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Some bi-Hamiltonian Systems and their Separation of
Variables on 4-dimensional Real Lie Groups

Ghorbanali Haghighatdoost'*, Salahaddin Abdolhadi-Zangakani? and Rasoul
Mahjoubi-bahman®

ABSTRACT. In this work, we discuss bi-Hamiltonian structures on
a family of integrable systems on 4-dimensional real Lie groups.
By constructing the corresponding control matrix for this family of
bi-Hamiltonian structures, we obtain an explicit process for finding
the variables of separation and the separated relations in detail.

1. INTRODUCTION

The study of bi-Hamiltonian systems, i.e., systems with two com-
patible Poisson structures, started with pioneering works of Magri and
Kosmann-Schwarzbach [5, @] and subsequent fundamental papers of
Gelfand and Dorfman [3], Magri and Morosi [6]. These works show that
integrability of systems can be closely connected to their bi-Hamiltonian
structures. It is proven that all classical systems have the bi-Hamiltonian
structure, and also by using the bi-Hamiltonian methods, many new
nontrivial and interesting examples of integrable systems can be found.
Moreover, bi-Hamiltonian structure is a very important factor not only
for finding new examples, but also for integration of systems, construct-
ing separable variables and description of properties of solutions. In [,
the integrable Hamiltonian systems with the symmetry Lie group as a 4-
dimensional phase space which has symplectic structure is constructed.
The list of symplectic 4-dimensional real Lie groups are classified in [R].
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The aim of this paper is to identify the variables of separation in the
framework of the bi-Hamiltonian geometry. This process consists of the
following calculation steps:

(i) For the canonical Poisson structures of the Lie groups, the com-
patible Poisson bi-vectors are obtained.

(ii) The control matrices associated to the Poisson bi-vectors are
obtained.

(iii) Variables of separation, eigenvalues of the control matrix, are
calculated.

(iv) The canonically conjugated momenta is obtained with respect
to the canonical Poisson bracket.

(v) The separated relations are identified.

2. BI-HAMILTONIAN STRUCTURES

In order to obtain the variables of separation based on the Hamilton-
ian geometry, we calculate the bi-Hamiltonian structure for the given
integrable system Hj o on the Poisson manifold M with initial Poisson
bi-vector P (see [0, I, I3] for the complete bibliography).

A bi-Hamiltonian manifold M is a smooth manifold endowed with
two compatible bi-vectors P, P’ such that

(2.1) [P, P] =0, [P, P'] =0, [P, P =0,

where [, ] is the Schouten bracket.
The bi-vectors P, P’ determine a pair of compatible Poisson brackets
on M,

{F(2),9()} = (df, Pdg)
dimM y 9f(2) Halz
- Y, P

ij=1
for all f,g € F(M) and similar brackets {,}' to P'.

Let Hy, H1, ..., H, be functionally independent functions on M and
in involution with respect to this compatible Poisson brackets

(22) {H“HJ}I{H“HJ}/:O z:O,,n,j:(],,n

According to [I0, [, T3], let us suppose that the desired Poisson bi-
vector P’ is the Lie derivative of P along some unknown Liouville vector
field X

(2.3) P'= Lx(P),
which must satisfy the equation

(2.4) [P, P =[Lx(P),Lx(P)]=0 & [LX(P),P]=0,
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with respect to the Schouten bracket [.,.]. By (223) bi-vector P’ is com-
patible with a given bi-vector P, i.e. [P, P'] = 0.

Within solutions of the equation (24) we choose partial solutions X such
that

(2.5) {H;,H;} =0 i=0,....,n,7=0,...,n.

Obviously enough, in their full generality the system of equations (223
2H) is too difficult to be solved. It is because it has infinitely many
solutions labeled by different separated coordinates, see [I1] and [I2].
In order to get particular solutions, we will use some special ansatze for
the Liouville vector field X.

To solve equations (2Z3)-(23H) we will use polynomials of momenta
ansatze for the components of the Liouville vector field X = Y X%9;

N k
(2.6) X' =37 Gy o)y g
k=0m=0

First, we assume N = 2, it means that X* will be generic second order
polynomials in momenta ys, y4 with coefficients gi. (y1,y2) depending on
variables y; and yo. Substituting this ansatze () into the equations
(23)-(Z4) and demanding that all the coefficients at powers of y3 and
y4 vanish, one gets the over determined system of equations which can
be solved in the modern computer algebra systems.

