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WEIGHTED COMPOSITION OPERATORS BETWEEN

GROWTH SPACES ON CIRCULAR AND STRICTLY

CONVEX DOMAINS

SHAYESTEH REZAEI1∗

Abstract. Let ΩX be a bounded, circular and strictly convex do-
main of a Banach space X and H(ΩX) denote the space of all
holomorphic functions defined on ΩX . The growth space Aω(ΩX)
is the space of all f ∈ H(ΩX) for which

|f(x)| ⩽ Cω(rΩX (x)), x ∈ ΩX ,

for some constant C > 0, whenever rΩX is the Minkowski func-
tional on ΩX and ω : [0, 1) → (0,∞) is a nondecreasing, contin-
uous and unbounded function. Boundedness and compactness of
weighted composition operators between growth spaces on circular
and strictly convex domains were investigated.

1. Introduction

Let ΩX , be a bounded, circular and strictly convex domain of a Ba-
nach space X. A domain ΩX ⊂ X is said to be circular if eiθx ∈ ΩX for
every point x ∈ ΩX and any real number θ. An example of a circular
domain is the annulus {x ∈ X : r1 < ∥x∥ < r2}, where 0 < r1 < r2.
We recall that a domain ΩX is strictly convex if it is convex and con-
tains the open line segment (x1, x2) for each pair of boundary points
x1, x2 ∈ ∂ΩX . The open unit ball BX , is a good model of a circular and
strictly convex domain of a Banach space X.

We recall that, Pm : ΩX → C is said to be an m-homogeneous poly-
nomial if there exists an m-linear mapping A : Ωm

X → C such that

Pm(x) = A(x, . . . , x).
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A mapping f : ΩX → C is said to be holomorphic or analytic if for each
a ∈ ΩX , there exist a ball B(a, r) ⊂ ΩX and a sequence of continuous
m-homogeneous polynomials Pm : ΩX → C such that

f(x) =
∞∑

m=0

Pm(x− a),

uniformly for x ∈ B(a, r). For a general background about m-homogeneous
polynomials and holomorphic mappings we refer to [10].

Let H(ΩX) be the class of all holomorphic functions on ΩX and rΩX

denote the Minkowski functional on ΩX , that is

rΩX
(x) = inf{λ > 0 : λ−1x ∈ ΩX}.

Clearly rΩX
is a seminorm on ΩX and rΩX

(x) < 1 for all x ∈ ΩX [4,
Proposition 1.14]. Also rΩX

is continuous and a∥x∥ ≤ rΩX
(x) ≤ b∥x∥

for all x ∈ X and fixed a, b > 0 [12, Proposition 8].
A non-negative continuous function τ on ΩX is an exhaustion of ΩX

with radious ∆ if and only if

0 ≤
√
τ < ∆ = sup

√
τ ≤ ∞,

and {x ∈ ΩX : τ(x) ≤ r2} is compact in ΩX for all r ∈ [0,∆]. Let
n ∈ N, we assume that ΩCn is a bounded, circular and strictly convex
domain with boundary of class C2. Then r2ΩCn

is an exhaustion of ΩCn

with maximal radious ∆ = 1 [11, Example 2].
Let ω : [0, 1) → (0,∞) be a weight, that is, ω is a non-decreasing,

continuous and unbounded function. The growth space Aω(ΩX) is the
space of all f ∈ H(ΩX) satisfying

|f(x)| ⩽ Cω(rΩX
(x)), x ∈ ΩX ,

for some constant C > 0. Using [10, Proposition 9.13], it is easy to show
that Aω(ΩX) is a Banach space with respect to the following norm:

∥f∥Aω(ΩX) := sup
x∈ΩX

|f(x)|
ω(rΩX

(x))
.

Now we recall some particular cases. If X = Cn and ω(t) = 1
(1−t)α ,

α > 0, we get the growth spaces A−α(ΩCn). For X = Cn and ω(t) =
log e

1−t , we have the logarithmic growth space A− log(ΩCn). For more
details on the growth spaces and logarithmic growth space we refer to
[5, 6, 7]. When ΩCn = Bn, the open unit ball of Cn, we have A−α(Bn) =
H∞

α , the standard weighted Banach space of holomorphic functions [2,
3, 8, 9].

