SX (h,I), if f is non-negative and for all z,y € I, a € (0,1) we
have

flaxz+ (1 —a)y) < h(a)f (z) +h(1—a)f (y).
If this inequality is reversed, then f is said to be h-concave, i.e. f €
SV (h,I).

Remark 2.7. Let s > 0 be any fixed point. Then exponential convex
with respect to s is a h-convex with h(z) = zs' 77,

Theorem 2.8. Let 71,75 : 1 C R — R. If Zy and Zy are exponential
convex with respect to s, then

(1) Z1 + Zo is exponential convex with respect to s,
(ii) For c € R (¢ > 0) c¢Z is exponential convex with respect to s.

Proof. The proof is clear. O

Theorem 2.9. If Z1 : I — J is a convex and Zy : J — R is an
exponential convex function with respect to s and nondecreasing, then
Zoo Z1: 1 — R is an exponential convex function with respect to s.

Proof. For 61,82 € I and w € [0,1], we get
(Zy 0 Z1) (w61 + (1 — w)d2) = Zo (Z1 (wdy + (1 — w)és))
< Zy (wZ1(81) + (1 — w)Z1(62))
<ws'TYZ, (21(51)) +(1—-w) $¥ 7 (21(62)) .0
Theorem 2.10. Let Z,,Z5 : I — R are both nonnegative and monotone

increasing. If Zy and Zo are exponential convex with respect to s < 1,
then Z1Z5 is an exponential convex with respect to s.

Proof. If 1 < 02 (the case d2 < d;is similar) then
[21(61) — Z1(62)] [Z2(62) — Z2(61)] <0
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which implies

(2.1)  Z1(61)Z2(02) + Z1(82) Z2(61) < Z1(61) Zo(01) + Z1(52) Z2(62).
On the other hand for 61,02 € I and w € [0,1],

(Z123) (wor + (1 — w)d2)
= 71 (w61 + (1 — w)ba) Za (wby + (1 — w)d2)
< [ws' ™ 20(00) + (1 w) 5 Z1(6)] [ws' ™ Za(61) + (1 — w) 5 Za(02]
= w?s* 2 Z1(81) Z2(01) + w(l — w)s [Z1(61) Z2(82) + Z1(82) Z(61))]
+ (1 —w)?s™Z1(82) Z2(52).

Using now (@), we obtain,

(2122) (wdy + (1 — w)d2)
<ws'™ [ws' ™Y 4+ (1 — w)s¥] Z1(61)Z2(52)
+(1—-w)s? [wsl_“’ + (1 —w)s”] Z1(82) Z5(82).

Since ws!™* + (1 — w)s* < 1, we get

(2122) (w61 + (1 — w)ég)
< wsl_w21(51)22(51) + (1 — w) ¥ Z1(62) Za(62)
= wsl_w (2122) (61) + (1 — OJ) s (2122) (52) O
Theorem 2.11. Let 6 > 0 and Zy : [61,00] — R be an arbitrary
famzly of exponential convex functzons with respect to s and let Z(§) =

SUP, Za(0). If J = {v € [61,02] : Z(v) < o0} is nonempty, then J is an
interval and Z is an exponential convex function with respect to s on J.

Proof. Let w € [0,1] and 01,02 € J be arbitrary. Then

Z (w61 + (1 — w)da) < sup [ws' ™ Za(01) + (1 — w) s* Za(82)]

(63
< wst™ sup Zo (61) + (1 — w) 8% sup Zg (62)
«
=ws' ™Y Z(6) + (1 —w) s“Z (82)
< 0.
This shows simultaneously that J is an interval, because it contains

every point between any two of its points and that the function Z is an
exponential convex with respect to s on J. 0
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3. HERMITE-HADAMARD INEQUALITY FOR EXPONENTIAL CONVEX
WITH RESPECT TO s

The goal of this paper is to establish some inequalities of Hermite-
Hadamard integral inequalities for exponential convex functions with
respect to s. In this section, we will denote by L [d1,d2] the space of
(Lebesgue) integrable functions on [01, d2] .