3. VARIABLES OF SEPARATION AND SEPARATED RELATIONS

In this section we consider new variables of separation and separated
relations for mentioned integrable systems. Suppose the canonical vari-

ables of separation (qi,...,qn,p1,--.,pn) and separated relations as
B . : 0¢;
(31) qSi(qi,pi,Hl,...,Hn) —0, 2—1,...,77,, with det 7é0,
0H,;
connecting single pairs (g;, p;) of canonical variables of separation with

the n functionally independent Hamiltonian Hq, ..., Hy.

According to [2], the bi-involutivity of the integrals of motion (272) is
equivalent to the existence of the control matrix F' = (Fj;) defined by

2
(3.2) P'dH; = P Y FydH; i=1,2.
j=1,2

If this matrix is non-degenerate, then its eigenvalues are desired sep-
arated coordinates ¢; which coincide with the Darboux-Nijenhuis co-
ordinates (eigenvalues of the recursion operator N = P'P~!) on the
corresponding symplectic leaves (see for more details [I0],[I1]).
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Separated coordinates p; are variables conjugated to ¢;:
(3.3) {ai,p;} =0
{ai,pi} = dijai,
In order to get explicit information about the separating relations (B71)
we will concentrate on the more precise notion of Stackel separability.
Recall that independent integrals of motion (Hy,..., H,) are Stackel

separable if the corresponding separated relations are given by the affine
equations in Hj, that is,

n
(3.4) ZSi’j(Qi’pi)Hj —Ui(qi,pi) ZO, 1= 1,...,77, s
j=1
where S is an invertible matrix. The functions .S; ; and U; depend only
on one pair (pj,q;) of canonical variables of separation.
In this case, S is called a Stackel matrix, and U is a Stackel potential.
For Stackel separable systems the suitable normalized left eigenvectors
of control matrix F' form the Stackel matrix S

(3.5) F = S~ Ydiag(q,...,q.)S.

3.1. A family of Integrable Systems on 4-dimensional Real Lie
Groups. In this section, we study the integrable Hamiltonian systems
with the symmetry Lie group as a 4-dimensional phase space having sym-
plectic structure. In other words, we consider non-degenerate Poisson
structure and integrable Hamiltonian systems on the Lie groups A4 1,
A;;, Ays, Ai:g, Ayr, A41179’ Ay 12 (see [M] for more details). Then
for the canonical Poisson structure P, calculate the compatible Poisson
bracket and bi-Hamiltonian structure for these 4-dimensional real Lie
groups as Poisson manifold.

Now, we begin by analyzing the Lie group A4 . We first introduce
the Poisson structure and an integrable Hamiltonian system on this Lie
group, following [[]. According to (28), we find the Darboux coordinates
and the Poisson bi-vector for A4 1. Similar considerations apply to the
well-known 4-dimentional Lie groups A;;, Ay, Aig, Ay, Aig, Asi2.
Their nonzero Poisson brackets, Darboux coordinates, integrable Hamil-
tonian systems and Poisson bi-vectors are summarized in the tables 1
and 2.

3.2. Lie Group A4 1. The non-degenerate Poisson structure on Ay4q
can be obtained in the following forms (see [1] for more details):
(3.6)

c
{z1,22} = —fmi, {z1,23} = cxa, {x1,24} =—d, {x2,23}=—c,

2



SOME BI-HAMILTONIAN SYSTEMS AND THEIR SEPARATION OF ... 93

where ¢ and d are arbitrary real constants and x3, x4 are the conjugate
momentum of x1 and xy respectively.

In this Lie group, we have the integrable system with the Hamiltonian
H, and integral of motion Hs as follows [I]:

(37) Hl = —Y3,
2
(3.8) Hy = 293
2
where the coordinates yi1, y2, ¥3, y4 are Darboux coordinates:
2 2
_w omi
NE=TETE T
2 2 2 2.4 4 4
x5 1 r3wry r3ry 3cwy o xy o cry
= _ D34 Zed — — — 4 T4
LTI Tt T T T T 61 i sd
_ 2x3Ty T caji
BE=RTT TR 4
T4
Yqg = gv
such that they satisfy the following standard Poisson brackets:
(39) {yl’y3} = 17 {y27y4} =1

In these coordinates y1, y2, y3, y4 the Poisson structure, P can be repre-
sented in matrix form as follows:

0 0 10
0 0 0 1
(3.10) P=1" 0 00
0 -1 0 0

In other words the coordinate y; can be used as a coordinates for the
phase space R*; such that the y; and ys are dynamical variables and
Dy, = y3 and py, = y4 are their momentum conjugate.