Let φ : ΩY → ΩX be a holomorphic mapping and ψ ∈ H(ΩY ). Then
the weighted composition operator

ψCφ : H(ΩX) → H(ΩY )
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is defined by ψCφf = ψ(f ◦ φ). When ψ(x) ≡ 1, the weighted composi-
tion operator 1Cφ = Cφ is called the composition operator.

Note that, the norm topology on growth space is stronger than the
pointwise convergence topology. Therefore, if ψCφ between growth
spaces is well defined, then ψCφ is bounded by closed graph theorem.
As a consequence, to find out whether the weighted composition opera-
tor is bounded, it is enouph to find out whether it is well defined. We
refer to [5, 6, 7] and particularly to the recent survey [1] for information
about the weighted composition operators between growth spaces in the
special cases. Throughout this paper, constants are denoted by C, they
are positive and not necessarily the same in all accurrences.

2. Results

In this section, we characterize the boundedness and compactness
of the operator ψCφ : Aν(ΩCn) → Aω(ΩX) by reverse estimates in
Aν(ΩCn).

A weight ν is called doubling, if there exists a constant C > 1 such
that

ν

(
1− t

2

)
< Cν(1− t), 0 < t ≤ 1.

To prove the boundedness of weighted composition operator, we need
the following lemma.

Lemma 2.1. [1] Let ΩCn ⊂ Cn be a bounded, circular and strictly con-
vex domain with C2-boundary and ν be a doubling weight. There exist
functions fm ∈ Aν(ΩCn), 0 ⩽ m ⩽M =M(ΩCn) such that

M∑
m=0

|fm(z)| ⩾ ν(rΩCn (z)), z ∈ ΩCn .

Theorem 2.2. Let ψ ∈ H(ΩX), φ : ΩX → ΩCn be a holomorphic
mapping and ν be a doubling weight. Then ψCφ maps Aν(ΩCn) into
Aω(ΩX) if and only if

L := sup
x∈ΩX

|ψ(x)|ν(rΩCn (φ(x)))

ω(rΩX
(x))

<∞.(2.1)

Proof. Setting z = φ(x) in Lemma 2.1 we get

M∑
m=0

|fm(φ(x))| ≥ ν(rΩCn (φ(x))), x ∈ ΩX .
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Then

|ψ(x)|ν(rΩCn (φ(x)))

ω(rΩX
(x))

≤
M∑

m=0

|ψ(x)||fm(φ(x))|
ω(rΩX

(x))

=

M∑
m=0

|(ψCφfm)(x)|
ω(rΩX

(x))
, x ∈ ΩX .

Since fm ∈ Aν(ΩCn) and

ψCφ(Aν(ΩCn)) ⊆ Aω(ΩX),

then ψCφfm are in Aω(ΩX) for 0 ≤ m ≤ M . This implies that (2.1) is
satisfied.

Conversely for f ∈ Aν(ΩCn), we have

∥ψCφf∥Aω(ΩX) = sup
x∈ΩX

|ψ(x)f(φ(x))|
ω(rΩX

(x))

= sup
x∈ΩX

|ψ(x)|ν(rΩCn (φ(x)))

ω(rΩX
(x))

× |f(φ(x))|
ν(rΩCn (φ(x)))

≤ L∥f∥Aν(ΩCn ),

which implies that ψCφ(Aν(ΩCn)) ⊆ Aω(ΩX). □

Moreover, the above theorem shows that ψCφ : Aν(ΩCn) → Aω(ΩX)
is, infact, bounded if and only if (2.1) satisfies.

Lemma 2.3 ([1]). Let Y be a linear metric space with translation metric.
Then the operator ψCφ : Aν(ΩCn) → Y is compact if and only if it is
bounded and ψCφfk converges to zero in the metric of Y for any bounded
sequence fk in Aν(ΩCn) such that fk → 0 uniformly on compact subsets
of ΩCn.

