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Contra §*-continuous and almost contra $*-continuous
functions

Appachi Vadivel'*, Radhakrishnan Ramesh?, and Duraisamy Sivakumar®

ABSTRACT. The notion of contra continuous functions was intro-
duced and investigated by Dontchev. In this paper, we apply the
notion of B*-closed sets in topological space to present and study
a new class of functions called contra [3*-continuous and almost
contra [*-continuous functions as a new generalization of contra
continuity.

1. INTRODUCTION AND PRELIMINARIES

Generalized open sets play a very important role in General Topol-
ogy and they are now the research topics of many topologist worldwide.
Indeed a significant theme in General Topology and Real Analysis con-
cerns the variously modified forms of continuity, separation axioms etc,
by utilizing generalized closed sets. Recently, as generalization of closed
sets, the notion of 5*-closed sets were introduced and studied by [I5].

Dontchev [d] introduced the notions of contra continuity and strong
S-closedness in topological spaces. He defined a function f: X — Y is
contra continuous if the preimage of every open set of Y is closed in X. A
new weaker form of this class of functions called contra semicontinuous
function is introduced and investigated by Dontchev and Noiri [5]. Cal-
das and Jafari [?] have introduced and studied contra S-continuous func-
tion. Jafari and Noiri [8, 9] introduced and investigated the notions of
contra super continuous, contra precontinuous and contra a-continuous
functions. Almost contra precontinuous functions were introduced by
[6] and recently have been investigated further by Noiri and Popa [I4].
Nasef [3] has introduced and studied contra ~y-continuous function. In
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this direction, we will introduce the concept of contra SB*-continuous
and almost contra S*-continuous functions via the notion of 8*-open set
and study some properties of contra *-continuous and almost contra
B*-continuous functions.

All through this paper, (X,7) and (Y, o) stand for topological space
with no separation axioms assumed, unless otherwise stated. Let A C X,
the closure of A and the interior of A will be denoted by CI(A) and
Int(B), respectively.

Let A be a subset of a space (X, T). The set N{U : U € T and
A C U} is called kernal of A and is denoted by ker(A) [12].

Lemma 1.1 ([8]). The following properties hold for subsets A, B of a
space X:

(1) x € ker(A) if and only if ANF # ¢ for any F € C(X,x),

(2) A Cker(A) and A =ker(A) if A is open in X,

(3) if A C B, then ker(A) C ker(B).

2. CONTRA (*-CONTINUOUS FUNCTIONS

Definition 2.1. A subset A of a topological space (X, 7) is called a

(1) generalized closed (briefly g-closed) [I1] if C1(A) C U whenever
A CU and U is open in (X, 7).

(ii) f*-closed [IH] if Cl(Int(A)) € U whenever A C U and U is
g-open in (X, 7).

Example 2.2. If we give R the topology having as basis all the intervals
[a,b), then with this topology R is S*-closed (resp., g-closed) because
the intervals [a, b) are closed (resp., g-closed) as well as open, since their
complements (—oo, a) U [b, 00) are open (resp., g-open), being the union
of the basis intervals [a — n,a) and [b,b+n) forn =1,2,....

Definition 2.3. A function f : X — Y is called *-continuous [7] if
for each € X and each open set V of Y containing f(x), there exists
U € *O(X, x) such that f(U) C V.

Definition 2.4. A bijection f : (X, 7) — (Y, 0) is called 5*-homeomorph
ism [I8] if f and f~! are both $*-continuous and 3*-closed.

Example 2.5. Let (—1, 1) has the standard topology, and define a func-
tion f: R — (—=1,1) by f(z) = %m It is apparent from the graph that
f is bijection between R and (—1,1). It is also apparent that preimages
of open intervals are open intervals for both f and f~'. Therfore, f and
f~! are both B*-continuous, and it follows that f is a homeomorphism

between R and (—1,1).
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Definition 2.6. A function f : X — Y is called contra-3*-continuous
(resp., contra-continuous [@]) if f~1(V) is B*-closed (resp., closed) in X
for each open set V of Y.

Example 2.7. Let X = R with the usual topology 7 and Y = {a, b, ¢, d}
with the topology o = {¢,Y,{a},{b},{a,b},{a,b,c}}. Then the func-
tion f: (X,7) — (Y, 0) defined by

_Je, ifz=0Q,
f(x)_{a, if 2+ Q,

is contra S*-continuous.