Theorem 3.1. Let f : [01, 2] — R be an exponential convex with respect
tos>0. If 61 <6y and Z € L[01,02], then the following H-H type
integral inequalities hold:

(3.1) 72 (5“2”52) < 5;51 /:2 2(2)dz

s TS ) 1 2 (6)]

In?s

forall s > 1, and

. (01 + 02 1 o2
. <
(3.2) Z( 5 )_52—51/51 Z(z)dz
< Z(01) + Z (62)
- 2
for s =1.

Proof. Firstly, let s > 1. If we use the property of the exponential
convex with respect to s of the function Z, we get

Z <51+52
2

) =2 (s + (- + 10— )t + ]

< V;z (wé1 + (1 — w)d2) + ‘fz (1= w)by + wby) .

Now, by taking integral in the last inequality with respect to w € [0, 1],
we deduce that

Z<51+52>
2
|:\[/ w61+ 1—w 52 dw—l—/ (51+w52)dw

Vs /52 :
= Z(2)dz.
5 — o1 )y, (z)dz

Then, by using the property of the exponential convexity with respect
to s of the function Z, if the variable is changed as z = wd; + (1 — w)do,
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then

6y 1
! / 2(2)dz :/ 7 (w61 + (1 — w)52) duw
02 — 01 Js, 0

1
< / (s 2(61) + (1 - w) s 2(55) ) dw
0

— R 260 + 260

Similarly, it is easily seen that the inequalities (@) hold for s=1. O

4. SOME NEW INEQUALITIES FOR EXPONENTIAL CONVEX
FuNncTIiONS WITH RESPECT TO s

The main purpose of this section is to establish new estimates that
refine Hermite-Hadamard integral inequality for functions whose first
derivative in absolute value, raised to a certain power which is greater
than one, respectively at least one, is exponential convex function with
respect to s. Dragomir and Agarwal [3] used the following lemma:

Lemma 4.1 ([3]). Let Z : I° C R — R be differentiable mapping on
I°, 01,09 € I° with &1 < 09. If f' € L[d1,02], then the following equality
holds:

Z (61) + Z (6) 1 /52 .

— Z

5 5 — o1 /s, (2)dz
02— 0y
2

1
/ (1 —2w)Z" (wé1 + (1 — w)d2) dw.
0
Definition 4.2. The arithmetic mean of two non-negative numbers
02,02 (02 > d2) is defined as follows:

A= A5y, 85) = 1 ;52, 51,62 > 0.

Theorem 4.3. Let s € (0,00)\ {1} and the function Z : I — R be a
continuously differentiable function, let 61 < d2 in I and assume that
Z' € L6y, 09). If }Z’} is an exponential convex with respect to s on the
interval [01, 2], then the following integral inequalities

Z (01) + Z () 1 o2
5 Bl /51 Z(z)dz
2 — S — S)ins S — S
< (62— 61) <_ln s+ (3 2fh)l;8 +4( 2f+1)>

x A(|Z' (81)], |2 (62)])
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forall s > 1, and
(4.1)

Z (51) + Z ((52) 1 /62 .
— VA <
’ 5 5 — o1 /s, (2)dz| <

for s =1, where A is the arithmetic mean.

(17 6017 ),

Proof. Firstly, let s > 1. By using Lemma @ and the inequality
| Z" (wo1 + (1 — w)d2)| S ws' ™| 2" (61)] + (1 —w) ¥ | Z' (82)],
we get

Z(8)) + 7 (82) 1 /62 i
- Z
’ 2 52— 01 Js, (2)dz

6y — 601 [* -,
< 5 / 11— 2w |Z" (wéy + (1 — w)da)| dw
0
6o — 01 (! l—w | 51 >
< 5 / 11— 2w| [ws ‘”’Z (51)|+(1—w)5“’|Z (62)H dw
0
_ 5 1
= %2 5 o [‘Z’ (51)‘/ 11— 2w|ws' ™ dw
0