The aim is to find the bi-Hamiltonian structures for given integrable
system with integrals of motion Hy, Hy on A4 and Poisson structure
P.

Now by (Z8) and solving the related differential equations, the Pois-
son bi-vector P’ is obtained as follows:

0 —ys —az+uy 0
r_|*x 0 0 —az + Y1
(3.11) Pr=|T ] 0 A
* * * 0

where a; is arbitrary real constants.
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According (B832), for this case, the control matrix F' is as follows:
—a3 +y1+ % ﬁ
(3.12) F= wm@%4%§ 7%wwﬂﬁw+mm
4ys 2y3

The eigenvalues of this matrix are the variables of separation ¢; and ¢o
as follows:

A()) = det(F — AT
A=q)(A— @)
= A+ A(2a3 — 2y1) — 2a3y1 + yi — v3 + a3,

that is
q1 =Y1 — Y4 — as, g2 = Y1 + Y4 — as.
The corresponding momenta are defined by
1 1
p1= §(y3+y2)a p2 = 5(.@3—3/2),
which satisfy (B3).
In this case, in the separated variables, the Stackel matrix S is equal
to

1 1
(3.13) S =y +2yys Y3 —2y2y3
2 2

Now considering the initial integrals of motion H; o (874, BR), the sep-
arated relations is as follows:

C: (3p3 — 2p1p2 — p3) Hi — Ha + (p1 — p2) (p1 +p2)* = 0.

In the later we present briefly some calculations for remaining Lie
groups AZ%,A473,AZ’2,A4,7,A41179,A4712. In other words, in the next
subsections we find the control matrices, variables of separation and sep-
arated relations for integrable Hamiltonian systems which are obtained
in [0] on these Lie groups

3.3. Lie Group A;;. The Poisson bi-vector for this Lie group has the
following form:

(3.14) ,
f(im% B%ZTMZ—% —2ys(aa + f(12)) — ys9(2)
P = |« 0 0 ﬂﬂmmﬁ+ig@%_%
0 —azef(alw)ayl?)
L . 0
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where a;s are arbitrary real constants and f(y2), g(y2) are functions of
Y2.

In this case, Control matrix for the Poisson bivector P’ (BI4) is as
follows:

N B
3,3
_ Ysyszai
3.15) F=| _ ’
(3.15) e~ (2020 o3 (42 + yoyZay + e Vy2a;as) _0
al Ya2a1
where

e~ (2 — yoy2ay — W29 ypay — 2e29)y2a a5 + ePV29) yha,a;)
Y201

8= e~ (2y2a1) (yg + 2y2y§a1 + 4e(y2“1)y§a1a2) ,

a=—

= e~ (2y2a1) (y§ + 2y2y§a1 _ 6(y2a1)y2a2 + 26(y2a1)y§a1a2 + e(2y2a1)y2a1a3> )
Variables of separation g1 2 are the roots of the following polynomial

A(N) = det(F — )

_ 26—?!2111 as
=X+ (e 2y2‘“y32, ——42a3 | A
ai
e_2y2“1a% ) ) 2e Y201 o g )
+|——=—+e y2a1y3a3 - +taz|.
ai aq

In other words, the roots of A(A) are obtained by

1 2
— e~ ygal(_ 3 5@ +2€y2a1 3 3a
q1 72y§y§a1 Y2Ysaq Y2Yysaz
- \/ySyg{Oa% — det2aryfySaray — 262”“13131/%&1&3)
1 2
= ———e 92“1(— 3yRay + 2e¥24 3930
q2 2y§y§’a1 Y2Yysaq Y2Yysaz

\fobaoat — e iunas - 207 o )

The corresponding momenta are defined by

Y1 1\ y2+ys | In(y)a
= (2) Yo * (y2 +y3)y2 tnyz)
_ <1> aln(=yoys) 202
2) (2 +u3)y2)  y2
o — 12a1 In(y3) + (4y1 + 2ya)y2 + 4y3 (a2 + 4 + %)

4 Y3
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In this case, in the separated variables, the Stackel matrix S is equal to

(3.16)
1 1
S = B Y
2y2 + dyoydar + 8e¥2 1 y2aray  2y3 + dysyiar + 8e¥291y2ajas
where

B = 20305 + 3ydufon + 4e ydyaras + /vfyar (sar — devera),

and

7= 2035 + Bydufan + 4= ylydarar — /Sy (vEar — demaray).