Lemma 2.4 ([1]). Let ν be a doubling weight. Then there exist test
functions fλ ∈ Aν(ΩCn), λ ∈ ΩCn, such that

∥fλ∥Aν(ΩCn ) ≤ C,

C|fλ(λ)| ≥ ν(rΩCn (λ)),

and fλ → 0 uniformly on compact subsets of ΩCn as rΩCn (λ) → 1, where
the constant C > 0 does not depend on λ ∈ ΩCn.

Theorem 2.5. Let ψ ∈ H(ΩX), φ : ΩX → ΩCn be a holomorphic
mapping and ν be a doubling weight. Then ψCφ : Aν(ΩCn) → Aω(ΩX)
is compact if and only if

lim
rΩCn (φ(x))→1

|ψ(x)|ν(rΩCn (φ(x)))

ω(rΩX
(x))

= 0.(2.2)
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Proof. Let (2.2) hold and (fk)k∈N be a sequence in the closed unit ball
of Aν(ΩCn) such that converges uniformly to zero on compact subsets
of ΩCn . Using Lemma 2.3 it is sufficient to show that

lim
k→∞

∥ψCφfk∥Aω(ΩX) = 0.

By (2.2), give ε > 0, there is δ ∈ (0, 1), such that

|ψ(x)||fk(φ(x))|
ω(rΩX

(x))
≤ ∥fk∥Aν(ΩCn )

|ψ(x)|ν(rΩCn (φ(x)))

ω(rΩX
(x))

< ε,(2.3)

if rΩCn (φ(x)) > δ, since ∥fk∥Aν(ΩCn ) ≤ 1. Next, since r2ΩCn
is an exhaus-

tion of ΩCn with maximal radious ∆ = 1, the subset Ωδ
Cn = {z ∈ ΩCn :

rΩCn (z) ≤ δ} of ΩCn is compact. Therefore

|fk(z)|
ν(rΩCn (z))

≤ |fk(z)|
ν(0)

→ 0,

uniformly on Ωδ
Cn as k → ∞. Hence, if rΩCn (φ(x)) ≤ δ then

|fk(φ(x))|
ν(rΩCn (φ(x)))

< ε,(2.4)

for k sufficiently large. Since

ψCφ(Aν(ΩCn)) ⊆ Aω(ΩX),

using Theorem 2.2, we have

|ψ(x)||fk(φ(x))|
ω(rΩX

(x))
≤ L

|fk(φ(x))|
ν(rΩCn (φ(x)))

.

Applying this inequality along with (2.3) and (2.4), we have

|ψ(x)||fk(φ(x))|
ω(rΩX

(x))
< Cε, x ∈ ΩX ,

for k sufficiently large. It follows that

∥ψCφfk∥Aω(ΩX) → 0 as k → ∞.

Hence ψCφ : Aν(ΩCn) → Aω(ΩX) is compact.
Conversely, let (xk)k∈N be a sequence in ΩX such that

rΩCn (φ(xk)) → 1 as k → ∞.

By Lemma 2.4, there exist functions fk := fφ(xk) ∈ Aν(ΩCn), such that
∥fk∥Aν(ΩCn ) ≤ C,

C|fk(φ(xk))| ≥ ν(rΩCn (φ(xk))),

and fk → 0 uniformly on compact subsets of ΩCn as rΩCn (φ(xk)) → 1.
Since ψCφ : Aν(ΩCn) → Aω(ΩX) is compact, using Lemma 2.3 we have

∥ψCφfk∥Aω(ΩX) → 0,(2.5)
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as k → ∞. On the other hand

∥ψCφfk∥Aω(ΩX) = sup
x∈ΩX

|ψ(x)||fφ(xk)(φ(x))|
ω(rΩX

(x))

≥
|ψ(xk)||fφ(xk)(φ(xk))|

ω(rΩX
(xk))

≥ C
|ψ(xk)|ν(rΩCn (φ(xk)))

ω(rΩX
(xk))

.

Comparing this inequality with (2.5), we obtain

lim
k→∞

|ψ(xk)|ν(rΩCn (φ(xk)))

ω(rΩX
(xk))

= 0,

which implies (2.2). □
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