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A NEW SEQUENCE SPACE AND NORM OF CERTAIN
MATRIX OPERATORS ON THIS SPACE

HADI ROOPAEI' AND DAVOUD FOROUTANNIA?*

ABSTRACT. In the present paper, we introduce the sequence space
p

L(E,A) =< z=(2n)ne Z Z i — Z Zj| <00,
n=1 |jEE), J€EE 11

where F = (FE,) is a partition of finite subsets of the positive in-
tegers and p > 1. We investigate its topological properties and
inclusion relations. Moreover, we consider the problem of finding
the norm of certain matrix operators from [, into l,(E,A), and
apply our results to Copson and Hilbert matrices.

1. INTRODUCTION

Suppose that w is the space of all real-valued sequences. Any vector
subspace of w is called a sequence space. Suppose that F = (E,) is a
partition of finite subsets of the positive integers such that

(1.1) max F, < min Fy,41,
for n =1,2,.... We introduce the sequence space l,(E) by
- P
I,(E) = x:(xn)ew:z ij <oop, (1<p<o0),
n=1|jekE,

with the semi-norm
1/p

o p
Izlpe= DD =

n=1|jeb,
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It should be noted that in the special case E,, = {n} for n = 1,2,...,
we have [,(E) =1, and ||z|p,g = ||z||p. The reader can refer to [5], for
more details on this sequence space [,(E).

Also, the difference sequence space l,(A) is introduced by Kizmaz [9],
which is defined by

I(A) = {x = (xy) : Z |Tr, — Tpt1|P < oo} ,

n=1

with semi-norm

o :
lellp.a = (Z 20 - xn+1rp> .

n=1
Suppose that X,Y are two sequence spaces and A = (a,k) is an
infinite matrix of real numbers a,j, where n,k € N = {1,2,...}. Tt is
said that A defines a matrix mapping from X into Y, and is denoted
by A: X — Y, if for every sequence z = (z;) € X the sequence
Az = {(Ax), }72 exists and is in Y, where

(A)p = ankak,
k=1

forn=1,2,....
Let X be a sequence space. The matrix domain X4 of an infinite
matrix A is defined by

(1.2) Xa={rz=(zy) cw: Az € X}.

Note that X 4 is a sequence space that can be the expansion or con-
traction or the overlap of the original space X. A matrix A = (a,) is
said a triangle if a,; = 0 for kK > n and ay, # 0 for all n € N. The
sequence spaces X4 and X are linearly isomorphic, i.e., X4 = X, where
A is triangle.

The matrix transformations on sequence spaces that are the matrix
domains of triangle matrices has been investigated for classical spaces 1,
lso, ¢ and cg, before. For example, some matrix domains of the difference
operator are considered in [, B, @, @, [1]. In these studies the matrix
domains are gained by triangle matrices, hence these spaces are normed
sequence spaces. One can refer to Chapter 4 of [2], for more details on
the domain of triangle matrices in some sequence spaces. The matrix
domains which are presented in this paper are specified by the certain
non-triangle matrices, so we should not expect that related spaces are
normed sequence spaces.

In this paper, we want to extend the normed sequence space [,(A) to
semi-normed space [,(E, A), investigate some topological properties of
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this space and derive inclusion relations concerning with its. Moreover,
we investigated the inequality

1Az ]|p,m.a < Ul

for all sequence € [,. The constant U is not depending on z, and
we want to find the smallest possible value of U. We use the notation
|Allp,E,a for the norm of A as an operator from I, into I,(E,A), and
|Allp,a for the norm of A as an operator from [, into I,(A). Recently,
the problem of finding the upper bound of certain matrix operators are
studied in [B, &, (0] on the sequence spaces l,(w), d(w,p) and [,(A). In
the present paper, we compute this problem for matrix operators such
as Copson and Hilbert from [, into {,,(E, A).

In a similar way, the Authors introduced the sequence space [,,(A, E)
and obtained the norm of certain matrix operators on this space [12].