With regards to the integrals of motion Hj o for Lie group A;;, one can
calculate separated relations as follows:

(@1 — @) (@1 + @) : (1 — 612)2H1
V@i (3q1 + q2) AV
7/2 5/2 s 2q3
31 +2q1"" +q2 —4q)" "2 + 4/ — —=
~ v

6q1 + 2¢2

3.4. Lie Group A4 3. For this Lie group we have the following Poisson
bi-vector:
2a¢ — e1(y2ta2)

0 —a7 — 2agys 0
ay
(3.17) P = |x 0 0 al,
* * 0 0
* * * 0

where
a = —ay + 2a6 (y3az + as + yaaz) — V292 (ys 4 y2az + ag + yaas)

and a;s are arbitrary real constants.
In this case, Control matrix for the Poisson bi-vector P’ (BI7) is as
follows:

(3.18) F=

—ay7 — 2a¢y3 0]
a b

ai

where
o= (—2@6 + eal(yz-‘raz))

x (—y3 + (y3 (=1 + yoa1) + yoa1 (yias + as + yaas)) logly]) ,
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and

B = —ar + 2a6 (y3az + as + yaas) — e @292 (ys 44205 + ay + yaas) .

Bi-vector P’ (BZI7) gives rise to the following Darboux-Nijenhuis coor-
dinates

q1 = —ar — 2a6y3
q2 = —a7 + 2a6(y2a3 + a4 + y4a5) — e“l(y2+a2)(y3 + yiag + a4 + y4a5).
and momenta

1y 1In(asys +y3) 1 —In(asys + y3) + (2010506 — y2)a1
=;—t;————, DP2=45 .
206 2 agaias 2 agalas

b1

In the separated variables, the Stackel matrix S is equal to

11
a9 st 1]
where
y=— y3a1 + yiaiaz + aras + yaaras

—y3 — Y3 Inys + yayszar Inys + yaysaraz Inys + yoarag Inys + yoysaras Inys

If we come back to initial integrals of motion H; o for Lie group A4 g,
then these separated relations go over to the equation

Vai(qr — @2 + qiln|q
( | |)H2 — Vain|q|Hy
q1 + g2

(o — @)’ +ala —g@)nlal + 3V — @)inlal” _
Q1+ q2

C:—

0.

3.5. Lie Group A4 7. For this Lie group we have the following Poisson
bi-vector:

e(—2a1(y2ta2)),,

[0
0 ” > a3 — 2a4y3 9ag
(3.20) P = |x 0 0 31,
* * 0 0
* * 0

where a;s are arbitrary real constants and

a = 6(—49201)(4a46(3y2a1) + 3a5)(2a4e(3y2a1)y3 — 3(y3as + 6(312t11)y4a6))7
and

B = —az — (dasyz)/3 — el “2arztaz)y2 _ o(=8w2an)y g o(“2201)y, g6

Control matrix F' for the Poisson bi-vector P’ (8220) is as follows:
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_ |« B

(3.21) F= [0 g 2@4%}
where

o= —asg — (4a4y3) _ e(_2“1(y2+a2))y§

3
_ e(*3y2a1)y3a5 _ e(*22,/2611)y4aﬁ7
2 e(—201(y2+0a2)) 1 2(1 4 pq
B = —gaayays + aiy?’( y201)

+ e yoysas + el 22y a6,
Variables of separation g1 o are the roots of the following polynomial
A(N) = det(F — AI)

1
"3 <3a3 + 33X + dagys + 3e 2T R)yR 4 3T gy

+ 3e*2ygaly4a4> (ag + X+ 2a4y3)

this is
q1 = —a3 — 2ay,
4a
g = —as — ng?’) — e(F20(pta2)) 2 o(=Byear) g o(~201)y g0

The corresponding momenta are defined by

1
— _ —3y2c1 —2yzc1
P 2a4cgcie2c1c2ty2c1 (=infe yscs +e yaco
-2 2 2 2
+e 61(y2+02)y3)y36y261 + (coy1€2 — 2ysy0)c1e¥2 + c5e201e2),
» ecl (3y2+202)06y4 + y3056261 (y2+c2)
2

= 26106 (06y4ecl (y2+2c2) + e¥y2c1 y% + e20162y365) .
In the separated variables, the Stackel matrix S is equal to

11
0 -

8

(3.22) S =

Where
a=a <2a463y2a1+2a1(y2+2)y3 _ 363y2a1 yg o 3€2a1(y2+a2)y3a3

_ 3€y2a1+2a1(y2+a2)y4a4)

B = 2a4eOV21202) gy — 3e329192(1 4 ypay)
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a1 (3y2+2a2)

— 3?01 (2%92) o paqiag — 3e Y2yaaia4.