1
+ |Z’ ((52)|/0 11 —2w| (1 —w) swdw]

ln23+(3—3—2\/5)1ns—|—4(s—2\/§+1)>

In3 s

= (03 — 01) <—
< A(|Z" (00|17 (32)])

because
(4.2)

1 1
/ 11— 2w|ws' ™ “dw = / 11 —2w| (1l —w)s“dw
0 0

7ln2$—|—(3—5—2\/§)ln5—|—4(8—2\/§+1)
In® s

and similarly, since

1 1
/ |1—2w]wdw:/ 1 —2w|(l —w)dw
0 0

)

> =

it is easily seen that the inequality (@) hold for s = 1. O

Remark 4.4. If we take s = 1 in Theorem @, then (@) reduces to
the inequality of Theorem 2.2 in [3].
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Theorem 4.5. Let s € (0,00)\ {1} and the function Z : I — R be a
continuously differentiable function, let 61 < do in I and assume that
qg>1.If ‘Z"q is an exponential convex function with respect to s on the
interval [01, 2], then the following inequalities hold

(4.3)

Z (61) + Z (63) 1 o2
' ! 5 2 _62—51/51 Z(z)dz

1 1
gt [atuazent |9 (LLYP 43 (12 GO |2/ @)[7) s s>,

520 A (|27 (6
2p+1)7 *(1Z@)

q,{Z’(52)|q), s=1,

where % + % =1 and A is the arithmetic mean.

Proof. Firstly, let s > 1. By using Lemma EI, Holder’s integral inequal-
ity and

|Z/ (wdy + (1 — w)ég)}q <wstv ‘Z’ (51)‘(1 +(1-w)s” ‘Z’ (52)‘q,

we get
Z o1 +2Z 09 1 O
oo 1y,
6o — 061 (1 -,
< 5 /0 |1—2w|‘Z (w51+(1—w)52)‘dw
1 s 3
< 62;51 </ ]1—2w\pdw>p </ |2 (w51+(1—w)52)}qdw)q
0 0

1
1

<8 (1) ([l - e

1 1
02 — 01 Ins—s+1]¢« 1 o1 5
-3 [ ) A ez e,

In“s

because

! 1
/ 1 - 2w/fdw=——
0 p+1

1 1
/ ws! ¥dw = / (1 —w)s¥dt
0 0

and
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Ins—s+1
- ln25 ) 8 > 17

3 s=1,
and similarly, it is easily seen that the inequality (@) holds for s =
1. O

Remark 4.6. If we take s = 1 in Theorem @, then (@) reduces to
the inequality of Theorem 2.3 in [3].

Theorem 4.7. Let s € (0,00)\ {1} and the function Z : I CR — R be
a continuously differentiable function, let 01 < do in I and assume that
q>1.If ‘Zv"q s an exponential convex function with respect to s on the
interval [01, 2], then the following inequalities hold

; ; 5
4) Z<61>+2-Z<62> _ 52151 /5 7(2)dz
< 522—75114% (12" 80)|".| 2" (82)|)

q

1
y {2 (_ln28+(3—s—2\/§)ln5+4(s—2\/§+ 1))]‘1
In? s ’
forall s > 1, and
(4.5)

/ / o2 — 1 .

q
9

A (52)‘11)7

for s =1 where A is the arithmetic mean.

Proof. Assume first that ¢ > 1. By considering the Lemma @, Holder’s
inequality and the property of the exponential convex function with
respect to s of ‘Z’ 4 by using (1.2), we obtain

(4.6)
2(51) + A ((52) 1 O2
5 P /61 Z(z)dz
_ 1 .
<% . o / 11— 2] 7' Wby + (1 — w)6s) duw
0

1-1

_ 1
§62 0 (/ 1—2w|dw>
2 0

1
1 q
X </ |1 — 2w| ‘Zv’ (wo1 + (1 — w)52)‘qdw>
0
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()
<( 1 2] st |2/ 60 + (1) |2/ )] dw)l
5y — 0y [2 <_ln28—|—(3—3—2\/§)lns+4(s—2\/§+ 1)”«1

1
In3 s

1
q

227y

XA%( e

Z' (1)

2" (62)]%) -

For ¢ = 1 we use the estimates from the proof of Theorem @, which
also follow step by step the above estimates. Similarly, it is easily seen
that the inequality (ﬁ) hold for s = 1. O

Corollary 4.8. If we take ¢ = 1 in the Theorem B with , we get the
conclusion of Theorem 4.3.