2. THE SEQUENCE SPACE [,(E, A) OF NON-ABSOLUTE TYPE

Let E = (E,) be a partition of the positive integers that satisfies the
condition (). We define the sequence space {,(E, A) by

P
o0
(B, A) =S e =(za)ply s D | D mj— Y, aj| <oop,
n=1|j€En J€Ent1
with the semi-norm
p\ 1/p
o0
(2.1) lzllpma= (D 1D == >,
n=1|j€En J€Ent1

It should be noted that the function ||.||, g A is not a norm, since by
choosing z = (1,1,1,...) and E,, = {2n — 1,2n} for all n, |z|[ga =0
while z # 0. It is also significant that in the special case E,, = {n} for
n=1,2,..., we have

AN W(E,A) =1p(A).
By the notation of (I"2), we can redefine the space [,(E, A) as follows:
ZP(E7 A) = (lp)Aﬂ
where A = (ayy) is defined by

[llp, .0 = ]

1 ifk e E,
0  otherwise,

Throughout this study, we assume p > 1 and E = (E,,) is a partition
of finite subsets of the positive integers that satisfies the condition (I1),
and also | Fy| is the cardinal number of the set Fy. The main purpose of
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this section is to consider some properties of the sequence space ,(E, A)
and is to derive some inclusion relations related to these spaces. At first
we bring the following theorem which is essential in the study.

Theorem 2.1. The set l,(E,A) becomes a vector space with coordi-
natewise addition and scalar multiplication, which is the complete semi-

normed space by |.||p,E.A defined by (Z3).

Proof. The proof is routine, so we omit the details. O

It must be mentioned that the absolute property does not hold on the
space [,(E,A), that is ||z]|p. g # |||z]||p,,a for at least one sequence
in the space [,(E, A), and this says that [,(E, A) is a sequence space of
nonabsolute type, where |z| = (|zg]).

Theorem 2.2. If

K= x:(azn):in: Z xi,Vn p,

€E, i€En11
then we have l,(E,A)/K ~ [,(A).

Proof. Consider the map T : [,(E, A) — [,(A) defined by

(Tl')n = Z L,

1€En,

for all z € [,(A,E) and for all n. The map T is well defined and
surjective also ker T' = K. So the proof is finished by applying the first
isomorphism. O

Theorem 2.3. We have the following statements:
(i) [p(E) Cl(E,A), furthermore the inclusion is strictly holds.
(i) If
E,={Nn—N+1,Nn—N+2,...,Nn}

for all n, then 1,(A) C 1,(E,A). Moreover, this inclusion is
strict when N > 1.

Proof. (i) By using the inequality ||z||p z.A < 2||z|p £, the proof
is obvious. If the sequence z = (z) is defined such that
ZieEk x; = 1, for k = 1,2,.... We have z € [,(E,A) while
x & l,(E), hence the inclusion is strictly holds.
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(d) Since
Z T — Z €T; = (ajanN+1 - !TanNJrQ)
leE»n ieEnfl

+ 2(TnN-N+2 — TnN-N+3)
+ -+ N(an — a:nN+1)
+ (N = 1)(znN+1 — Tan12)
+ o (TN N1 — TN N),
It is clear € [,(A) implies that z € [,(E,A), by applying
Minkowski’s inequality. Moreover if N > 1, we define the se-
quences x = (x) such that
1 ifk=nN-N+1
=< —1 ifk=nN-N+2
0  otherwise,

obviously z € [,(E,A) — [,(A).
O

In general, neither of the spaces [,(E, A) and [,,(A) includes the other
one. Since if Fo,—1 = {3n—2}, Eop, = {3n—1,3n} forn=1,2,..., 2 =
(1,1,1,....)and y = (0,1,—-1,0,1,—1,...), we have z € [,(A)—1,(E, A)
and y € [,(E, A) —1,(A). This statement says that there is no inclusion
between these two sequence spaces.

Theorem 2.4. Ifsup, |E,| < oo, thenl, C l,(E). Moreover if |E,| > 1
for an infinite number of n, then the inclusion is strict.