Definition 2.8. A function f : X — Y is said to be almost-3*-continuous
(resp., almost continuous [14]) if f~(V) is B*-open (resp., open) in X
for each regular open set V of Y.

Remark 2.9. Every contra continuous function is contra S*-continuous
but the converse is not true, as shown in the following example.

Example 2.10. Let X =Y = {a,b} with 7 = 0 = {X,¢,{a}}. Let
f:(X,7) = (Y,0) be the identity map. Then f is contra S*-continuous
but not contra continuous, where {a} is open in Y but it is not closed
in X.

Theorem 2.11. The following are equivalent for a function f: X — Y

(1) f is contra-B*-continuous,

(2) for every closed subset F of Y, f~1(F) € 8*O(X),

(3) foreachz € X and F € C(Y, f(x)), there exists U € B*O(X, x)
such that f(U) C F,

(4) f(B*CIl(A)) C ker(f(A)) for every subset A of X,

(5) B*ClL(f~Y(B)) C f~(ker(B)) for every subset B of Y.

Proof. The implications (1)<(2) and (2)=-(3) are obvious.

(3)=(2) Let F be any closed subset of Y and # € f~'(F). Then
f(z) € F and there exists U, € f*O(X, z) such that f(U,) C F.
Therefore, we obtain f~}(F) = J{U.|x € f~Y(F)} and f~1(F)
is B*-open, since 73+ is a topological space.

(2)=-(4) Let A be a subset of X. Suppose that y ¢ ker(f(A)). Then by
Lemma [0, there exists F' € C(Y, f(z)) such that f(A)NF = ¢.
Thus, we have ANf~1(F) = ¢ and since f~!(F) is f*-open then
we have B*CI(A) N f~1(F) = ¢. Therefore, we have obtain
f(B*CUHA)NF) =¢ and y ¢ f(B*CI(A)). This implies that

f(B*CI(A) C ker(f(A)).
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(4)=-(5) Let B be any subset of Y. By (4) and Lemma [T, we have
F(B*CUfH(B))) C ker(f(f7(B))) C ker(B)
thus *CI(f~H(B)) € [~ (ker(B)).
(5)=(1) Let V' be any open set of Y. Then by Lemma I, we have

Breuf- HV)) € (ker(V ) = f7HV) and BCIU(f~H(V)) =
f71(V). This show that f~1(V) is B*-closed in X.

g

Theorem 2.12. If a function f : X — Y 1is contra-g*-continuous and
Y is reqular, then f is B*-continuous.

Proof. Let x be an arbitrary point of X and let V be an open set of
Y containing f(x), since Y is regular, there exists an open set W in Y
containing f(z) such that CI(W) C V. Since f is contra §*-continuous,
so by Theorem PTI(3) there exists U € 8*O(X,z) such that f(U) C
CIl(W). Then f(U) C CI(W) C V. Hence f is f*-continuous. O
Definition 2.13. A space (X, 7) is said to be *-space (resp., locally
p*-indiscrete) if every [*-open set is open (resp., closed) in X.

For any space (X, 7), we have 7 C 7g+. So the following results follows
immediatly.
Theorem 2.14. A function f : (X,7) = (Y, 0) is contra-B*-continuous
if and only if f : (X, 75+) = (Y, 0) is contra-continuous.
Theorem 2.15. If a function f : X — Y is contra-g*-continuous and

X is B*-space, then f is contra-continuous.

Theorem 2.16. Let X be locally 5*-indiscrete. If a function f : X — Y
s contra B*-continuous, then f is continuous.

Definition 2.17. A function f: X — Y is called almost-3*-continuous
if for each x € X and each open set V' of Y containing f(x), there exists
U € p*O(X, z) such that f(U) C p*Int(CI(V)).

Definition 2.18. A function f : X — Y is said to be pre-8*-open if the
image of each 5*-open set is 8*-open.

Theorem 2.19. If a function f: X — Y is pre-B8*-open and contra-3*-
continuous function, then f is almost-3*-continuous.

Proof. Let x be any arbitrary point of X and V be an open set containing
f(x). Since f is contra-3*-continuous, then by Theorem P11 (3) there
exists U € *O(X, x) such that f(U) C CI(V). Since f is pre-3*-open,
f(U) is p*-open in Y. Therefore,

fU) = B Int f(U) € 55 Int(CI(f(U))) € B Int(CLV)).