With regards to the integrals of motion Hj 5 for Lie group A4 7, we have
the following separated relations:

oy Q1+Q2H1+iH2_ (1 — @)1+ ¢ + q1g2) —0.
Var qQ qf/Q

3.6. Lie group Aizg: For this Lie group we have the following Poisson
bi-vector:

0 0 y3+uyoys —ar— 2asys — Y13 = y3 f(y2)
0 0 Y
323) P =" 2 ,
( ) * % 2y2y3 + Y3
* % * 0

where a;s are arbitrary real constants and f(y2) is a function of ys .
Control matrix for the Poisson bi-vector P’ (B223) is as follows:

(3.24) F= [: g]

where
vz 5 _vz
a=y2(y2 +y3) — ed? (*ayzyg +d°(2y2 + ya)) cot (e a2 )
(A+a)ys 5 _ Y2
B=—2e d2 y3 (—aygyg +d” (2y2 + yg)) csc (e ?)
y2—2ayg _y2 (=1+a)ys ayy _y2
e 42 cos <e dT) —e @@ yoys+e d@ (—ayays + d*(2y2 +y3)) cot (e d >

2ys

y2—ayo (=1ta)ys ayy 5 _y2
§=e d2 e d2 ys +e d? (7ay2y3 +d°(2y2 + y3)) cot (e d2> .

Variables of separation q; 2 are eigenvalues of the control matrix for Lie
group Ai:& and they are the roots of the following polynomial

A(N\) = det(F — M)
=N — \293 + yoys) + v3ys + va,
this is
_ .2 — 2
q1 = Y3, 42 = Y3 + Y2y3.

The corresponding momenta are defined by

o 1\ y2 +y3 In(y2)a; 1\ ailn(—y2ys) 2as
pr=—"——|2 + —In(yp)— |5 )| 77— — —,
Y2 2 Y2 (Y2 + y3)y2 2) ((y2+ys)ya) w2
) 12ay In(y3) + (4y1 + 2ya)y2 + 4ys(az + 4 + )
2= = '

4 y3
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In the separated variables, the Stackel matrix S is equal to

1 1
(3.25) S = 67% Cos(effl%) a
2y3 2y3(—ay2y3 + d?(2y2 + y3))

where
(14a)y 3 3 3
a=e @ ( e (—ayays + d*(2y2 + y3)) cos (67”%) + y2ys3 sin (67%))

With regards to the integrals of motion Hj s for Lie group A46, one
can calculate separated relations as follows:

\/» avar ( @)

e 42 cos(e 42 —a YL -7

c. -4 Mgy et —1/2e7 cos(em ) a1 — @) [V
2 —q1

\%

e cos(eT ) + (T /iy - g2) sinle ™)/ (av/@i (a1 — a2)
+d*(q1 + g2))) = 0.

where

> VI _ VI -3
e (HVID/4™("aZ " /g7 (a\/qi(q1 — q2) + d?(q1 + g2)) cos(e” a2 )+ qi(q1 — g2)sin(e” 42 ))
2(q1 — q2)(a/q1(q1 — q2) + d?(q1 + q2))

o =

3.7. Lie group Al 9 ¢ For this Lie group we have the following Poisson
bi-vector:

0 2y2(2—/yz +y3) —a1—y3(2+ys) o

L 0 0 —a1 — \/y2y3
(3.26) P’ = . . 0 0
* * * 0

where o = —az — 2(y3 + 2y4 — \/Y2y4 + y3y4) — y3 and a;- are arbitrary
real constants.