Proof. Let ( = sup, |E,|. To prove the validity of the inclusion I, C
l,(E), it suffices to show

p—1
pE < C7 ],

for each z € [,,. Note that ¢ = 1, when p = 1. Suppose that z = (z,,) € [,
is an arbitrary sequence. By applying Hoélder’s inequality, we have

p
Yoz SIEPTH Y Jal,

IS JEEY

(2:2) ||

SO
21} 5 < P~} -

Moreover, let |E,| > 1 for an infinite number of n. One can choose
a sequence (n;) such that |E, | > 1 for j = 1,2,.... If the sequence
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x = (x) is defined by

1 if k = min B,
(2.3) rp=4q —1 ifk=mink, +1
0  otherwise,

for k =1,2,.... It is obvious that } ;. p i = 0, so z € [,(E) while
x ¢ l,. Hence x € [,(E) — l,, and the inclusion [, C [,(E) strictly
holds. O

Corollary 2.5. If sup, |E,| < oo, then l, C I,(E,A). Moreover if
|En| > 1 for an infinite number of n, then the inclusion is strict.

Proof. By applying Theorem 24 and the part (I) of Theorem P23, the
proof is trivial. O

One may expect a similar result for the space [,(E, A) as was observed
for the space [,, and ask the following natural question: Is the space
l,(E,A) a semi-inner product space for p = 2?7 The answer is positive
and is given by the following theorem:

Theorem 2.6. Except the case p = 2, the space 1,(E,A) is not a semi-
inner product space.

Proof. If we define
oo
n=1ijek,

then it is a semi-inner product on the space lo(E, A) and

2
o0
123 ea=>_|D zi— > =
k=1 |jEE} JEEL 11
= ||lze.al3

=< ZEA;TEA >,
where
JIE7A: E Ty — E €Iy, E €Ty — E Liyoo-
S i€Fo i€ Fo i€F3
Now consider the sequences x and y such that

S - 1 k=12
TV 0 k>3,

ST
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and

We see that

lz +yl5 2.0 + 2 =yl £a # 2 (2]

2eatullZea), (#2).

Since the equation 2 = 2% has only one root p = 2, the semi-norm of the
space l,(E, A) does not satisfy the parallelogram equality, which means
that the semi-norm cannot be obtained from the semi-inner product.
Hence the space I,(E, A) with p # 2 is not a semi-inner product space.

O

Suppose that X is a semi-normed space with a semi-norm g. A se-
quence (by,) of the elements of semi-normed space X is called a Schauder
basis (or briefly a basis) for X if and only if, for each € X there exists
a unique sequence of scalars (ay,) such that

n
nlg{.log <a; - ; akbk> =0.

The series Y- | agby which has the sum z is then called the expansion
of x with respect to (b,), and written as x = Y~ agby. In the next,
we will introduce a sequence of the points of the space [,(E, A) which
forms a basis for the space [,(E, A).

Theorem 2.7. If the sequence b%) = {bg.k)}]?‘il is defined such that
Z pk) — 0 n<k

I 11 n>k,
JEEL

and the remaining elements are zero, for k =1,2,.... Then the sequence
{b(k)};ozl is a basis for the space l,(E,A), and any x € [,(E,A) has a
unique representation of the form

x = Z apb®),
k=1

where

ap = ij, k=1,2,....
JEEK

Proof. The proof is routine, so we omit the details. U
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3. UPPER BOUND OF MATRIX OPERATORS FROM [, INTO [,(E,A)

In this section, we tend to compute the norm of certain matrix op-
erators such as Copson and Hilbert from [, into [,,(E, A) is considered,
where p > 1. At first, we prove a theorem that give us the norm of
operators from [y into [ (F, A).

Theorem 3.1. If A = (ay k) is a matriz operator and

o0
MZSI;IDZ Zai,k_ Z aj k| < 00,

n=1 (ieE, 1€ 41

then A is a bounded operator from ly into I1(E,A) and ||A|l1, .o = M.

In particular if
Z Qi = Z @i ks

i€l i€En11
for all n, k, then

1Al Ea =sup Y g

i€ Fq
Proof. Suppose that x is in {; and

o

uk=§ Eai,k_ E Qi k|

n=1 |i€E, i€En 41
for all k. We have

o0

[ee]
[AZ[1ma <D YD aik— > aik| |l

n=1k=1 |icE, i€En 41

00
=D uklal
k=1

< M|jzf]s.

which says that ||A|l;1 g.a < M. Conversely, we take x = e, which e,
denotes the sequence having 1 in place n and 0 elsewhere, then ||z|; =1
and ||Az||1, g,A = u, which proves that ||Alj1 gA = M. O

Now we are ready to compute the norms of Copson and Hilbert op-
erators from sequence space [; into {1 (E, A). We recall that the Copson
matrix operator C' = (¢, 1) is defined by

P %forngk
k=10 forn > k.