This shows that f is almost-8*-continuous. O
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Definition 2.20. A function f : X — Y is said to be almost weakly
B*-continuous if for each x € X and each open neighborhood V of f(x)
there exists U € *O(X, x) such that f(U) C CI(V).

Theorem 2.21. If a function f : X — Y is contra-f*-continuous, then
f is almost weakly B5*-continuous.

Proof. Let V' be any open set of Y. Since CI(V) is closed in Y, by
Theorem 211 (3), f~1(CI(V)) is f*-open in X and set U = f~1(CI(V)),
then we have f(U) C CIl(V). This shows that f is almost weakly §*-
continuous. g

Since the family of all 5*-open subsets of a space (X, 7), denoted by
7+, forms a topology on X finer than 7, then the §*-frontier of A, where
A C X, is defined by g*Fr(A) = *CIl(A) N B*CU(X — A).

Theorem 2.22. The set of all points x of X for which f: X — Y is
not contra-B*-continuous is identical with the union of the B*-frontier
of the inverse images of closed sets of Y containing f(x).

Proof. Suppose f is not contra-g*-continuous at © € X. There exists
F € C(Y, f(x)) such that f(U)N (Y — F) # ¢ for every U € *O(X, x)
by Theorem ZI0 This implies that U N f~1(Y — F) # ¢. Therefore, we
have

ze fTUF) CBCUf (Y - F))
= B*CUX — fH(F)).
However, since z € f~1(F) C g*CI(f~1(F)), thus
v € BCUSH(F)) N FCUSHY - F)).
Therefore, we obtain x € *Fr(f~(F)). Suppose that
v € BT f(fHF)),

for some F' € C(Y, f(x)), and f is contra-f*-continuous at x, then there
exists U € f*O(X, z) such that f(U) C F. Therefore, we have x € U C
f~Y(F) and hence

x € Int(f71(F)) C X - B*Fr(f~'(F)).

This is a contradiction. This mean that f is not contra-3*-continuous.
O

Theorem 2.23. Let f: X — Y be a function and let g: X - X XY
be the graph function of f defined by g(x) = (x, f(x)) for every z € X.
If g is contra-B*-continuous, then f is contra-f*-continuous.
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Proof. Let U be an open set in Y, then X x U is an open set in X x Y.
Since g is contra-3*-continuous. It follows that f~1(U) = ¢71(X x U)
is an B*-closed in X. Thus, f is contra-3*-continuous. O

Theorem 2.24. If f : X — Y andg : X — Y are contra-8*-continuous,
and Y is Urysohn, then E = {x € X : f(z) = g(x)} is B*-closed in X.

Proof. Let x € X — E. Then f(z) # g(z). Since Y is Urysohn, there
exist open sets V' and W such that f(z) € V, g(x) € W, and Cl(V) N
CI(W) # ¢. Since f and g are contra-3*-continuous, then f~1(CI(V))
and g~ }(CI(W)) are B*open sets in X. Let U = f~1(CI(V)) and G =
g Y (Cl(W)). Then U and V are *-open sets containing x. Set A =
U NG, thus A is f*-open in X. Hence,

f(A)Ng(4) = fUNG)Ng(UNG)
c fU)Ng(G)
=Cl(V)NnCLW)
Therefore, ANE = ¢ and = ¢ B*CI(E). Hence, E is f*-closed in X. O

A subset A of a topological space X is said to be g*-dense in X if
B*CIl(A) = X.

Theorem 2.25. Let f: X — Y and g: X — Y be functions. If Y is
Urysohn, f and g are contra-f*-continuous and f = g on B*-dense set
ACX, then f=¢g on X.

Proof. Since f and g are contra-3*-continuous and Y is Urysohn, by the
previous Theorem 224, E = {z € X : f(z) = g(z)} is f*-closed in X.
By assumption, we have f = g on $*-dense set A C X. Since A C F
and A is f*-dense set in X, then X = 5*CIl(A) C f*CI(E) = E. Hence,
f=gon X. O

Definition 2.26. A space X is called *-connected [[6] provided that
X is not the union of two disjoint nonempty S*-open sets.

Example 2.27. The real line R with the usual topology is a f*-connected
space since R and ¢ are the only subsets of R which are both $*-open
and F*-closed.

Example 2.28. If we give R the topology having as basis all the inter-
vals [a,b), then with this topology R is not *-connected, because the
intervals [a, b) are closed (resp., g-closed) as well as open (resp., g-open)
since this complements (—oo,a] U [b, 00) are open (resp., g-open), being
the union of the basis intervals [ — n,a) and [b,b+n) for n =1,2,....
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Theorem 2.29. If f: X — Y is a contra-8*-continuous function from
an B*-connected space X onto any space Y, then Y is not a discrete
space.