In this case, Control matrix for the Poisson bi-vector P’ (B=20) is as
follows:

(3.27) F=| "7 Vi2ys —a2 = 2ys —dys + 2\/»94 — 2y3ys — Y3
. 0 —ay — 2y3 — yg

In this case, bi-vector P’ (B28) gives rise to the following Darboux-
Nijenhuis coordinates

@ =—a1 —y3(2+y3), g2 = —a1 — \/y2y3,
and momenta

Y1 Y2Y4 Dy — — 2\/Y2y4
24+2ys  (1+y3)ys’ (T

p1=
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In the separated variables, the Stackel matrix S is equal to

1 1
(3.28) S=1, _ —2y3 + \/P2ys — 43
az + 2ys + 4ys — 2/Y2ys + 2y3ys + y3

Now considering the initial integrals of motion H; o for Lie group Aéll,9’
the separated relations is as follows:

C:aHi+Hy—pB++\/1—a1—q1+1=0.
Where

(g1 — g2)(a1 + q2)
ar(az =31+ vI—ar —qi)) + 1+ vI—ar —q)qpz —g2(—az + 1+ VI —a1 —q1)(3 +p2) ’
(a1 —2(1+vI—a1 —q1) + q1)(q1 — g2)p2

o =

o= 2(@1(3—az+3vT—a1r—q) — A+ vVI—ar —q)ap2 + @2(—az2 + 1+ VI —a1 — q1)(3 + p2)))

3.8. Lie group A4 12 : For this Lie group we have the following Poisson
bi-vector:

0 0 y5—2y1y3 2y12y2
;|* 0 0 Y5
(3.29) P = . s 0 0
* ok * 0

In this case, Control matrix for the Poisson bi-vector P’ (B=2) is as
follows:

2 2y, 2
_ 1Y de Y1Y2Ys3

3.30 F = .

(3:30) 0 y3—2y1y3

Variables of separation ¢ o are eigenvalues the control matrix. For Lie
group AZ:g , they are the roots of the following polynomial

AN) = det(F — AT) = A\? — 2)\y3 + y5 + 2\y193 — 2019393,

this is
Q=13  ©=y 2y
The corresponding momenta are defined by
n=5(———), p=5(wt+2yyz+—).
2 <y2 Y3 2 \"? >y

In the separated variables, the Stackel matrix S is equal to

1 1
(331) S == [0 e2y4] .

- 2y2
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Now considering the initial integrals of motion Hj o for Lie group A4 12,
the separated relations is as follows:

2V (2p1+2p2—2q1+q2)
C:— H, + Hy
2/

1
_ 5 (_2 + e2\/171(2p1-1-2}72—2111-i-l]2)) (2]72 _ 2q1 4 QQ) =0

4. CONCLUSION

Starting with integrals of motion for integrable systems on
4-dimensional real Lie groups considered as Poisson manifold, we have
found the Poisson bi-vectors which are compatible with the canonical
Poisson bi-vector on Lie group space. In such Poisson bi-vectors, it is
assumed that the Lie derivative of P along some unknown Liouville vec-
tor field X. As a result, the system of equations (233)-(2Z3) has infinitely
many solutions.

We are able to obtain a particular answer, assuming that the com-
ponents of the Liouville vector field are second order polynomials in
momenta. An application of the corresponding control matrices allows
us to get a framework of the bi-Hamiltonian geometry using two families
of variables of separation and of separated relations.
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APPENDIX
TABLE 1. Integrable systems on four dimensional real
Lie groups.
system nonzero Poisson brackets Darboux coordinates Hi, Ho
L z2 2
Aan {z1, 22} = —§a] y= "3 4 L;‘;-‘r% ) H, = v
{z1, 23} = cx4 Y2 = —x1 + ::73 + Ledrowy — B4 | Hy = — Y273
2 2 4 4 !
3T 3cx x cx
- cd4 - 644 4,;,12 g Td4
{z1, 24} = —d y?’:?—hf%_%_cjf
{z2, 23} = —c Ya = f
_ T
A4,é {z1,z2} = 2¢ Y = 7624 + 3 H, = 5
paetd Y2Y3
{z1,23} = —¢ y2 = %W Hy = —y2y3
_ P b
{z2, 24} = —d e™ "4 Y3 = 72’%4 + 2
Y4 = e”4
— 2ha cq T
A4z {z1,22} =cxy e "4 Y1 = d;z Czjfd - F”fw Hy = —ys3
_ de— T4 442
{z1, 23} =de™™ y2 = G- SR - Sl Hy = y2y3 In |yz]|
4oy
pee ey
{z1,24} =h e™™ Y3 = {5,
{22,253} = f ya = e’
4050 (x — ] e—a74 _ Hi = o 252 o
16 ,xat=de Y1 =3 1=e€ Y3
_ _ e2aa:4zl _
{z2,23} =¢ Y2 = ——g Hzafy y
2 _v2
—e d2 yszcos(e d?2)
Y3z = -2
B c
ys =e 974
PEye
Aa7 {z1, 33} = —2cm3e >"4 y1 =< 4?2 Hy = —y2ys
{51?1’14} — ce~ 274 ya = — —1_e2m4+c4z411+e4z41213 Ho = —ys
{2, x5} = 2ce™ %4 y3 = 3 *
ys = e 274
_ Zzy
Al {x1, 23} = 2caze™ "4 Y1 = — g2 Hy =~y
Sw4  Azy, dog, .
{x1,$4} = —¢ 672w4 Yo = —1—e“T4 fe 7241cz1+e T4$213 H2 = —y;
To, T3} = —2¢c e 2%4 =z
{z2,23} 7;/2 : 63214
Ag12 {z1,23} = —ce™ "3 (acos(zs) = e?*3 (az1 — bxa) cos(za) H, = 75—:2;
+bsin(za)) +e2%3 (bxy + axo)sin(zy)
{z1,24} = ce”*3(—bcos(za) y2 = —e*3 (bxy + axz) cos(zy) Hy = —%
+asin(zq)) +(—azi + bxo) sin(za)
{z2,23} = ce” "3 (bcos(xa) y3 = e*3
—asin(z4))
{z2,24} = —ce "3 (acos(zs) Y4 = T4