Remark 4.9. If we take s = 1 and ¢ = 1 in Theorem @ then the
inequality (@) reduces to the inequality of Theorem 2.2 in [B].

5. APPLICATIONS FOR SPECIAL MEANS

Throughout this section, for shortness, the following notations will be
used for special means of two nonnegative numbers &1, do with do > 01:

(1). The arithmetic mean

P
A= A(61,62) = 1; 2 5.6,>0.

(2). The geometric mean

G = G(61,05) = /0102, 061,02 > 0.

(3). The harmonic mean

20102
H := H(6,02) = , 01,02 >0.
(61, 62) 51, U0
(4). The logarithmic mean
d2—0
Woo s 017 02
L= L(51,52) = , 51,52 > 0.
o1, 01 = 02

(5). The p-logarithmic mean
L, := Ly(51,02)
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(‘55“‘5fﬂ >;’ 81 # 82, p €R\ {—1,0}
— ) 1 2, P ’
= (P+1)(02=01) , 51,52 > 0.

o1, 01 = 0
(6). The identric mean

I:= 1(61, 52)

1
1 532 53—81
— g (5151> 5 51, 52 > 0

Also, L, is monotonically increasing over p € R, denoting Ly = I and
L_,=1L.

Proposition 5.1. Let 01,02 € [0,00) with 61 < d2 and n € (—o0,0) U
[1,00)\ {—1}. Then, the following inequalities are obtained:
A" (61, 62)
——== < L}(61,9
\/g = n( 1s 2)
Ins—s+1_ . -,
B A o),
n°s
forall s > 1.

Proof. The assertion follows from the inequalities (@) applied to the
function

Z(x)=2", r€[0,00). O

Proposition 5.2. Let 61,02 € (0,00) with 61 < 02 . Then, the following
inequalities are obtained:

A‘l(él, (52)

NG < L7181, 02)

<_21ns—s—|—1

In? s H_1(61’52)’

for all s > 1.

Proof. The assertion follows from the inequalities (@) applied to the
function
Z(x)=2"", z¢€(0,00). O
Proposition 5.3. Let §1,02 € (0,1] with 61 < 3. Then, the following
inequalities are obtained:

Ins—s+1 In A (41, 62)

_9° " 7 <Inl <
o2 s DG<(51752) = 1n (51762) = \/g ’

for all s > 1.
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Proof. The assertion follows from the inequalities (@) applied to the
function

Z(zr)=—Inz, z¢€(0,1]. O

6. CONCLUSION

In this paper, we give the concept of exponential convex functions
with respect to s and prove Hermite-Hadamard type inequalities for
the newly introduced this class of functions. Then, we obtain some new
Hermite-Hadamard type integral inequalities for the exponential convex
functions with respect to s using an identity together with Hélder’s in-
tegral inequality. Different types of integral inequalities can be obtained
using this new definition.

REFERENCES

1. M. Bombardelli and S. VaroSanec, Properties of h-convex func-
tions related to the Hermite-Hadamard-Fejér inequalities, Comput.
Math. Appl., 58 (9) (2009), pp. 1869-1877.

2. S.I. Butt, A. Kashuri, M. Tariq, J. Nasir, A. Aslam, and W. Gao,
n-polynomial exponential type p-convex function with some related
inequalities and their applications, Heliyon., 6 (11) (2020).

3. S.S. Dragomir and R. P. Agarwal, Two inequalities for differentiable
mappings and applications to special means of real numbers and to
trapezoidal formula, Appl. Math. Lett., 11 (5) (1998), pp. 91-95.

4. S.S. Dragomir and CEM Pearce, Selected Topics on Hermite-
Hadamard Inequalities and Its Applications, Science direct working
paper, S1574-0358, (2003), 04.