Proof. Suppose that Y is discrete. Let A be a proper nonempty open and
closed subset of Y. Then f~1(A) is a proper nonempty 3*-clopen subset
of X, which is a contradiction to the fact that X is g*-connected. [

Theorem 2.30. If X — Y is contra-B*-continuous surjection and X is
B*-connected, then Y is connected.

Proof. Suppose that Y is not connected space. Then there exists two
nonempty disjoint open sets V1 and V5 such that Y = V3 U V5. Therefore,
Vi and Vi are clopen in Y. Since f is contra-3*-continuous, f~(V;)
and f~1(V3) are B*-open in X. Moreover, f~1(V;) and f~1(V5) are
nonempty disjoint and X = f~1(V1) U f~1(V3). This shows that X
is not *-connected. This is a contradiction. This means that Y is
connected. O

Theorem 2.31. A space X is 5*-connected, if every contra-8*-continuous
function from a space X in to any Ty-space Y is constant.

Proof. Suppose that X is not 8*-connected and every contra-3*-continuous
function from X in to Y is constant. Since X is not $*-connected, there
exists a proper nonempty *-clopen such that A of X. Let Y = {a, b},
and 7 = {Y, ¢, {a}, {b}} be a topology for Y. Let f: X — Y be a func-
tion subset f(A) = {a} and f(X —A) = {b}. Then f is nonconstant and
contra-3*-continuous such that Y is T which is a contradiction. Hence,
X must be f*-connected. O

Definition 2.32. A space X is said to be 8*-T} if each pair of distinct
points « and y of X, there exists f*-open sets U and V containing z
and y respectively, such that y ¢ U and = ¢ V.

Theorem 2.33. A topological space X is a 5*-T1-space iff every single-
ton subsets {p} of X are B*-closed.

Since finite unions of $*-closed sets are S*-closed, the above Theorem
implies:
Corollary 2.34. (X,T) is a *-T1-space if and only if T contains the
cofinite topology on X.

Example 2.35. The cofinite topology on X is the coarsest toplogy on
X for which (X, T) is a 8*-T1-space by corollary EZ34. Hence the cofinite
topology is also called the 5*-T;-topology.

Definition 2.36. A space X is said to be 5*-T5 if for each pair of distinct
points z and y in X, there exist U € f*O(X,z) and V € 8*O(X, y) such
that UNV = ¢.
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Example 2.37. Let Z be the topology on the real line R generated by
the open-closed intervals (a,b]. Then (R, Z) is 8*-T,-space.

Example 2.38. Let

Yzq—zmu{nl

write the topology induced from

ﬂnzLQ,”}UUJL

1
X = (-
( OO’O]U{n—i—l

Take the topology on X defined by neighborhood system:

(1) neighborhoods of any = € (—o00,0) U (1,00) are the sets (z —
€, * + €), where € > 0,

(2) The neighborhoods of 0 are the sets (—e, O]U{n%rl\ neN— F},

where € > 0 and F is finite.
(3) The neighborhoods of 1 are the sets [1,¢€) U { LineN - F},

n+1
where € > 0 and F' is finite.

|n:1,2,...}u[1,oo).

The neighborhood of n%rl, where n € N, is the set {%—‘rl} Then 0

and 1 have no disjoint neighborhoods. Therefore X is not 5*-T5. Then
Y is a 8* compact closed subspace of X which is not 8*-T5.

Definition 2.39 ([I7]). A topological space (X,7) is said to be [*-
regular if for every ([*-closed set F and a point x ¢ F', there exist
disjoint open sets U and V such that F C U and x € V.

Definition 2.40. A topological space (X, 7) is said to be 5*-T5 if it is
B*-regular with 8*-T7.

Definition 2.41 ([I7]). A topological space (X,7) is said to be §*-
normal if for each pair of disjoint 8*-closed sets A and B, there exist a
pair of disjoint open sets U and V in X such that AC U and BC V.

Definition 2.42. A topological space (X, 7) is said to be 5*-Ty if it is
B*-normal with §*-T7.

Example 2.43. Every indiscrete space is trivially a §*-regular space
and every discrete space is 8*-regular.