+bsin(za))
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TABLE 2. The Poisson bi-vector over four dimensional
real Lie groups.

system Poisson bi-vector
[0 —ya —as+wy1 0
A 0 0 —a3 + Y1
Asn P= * * 0 —Ya
| * * * 0
r —(2ayy2) —(a1y2)
€ Y3 [ az
—as —2ys(as + f(y2)) — y39(y2)
al aq ( )
—(aqy
AL P = |, o 0 Ce—(zaqug)2y ¢ a2
1
* * 0 —age(91V2) o
L * * * 0
2a6 — el (v2Faz)
0 —_— —a7 — 2a6y3 0
’ ai
Ags P' = |x 0 0 o
* * 0 0
_* * * 0
o= —ar + 2as(y3as + as + yaas) — e®1V2192) (45 4 4243 + ay + yaas)
0 0 u+yays —a1— 2a2ys — y1ys — 3 f (y2)
Az,g P = * 0 0 Y5 )
> * * 0 2y2y3 + Y3
* * * 0
e(—2a1(y2+a2))y3
—_— —a3z — 2(14y3 —_—
, ay 9ae
Ayg 7 P =[x 0 0 B8
* * 0 0
L* * 0
a = (71291 (4a350e(3¥291) 4 3a5)(2a4e(3¥291) y3 — 3(ysas + e¥29) y4a4))
B = —as — (4dasys)/3 — e(*2a1(y2+az))y§ _ e(f3y2<11)y3a5 _ e(’2y2a1)y4a6
[0 2y2(2—¥2+ys) —a1—ys(2+ys) a
1 / * 0 0 —a1 — \/Y2y3
A4v9 P = * * 0 0
| * * * 0
a=—az — 2(ys +2ya — /Y2ys + Y3ya) — ys
00 wi-2uui 2wy
’ * 0 Y5
A1z P= * ok 0 0
* * * 0

! DEPARTMENT OF MATHEMATICS,AZARBAIJAN SHAHID MADANI UNIVERSITY,

53714-161, TABRIZ, IRAN.

E-mail address: gorbanali@azaruniv.ac.ir

2 DEPARTMENT OF MATHEMATICS, UNIVERSITY OF BONAB, TABRIZ, IRAN.
E-mail address: S.Abdolhadi@ubonab.ac.ir

3 DEPARTMENT OF MATHEMATICS, UNIVERSITY OF BONAB, TABRIZ, IRAN.
E-mail address: r.mahjoubi@ubonab.ac.ir



	1. Introduction
	2.   Bi-Hamiltonian Structures
	3.   Variables of Separation and Separated Relations
	3.1. A family of Integrable Systems on 4-dimensional Real Lie Groups
	3.2. Lie Group A4,1
	3.3. Lie Group A-14,2
	3.4. Lie Group A4,3
	3.5. Lie Group A4,7
	3.6. Lie group A4,6a,0:
	3.7. Lie group A4,91 :
	3.8. Lie group A4,12 :

	4. Conclusion
	References
	Appendix