5. S.S. Dragomir, J. Pecari¢ and l.e. Persson, Some inequalities of
Hadamard Type, Soochow J. Math., 21 (3) (2021), pp. 335-341.

6. J. Hadamard, Ftude sur les propriétés des fonctions entiéres en
particulier d’une fonction considérée par Riemann, J. Math. Pures
Appl., 58 (1893), pp. 171-215.

7. 1. Iscan, New refinements for integral and sum forms of Holder
inequality, J. Inequal. Appl., 2019 (1) (2019), pp. 1-11.

8. I. Iscan and M. Kunt, Hermite-Hadamard-Fejer type inequalities
for quasi-geometrically convex functions via fractional integrals. J.
Math., 2016 (2016).

9. 1. Iscan, H. Kadakal and M. Kadakal, Some new integral inequal-
ities for n-times differentiable quasi-convex functions. Sigma., 35
(3) (2017), pp. 363-368.

10. H. Kadakal, Multiplicatively P-functions and some new inequalities,
Ntmsci., 6 (4) (2018), pp. 111-118.



11

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

EXPONENTIAL CONVEX FUNCTIONS WITH RESPECT TO s 287

H. Kadakal, Hermite-Hadamard type inequalities for trigonometri-
cally convex functions, Sci. Stud. Res. Ser. Math. Inform., 28 (2)
(2019), pp. 19-28.

H. Kadakal, New Inequalities for Strongly r-Convex Functions, J.
of Funt. Spaces., 2019 (2019).

M. Kadakal and 1. Iscan, Ezponential type convezity and some re-
lated inequalities, J. Inequal. Appl., 2020 (2020), pp. 1-9.

M. Kadakal, 1. Iscan, P. Agarwal and M. Jleli, Exzponential trigono-
metric convex functions and Hermite-Hadamard type inequalities,
Math. Slovaca., 71 (1) (2021), pp. 43-56.

M. Kadakal, I. Iscan, H. Kadakal and K. Bekar, On improvements
of some integral inequalities, Honam Math. J., 43 (3) (2021), pp.
441-452.

M. Kadakal, H. Kadakal and I. Iscan, Some new integral inequali-
ties for n-times differentiable s-convexr functions in the first sense,
TJANT., 5 (2) (2017), pp. 63-68.

H. Kadakal, M. Kadakal and 1. Iscan, Some new integral inequal-
ities for n-times differentiable s-convex and s-concave functions in
the second sense, Math. Stat., 5 (2) (2017), pp. 94-98.

H. Kadaka, M. Kadakal and 1. Iscan, New type integral inequalities
for three times differentiable preinvexr and prequasiinvex functions,
Open J. Math. Anal., 2 (1) (2018), pp. 33-46.

S. Maden, H. Kadakal, M. Kadakal and 1. Iscan, Some new integral
inequalities for n-times differentiable convex and concave functions,
J. Nonlinear Sci. Appl., 10 (12) (2017), pp. 6141-6148.

S. Ozcan, Some Integral Inequalities for Harmonically (o, s)-
Convex Functions, J. of Funt. Spaces., 2019 (2019).

S. Ozcan and 1. Iscan, Some new Hermite-Hadamard type inequali-
ties for s-convex functions and their applications, J. Inequal. Appl.,
2009 (2019), pp. 1-11.

S. Varosanec, On h-convezity, J. Math. Anal. Appl., 326 (1) (2007),
pp- 303-311.

BAYBURT UNIVERSITY, FACULTY OF APPLIED SCIENCES, DEPARTMENT OF CUS-
TOMS MANAGEMENT, BABERTI CAMPUS, 69000, BAYBURT-TURKEY.
Email address: mahirkadakal@gmail.com



	1. Introduction
	2. Main Results
	3. Hermite-Hadamard Inequality For Exponential Convex with Respect to s
	4. Some New Inequalities For Exponential Convex Functions with Respect to s
	5. Applications For Special Means
	6. conclusion
	References