Example 2.44. A p*-space need not be S*-regular and hence it is not
B*-regular. Consider the set of all real numbers. Let By = {z} U I,
where I, contains only the rationals in an open intervals around x. Then
B ={B, : x € R} is a base for a topology 7. Thus (R, 7) is a topological
space which is 8*-T5 also. But it is not a 8*-regular space, since the
irrationals in R form a (*-closed set and cannot be sequenced from a
rational number by G*-open sets.
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Example 2.45. Any indiscrete space X is vacuously S*-normal, if it is
not a [*-Ty-space unless X is a singleton set.

Example 2.46. Every discrete space is a 8*-Ty-space.

Theorem 2.47. Let X and Y be topological spaces. If

(1) for each pair of distinct points x and y in X there erists a
function f of X intoY such that f(x) # f(y),

(2) Y is an Urysohn space,

(3) f is contra-5*-continuous at x and y, then X is f*-T5.

Proof. Let x and y be any distinct points in X. Then, there exists an
Urysohn space Y and a function f : X — Y such that f(z) # f(y) and
f is contra-f*-continuous at = and y. Let a = f(x) and b = f(y). Then
a # b. Since Y is an Urysohn space, there exist open sets V and W
containing a and b, respectively, such that CI{(V) N Cl(W) = ¢. Since
f is contra-S*-continuous at x and y, then there exist S*-open sets A
and B containing a and b, respectively, such that f(A) C CI(V) and
f(B) C CY(W). Then f(A)N f(B) = ¢, so AN B = ¢. Hence, X is
B*-Ts. O

Corollary 2.48. Let f : X = Y be contra-S*-continuous injection. If
Y is an Urysohn space, then X is 5*-15.

3. ALMOST CONTRA-(*-CONTINUOUS FUNCTIONS

In this section, we introduce a new type of continuity called almost
contra-3*-continuous which is weaker than contra-g*-continuous.

Definition 3.1. A function f: X — Y is said to be almost contra-3*-
continuous (resp., almost contra-precontinuous [6]) if f~1(V) € *C(X)
(resp., f~1(V) € PC(X)) for every V € RO(X).

Theorem 3.2. The following statements are equivalents for a function
f: X->Y:

(1) f is almost contra-B*-continuous,

(2) f7UF) € B*O(X,x) for every F € RC(Y),

(3) for each x € X and each regular closed set F in'Y containing
f(x), there exists a *-open set U in X containing x such that
fU)CF,

(4) for each x € X and each regular open set V in'Y noncontaining
f(x), there exists a f*-closed set K in X noncontaining x such

that f~1(V) C K.

Proof.(1)<(2) Let F' be any regular closed set of Y. Then Y — F is
regular open. By (1), f~}(Y — F) = X — f~Y(F) € p*C(X).
We have f~1(F) € 8*O(X). The converse is obvious.



64 A. VADIVEL, R. RAMESH, AND D. SIVAKUMAR

(2)=-(3) Let F' be any regular closed set in Y containing f(z). Then by
(2), f7YF) € B*O(X) and x € f~Y(F). Take U = f~Y(F).
Then f(U) € F.

(3)=>(2) Let F be any regular closed set in Y and # € f~!(F). From (3),
there exists a f*-open U, € X containing = such that f(U,) C
F, thus U, C f~'(F). We have f~'(F) C Uyep-1(pyUs. This
implies that f~!(F) is 3*-open.

(3)<(4) Let V be any regular open set in Y noncontaining f(z). Then
Y —V is aregular closed set containing f(x). By (3), there exists
a (*-open set U in X containing = such that f(U) CY — V.
Hence, U C f~Y(Y - V) C X — f~1(V) and then f~1(V) C
X —U. Take H = X — U. We obtain that H is an $*-closed
set in X noncontaining x. The converse is obvious.

g

A space (X, 1) is anti-locally countable [I] if all non-empty open sub-
sets are uncountable. Note that R with usual topology is anti-locally
countable space.

Lemma 3.3 ([0]). If (X,7) is an anti-locally countable space, then
B*CIL(A) = Cl(A) for every *-open subset of X and Int(A) = f*Int(A)
for every B*-closed subset of X.

Definition 3.4 ([1]). A space (X, 7) is called locally countable, if each
point z € X has a countable open neighborhood.

Lemma 3.5 ([I]). If (X, 7) is a locally countable space, then T« is the
discrete topology on X.

Definition 3.6. A function f : X — Y is said to be regular set-
connected if f~!(V) is clopen in X for each regular open set V of Y.