Corollary 3.2. If C is the Copson operator and |Ey,| > |En+1| for all
n, then C is a bounded operator from 1y into l;(E,A) and ||C||1,ga = 1.
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Proof. Since
M = sup Z cikp=c11 =1,
koiem

the result will gain by Theorem BTl U
Corollary 3.3. If C is the Copson operator and E, = {n} for all n,
then C is a bounded operator from ly into l1(A) and |C|[1 A = 1.

Remember that the Hilbert matrix H = (hy, 1) is defined by

1
n+k’
Corollary 3.4. If H is the Hilbert matriz and |E,| > |En11] for all n,
then H is a bounded operator from 1y into l1(E,A) and

I = (n,k=1,2,...).

1
H R T S
I HI’E’A 2 + + max Fq + 1

Proof. Since M = supy ) ;¢ g, Pk, we obtain the desired result from
Theorem BI. O

Corollary 3.5. If H is the Hilbert matriz, then H is a bounded operator
from Uy into I1(A) and |[H |1, = 3.

Proof. Let E, = {n} in Corollary B4, so the proof is obvious. O

In the sequel, we want to find the norm of Copson and Hilbert matrix
operators from [, into 1,(E, A) for p > 1. To do this, we state the Schur’s
Theorem and a lemma which are needed to prove our main results.

Theorem 3.6 (7], Theorem 275). Let p > 1 and B = (by 1) be a matriz
operator with by > 0 for all n,k. Suppose that C, R are two strictly
positive numbers such that

> bup <C  forallk,

n=1

Z bpr <R foralln,
k=1

(bounds for column and row sums respectively). Then
| B, < RP~V/PC/P,
Lemma 3.7. If A = (an ) and B = (b, ) are two matriz operators

such that
bk = D Gik— Y ik,

(ST iEEn+1
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then
|Allp,z.a = [|Bllp-

Hence, if B is a bounded operator on l,, then A is also a bounded operator
from 1, into I,(E, A).

In below, we compute the norm of the Copson matrix operator for
p>1.

Theorem 3.8. Suppose that p > 1 and N is a positive integer and

E,={nN—-—N+1,nN—-N+2,....nN} for alln. If C is the Copson

matriz operator, then it is a bounded operator from 1, into l,(E, A) and
p=1

N—-1 N-2 1 ) »

<(nN
p’E’A—( TNTi TN 2T TN

IC]

In particular if E,, = {n} for all n, then we have ||C||p.p.a = 1.
Proof. By using Lemma B72 ||C

bn,kZE Cik — E Ci k-
i€Ey, i€ Ent1

Let C, R be defined as in Theorem BH. We deduce that R, < Ry and
C,, <1 for all n. Since

».EA = || Bllp, where

1 fork < N
bip=< H=E for N<k<2N-1
0 for k > 2N,
and
N—-1 N-2 1
=N e
i SR IR e

it can conclude that ||C|[pa.r < R®=D/P_ In particular if E, = {n}
for all n, then Ry = 1 so ||C|,,e.a < 1. Now let & = e, then Cx = x
and this completes the proof of the theorem. O

At last, we solve the problem of finding the norm of the Hilbert matrix
operator for p > 1.

Theorem 3.9. Let H be the Hilbert operator and p > 1. If N is a
positive integer and Ep, = {nN — N +1,nN —N+2,... . nN} for all n,
then H is a bounded operator from l, into l,(E,A) and

Hlpas (bp 2 N e S ST
pEA =193 N OIN 2 N+1)
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Proof. By using Lemma B2 || H||p,g,a = || B||p, where

Let

bp i = Z hig — Z i

i€EEy, iEEn+1

C, R be defined as in Theorem BH. We deduce that R, < R; and

C,, < (4 for all n. But

o0
1 2 N +1 1
Ry = b1, = -4+ = 4o LT T
1 ;Lk sttty Ty
and
oo
1 1
C i b = — o S
1 Z nl =5 +ee NIl
n=1
hence the result is gained. O
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