Theorem 3.7. Let (X, 7) be an anti-locally countable space, if a func-
tion f: X =Y s almost contra-B*-continuous and almost continuous,
then f is reqular set-connected.

Proof. Let V' be any regular open set in Y. Since f is almost contra-
B*-continuous and contra continuous, f~!(V) is B*-closed and open.
Thus B*CI(f~1(V)) = f~1(V), since (X, 7) is an anti-locally countable
space, then by Lemma B3, we have 8*CI(f~1(V)) = CI(f~1(V)). Hence
f~1(V) is clopen. We obtain that f is regular set-connected. O

Definition 3.8 ( [20]). A space X is said to be weakly Hausdorff if each
element of X is an intersection of regular closed sets.

Theorem 3.9. If f : X — Y is an almost contra-8*-continuous injec-
tion and Y is weakly Hausdorff, then X is 8*-T7.
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Proof. Suppose that Y is weakly Hausdorff. For any distinct points x
and y in X, there exist V', W which are regular closed in Y such that
fx) eV, fly) ¢ V, f(z) ¢ W, and f(y) € W. Since f is almost
contra-B3*-continuous, then f~1(V) and f~!(W) are 3*-open subsets of
X such that z € f~Y(V), y ¢ f~Y(V), 2 ¢ f~Y(W) and y € f~1(W).
This shows that X is 8*-T17. Il

Corollary 3.10. If f : X — Y is a contra-8*-continuous injection and
Y is weakly Hausdorff, then X is *-17.

Theorem 3.11. If f : X — Y is almost contra-B*-continuous surjection
and X is B*-connected, then Y is connected.

Proof. Suppose that Y is not connected space. There exist nonempty
disjoint open sets Vi and V5 such that Y = Vj U V. Therefore, V; and
V4 are clopen sets. Thus they are regular open in Y. Since f is almost
contra-3*-continuous, f~1(V;) and f~1(V3) are 3*-open in X. Moreover,
f~1(V1) and f~1(V3) are nonempty disjoint and X = f~1(V1)U f=1(1%).
This shows that X is not §*-connected. This is a contradiction. This
means that Y is connected. O

Definition 3.12. A space X is said to be

(1) B*-compact if every S*-open cover of X has a finite subcover,

(2) countably 8*-compact if every countable cover of X by [*-open
sets has a finite subcover,

(3) B*-Lindelof if every *-open cover of X has a countable sub-
cover,

(4) S-Lindelof [B] if every cover of X by regular closed sets has a
countable subcover,

(5) countably S-closed [3] if countable cover of X by regular closed
sets has a finite subcover,

(6) S-closed [0T0] if regular closed cover of X has a finite subcover.

Example 3.13. In Example 2238, The subspace

1
Z =4{0,1} U =1,2,...
onuf tim-t2..}

of X is B*-closed and B*-compact.

Theorem 3.14. Let f : X — Y be an almost contra-B*-continuous
surjection. The following statements hold:

(1) if X is B*-compact, then Y is S-closed,

(2) if X is B*-Lindeldf, then Y is S-Lindeldf,

(3) if X is countably B*-compact, then'Y is countably S-closed.
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Proof. We prove only (1), let {V,, : « € I} be any regular closed cover
of Y. Since f is almost contra-3*-continuous, then {f~*(V,): a € I} is
an 5*-open cover of X and hence there exists a finite subset Iy of I such
that X = U{f~'(V4) : a € I} therefore we have Y = U{V,, : a € Iy}
and Y is S-closed. U

Definition 3.15. A space X is said to be

(1) p*-closed compact if every [*-closed cover of X has a finite
subcover,

(2) countably S*-closed compact if every countable cover of X by
(B*-closed sets has a finite subcover,

(3) B*-closed-Lindeldf if every cover of X by (*-closed sets has a
countable subcover,

(4) nearly compact [19] if every regular open cover of X has a finite
subcover,

(5) nearly countably compact [19] if every countably cover of X by
regular open sets has a finite subcover,

(6) nearly Lindelof [IY] if every cover of X by regular open sets has
a countably subcover.

Theorem 3.16. Let f : X — Y be an almost contra-B*-continuous
surjection. The following statements hold:

(1) if X is B*-closed compact, then'Y is nearly compact,

(2) if X is B*-closed-Lindeldf, then' Y is nearly-Lindeldf,

(3) if X is countably 5*-closed compact, then'Y is nearly countably
compact.

Proof. We prove only (1), let {V,, : @ € I} be any regular open cover of
Y. Since f is almost contra-3*-continuous, then {f~1(V,) : a € I} is
an [*-closed cover of X. Since X is B*-closed compact, there exists a
finite subset Iy of I such that X = [J{f~}(V4) : @ € Ip}. Thus, we have
Y = {Va:a € lp} and Y is nearly compact. O

Definition 3.17 ([20]). A space X is said to be mildly compact (resp.,
mildly countably compact, mildly Lindel6f) if every clopen cover (resp.,
clopen countably cover, clopen cover) of X has a finite (resp., a finite, a
countable) subcover.

Theorem 3.18. Let (X, T) be an anti-locally countable space, if f : X —
Y be an almost contra-B*-continuous and almost continuous surjection
and X is mildly compact (resp., mildly countably compact, mildly Lin-
deldf), then'Y is nearly compact (resp., nearly countably compact, nearly

Lindeldf) and S-closed (resp., countably S-closed, S-Lindelof).

Proof. Let V be any regular closed set on Y. Then since f is almost
contra-3*-continuous and almost continuous, then f~1(V) is B*-open
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and closed in X. By Lemma BZ3, we have Int(f~1(V)) = g*Int(f~1(V))
= f~YV). Hence, f~1(V) is clopen. Let {V, : a € I} be any regular
closed (resp., regular open) cover of Y. Then {f~1(V,) : a € I} is a
clopen cover of X and since X is mildly compact, there exists a finite
subset Iy of I such that X = U{f~1(V,) : a € Iy}. Since f is surjection,
we obtain Y = U{V, : @ € Iy}. This shows that Y is S-closed (resp.,
nearly compact). The other proofs are similar. O

Theorem 3.19. If f : X — Y is contra-B*-continuous and A is 5*-
compact relative to X, then f(A) is strongly S-closed in'Y .

Proof. Let {V; : i € I} be any cover of f(A), by closed sets of the
subspace f(A). For i € I, there exists a closed set A; of Y such that
Vi = A; N f(A). For each x € A, there exists i(z) € I such that
f(z) € Aj(;) and by Theorem PTT, there exists U, € f*O(X,r) such
that f(Uy) C Ajz). Since the family {U, : * € A} is a cover of A
by p*-open sets of X, there exists a finite subset Ay of A such that
A C|\H{U, : x € Ap}. Therefore, we obtain f(A) C U{f(Us) : z € Ao}.
Which is a subset of (J{ A : @ € Ao}. Thus f(A) = U{Vj@) : © € Ao}
and hence f(A) is strongly S-closed. O

Corollary 3.20. If f : X — Y is contra-B*-continuous surjection and
X is f*-compact, then Y is strongly S-closed.

4. CONTRA-CLOSED GRAPHS

Recall that for a function f : X — Y, the subset {(x, f(z)) : €
X} C X xY is called the graph of f and is denoted by G(f).

Definition 4.1. The graph G(f) of a function f : X — Y is said
to be contra-g*-closed if for each (z,y) € (X,Y) — G(f), there exist
U e p*O(X,z) and V € C(Y,y) such that (U x V)NG(f) = ¢.

The following results can be easily verified.

Lemma 4.2 ([6]). Let G(f) be the graph of f, for any subset A C X
and B CY, we have f(A) N B = ¢ if and only if (A x B)NG(f) = ¢.

Lemma 4.3. The graph G(f) of f : X — Y is contra-f*-closed in X XY’
if and only if for each (z,y) € (X xXY)—G(f), there exist U € B*O(X, )
and V€ C(Y,y) such that f(U)NV = ¢.

Theorem 4.4. If f : X — Y is contra-B*-continuous and Y is Urysohn,
then G(f) is contra-B*-closed in X x Y.

Proof. Let (z,y) € (X xY)— G(f). Then y # f(x) and there exist
open sets V, W such that f(z) € V, y € W, and Cl{(V) N CI(W) = ¢.
Since f is contra-#*-continuous, there exists U € *O(X,z) such that
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f(U) C CI(V). Therefore, we obtain f(U) N CI(W) = ¢. This shows
that G(f) is contra-3*-closed. O

Theorem 4.5. If f : X — Y is §*-continuous and Y is Ty, then G(f)
1s contra-f*-closed in X xX Y.

Proof. Let (x,y) € (X xY)—G(f). Then y # f(z) and there exists open
set V of Y, such that f(x) € V, y ¢ V. Since f is f*-continuous, there
exists U € f*O(X, z) such that f(U) C V. Therefore, f(U)N(Y —=V) =
¢ and Y —V € C(Y,y). This shows that G(f) is contra-#*-closed in
X xY. O

Definition 4.6. The graph G(f) of a function f: X — Y is said to be
strongly contra-g*-closed if for each (z,y) € (X,Y) — G(f), there exist
U e p*O(X,z) and V € RC(Y,y) such that (U x V)N G(f) = ¢.

Lemma 4.7. The graph G(f) of f : X =Y s strongly contra-f*-closed
graph in X x'Y if and only if for each (xz,y) € (X xY) — G(f), there
exist U € B*O(X,z) and V € RC(Y,y) such that f(U)NV = ¢.

Theorem 4.8. If f : X — Y is almost weakly-5*-continuous and Y is
Urysohn, then G(f) is strongly contra-8*-closed in X x Y.

Proof. Suppose that (z,y) € (X xY) — G(f). Then y # f(x). Since Y
is Urysohn, there exist open sets V and W in Y containing y and f(x),
respectively, such that CI(V) N CI(W) = ¢. Since f is almost weakly-
B*-continuous, by Definition there exists U € B*(X,x) such that
f(U) C Cl(W). This shows that f(U)NCI(V) = f(U)NCI(Int(V)) = ¢,
where Cl(Int(V)) € RC(Y) and hence by Lemma B70 we have G(f) is
strongly contra-3*-closed. O

Theorem 4.9. If f : X — Y is almost contra-B*-continuous, then f is
almost weakly-5* -continuous.

Proof. Let € X and V' be any open set of Y containing f(z). Then
Cl(V) is a regular closed set of Y containing f(z). Since f is al-
most contra-*-continuous, by Theorem B, there exists U € *O(X, x)
such that f(U) C CI(V). By Definition f is almost weakly-5*-
continuous. 0

Corollary 4.10. If f : X — Y is almost contra-B*-continuous and Y
is Urysohn, then G(f) is strongly contra-§*-closed.

The following results can be easily verified.

Lemma 4.11. A function f : X — Y is almost B*-continuous, if and
only if for each x € X and each reqular open set V of Y containing f(z),
there exists U € B*O(X, x) such that f(U) C V.
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Theorem 4.12. If f : X — Y is almost B*-continuous and Y is Haus-
dorff, then G(f) is strongly contra-3*-closed.

Proof. Suppose that (z,y) € (X xY) — G(f). Then y # f(z). Since Y’
is Hausdorff, there exist open sets V and W in Y containing y and f(x),
respectively, such that V N W = ¢, hence Cl(V) N Int(CI(W)) = ¢.
Since f is almost 8*-continuous, and W is regular open by Lemma BT,
there exists U € *O(X,x) such that f(U) = W C Int(Cl(W)). This
shows that f(U)NCI(V) = ¢ and hence by Lemma 71, we have G(f)
is strongly contra-3*-closed. (|

We recall that a topological space (X, 7) is said to be extremely dis-
connected (E.D) if the closure of every open set of X is open in X.

Theorem 4.13. Let Y be E.D. Then a function f : X — Y is almost
contra-B*-continuous if and only if it is almost 5*-continuous.

Proof. Let x € X and V be any regular open set of Y containing f(x).
Since Y is E.D then V is clopen and hence V is regular closed. By
Theorem B2, there exists U € 8*O(X,z) such that f(U) C V. Then
Lemma B-TT implies that f is almost *-continuous. Conversely, let F'
be any regular closed set of Y. Since Y is E.D, F' is also regular open
and f~1(F) is B*-open in X. This shows that f is almost contra-3*-
continuous. (|

Theorem 4.14. If f : X — Y is an injective almost contra-f*-continuous
function with the strongly contra-3*-closed graph, then (X, 1) is 5*-T5.

Proof. Let x and y be distinct points of X. Then, since f is injective, we
have f(z) # f(y). Then we have (z, f(y)) € (X xY)—G(f). Since G(f)
is strongly contra-#*-closed, by Lemma A7 there exist U € *O(X,x)
and a regular closed set V' containing f(y) such that f(U) NV = ¢.
Since f is almost contra-f*-continuous, by Theorem B=, there exists
G € B*O(X,y) such that f(G) C V. Therefore, we have f(U)N f(G) =
¢; hence, U N G = ¢. This shows that (X, 7) is 8*-T5. O
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