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ABSTRACT. For a discrete semigroup S and a left multiplier opera-
tor T on S, there is a new induced semigroup S, related to S and
T. In this paper, we show that if 7" is multiplier and bijective, then
the second module cohomology groups H?l(E)(Kl(S)J"o(S)) and
H§1<ET>(ZI (St),£°(ST)) are equal, where E and Er are subsemi-
groups of idempotent elements in S and Sr, respectively. Finally,
we show thet, for every odd n € N, H?l(ET)(Zl(ST),Zl(ST)(”)) is a
Banach space, when S is a commutative inverse semigroup.

1. INTRODUCTION

Amini in [0], introduced the concept of module amenability for a class
of Banach algebras. He showed that, inverse semigroup S with subsemi-
group F of idempotent elements is amenable if and only if semigroup
algebra (1(9) is ¢}(E)-module amenable, when ¢!(E) acts on ¢1(S) by
multiplication from right and trivially from left. Indeed, module actions
(Y(E) on £1(S) are

(1.1) S 05 =05, 05 00=0s, (c€E,sES),

where 05 and J. are the point masses at s € S and e € E, respectively.
After that, Amini and Bagha in [2], introduced the concept of weak
module amenability and showed that, for every commutative inverse
semigroup S with idempodent set F, semigroup algebra ¢(S) is always
weakly ¢!(E)-module amenable, where module actions /! (E) on ¢1(S) is

(1.2) So 05 =05 00 =0es, (c€E,s€S).
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Indeed, they studied the first ¢!(E)-module cohomology group of
semigroup algebra ¢!(S) with coefficients in the dual space (¢}(S))* =
¢°(S). Then this sentence has been expanded by second author of the
current paper along with Pourabbas. They in [[4] and [8], after intro-
ducing the concept of module cohomology group for Banach algebras
extended this result and showed that the first and second ¢!(E)-module
cohomology groups of £'(S) with coefficients in ¢}(S)**~1) (n € N),
are zero and Banach space, respectively, when ¢1(S) is a Banach ¢!(E)-
bimodule with actions (I2). Also, the second author of the current pa-
per in [B], studied the first and second ¢! (E)-module cohomology group
of Clifford semigroup algebra ¢!(S) with coefficients in it’s dual.

Let S be a semigroup and S be induced semigroup dependent on left
multiplier T': S — S, where E and Er are sets of idempotent elements
in S and S, respectively.

In this paper, we will show that if 7" is multiplier and bijective, then
the second ¢!(E)-module cohomology group ¢!(S) with coefficents in
(>°(S) is eqvalence with the second ¢!(Er)-module cohomology group
¢Y(St) with coefficents in £°°(S7), when ¢!(S) and ¢*(S7) are Banach
¢*(E)-bimodule and Banach ¢!( E7)-bimodule, respectively, with convo-
lution module actions. Indeed, we prove

Her () (01(S),£°(5)) = iy g,y (€ (S1), £°(ST)).

2. PRELIMINARY

Let 20 and A be Banach algebras such that A is a 2-bimodule with
compatible actions (for more details see, [0, 2, [d, 8] and especially Defi-
nition 2.4. of [I0]).

Let X be a Banach A-2-module with compatible actions. If X is a
(commutative) Banach A-2-module, then so is X* (for more details see,
[m, 2, @, §]).

In particular, if A is a commutative Banach 2(-module, then it is a
commutative Banach A-2-module. In this case, the dual space A* is
also a commutative Banach A-2l-module.

Let 2 and A be Banach algebras such that A is a Banach 2-module
and let X be a Banach A-2f-module with compatible actions. An n-2(-
module map is a mapping ¢ : A — X with the following properties;

(2.1) o(ar,ag,...,a;—1,btc,a;41,...,a,)
= ¢(ar,a2,...,a4;—1,b,a;41,...,a,)
+ é(ar,a9,...,0i-1,C,Qix1,...,a0p),
(2.2) dla-ar,ag, ... an) =a-dlar,ag, ..., an),

d(ar,ag, ... an ) = ¢(a,ag,...,an)
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and
(2.4) qﬁ(al,ag,...,ai_l,ai -a,ai+1,...,an)
= (;5(0,1, A2y« ooy Qj—1, A5, O - Qj41y -« ,an),
where ay,...,an,b,c € A and a € 2. Note that, ¢ is not necessarily
n-linear.

The 2A-module complex is
O 1 5t 9 52
0 — X —CyA,X) —=CiA,X) — -,

where the map 6% : X — Cj(A, X) is given by 8°(z)(a) =a-z—2-a
and for n € Z*, 0" : CH(A, X) — Cy™' (A, X) is given by

(25)  ["T)(ar. . ans) = a1 Tlan,.... anss)
n
+ Z(_l)nT(ala e @i, e Q1)
i=1

+ (—1)”+1T(a1, ceeyQp)  Gpy,

where T € CH(A,X) and ai,...,an,41 € A. It is easy to show that
"l o " = 0 for every n € ZT. The space ker 8" of all bounded n-
2-module cocycles is denoted by Z}(A,X) and the space Im§"~! of
all bounded n-2-module coboundaries is denoted by By (A, X). We also
recall that By (A, X) is included in Z3 (A, X') and that the n-th 2-module
cohomology group Hy (A, X) is defined by the quotient

Ho(A, X) = Z3(A, X)/By(A, X).

The space Zj(A, X) is a Banach space, but in general Bj(A, X) is not
closed, we regard Hy (A, X) as a complete seminormed space with re-
spect to the quotient seminorm. This seminorm is norm if and only if
By (A, X) is a closed subspace of Z(A, X), which means that Hg (A, X)
is a Banach space.

3. INDUCED SEMIGROUP S7 WITH THE LEFT MULTIPLIER MAP T

Let S be a semigroup, the set of all idempotent elements of S is
denoted by E(S) = E={e€S:ee=e}. AmapT:S — S is called
a left (right) multiplier operators on S if T'(st) = T'(s)t (T(st) = sT'(t)),
for all s,t € S. The class of left (right) multiplier operators on S is
denoted by Mul;(S) (Mul,(S)). The map T is called multiplier operator
on S if T € Mul;(S) N Mul,(S). The space of all multiplier operator on
S is denoted by Mul(S). Let T' € Mul;(.S), we define a new operation
“o” on S by sot := sT(t) for every s and t in S. The semigroup S
equipped with the new oparation o, is denoted by S7. It’s easy to check
that St is a semigroup which is called induced semigroup dependent on
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left multiplier T'. Let E and Ep are sets of idempotent elements in S
and Sp, respectively.

It is worth mentioning that, this idea has started by Birtel in [3] and
continued by Larsen in [6]. Also the relation between weak amenability
(not weak module amenability) Banach algebra A and induced Banach
algebra Ap studied by Laali indicated in [d], where T is a left multiplier
on Banach algebra A. This notion developed by some authors, for more
details see, 3-8, 4.

Throughout this paper, unless otherwise indicated, we will assume
that S is a discrete semigroup, 7' € Mul(S) and T is bijective. We
know that the set of point masses {ds;s € S} is dense in ¢1(S). So,
since module actions and module derivations are continuous, we consider
points masses as representing elements of semigroup algebras (¢£1(9), *)
and (¢}(St), ®), where * is convolution on ¢!(S), as follow

(3.1) 05 % 0 = 0st,  (s,t €9),
and ® is different convolution on ¢*(Sr), as follow
(3.2) ds ® 0t = dsot

= 05 * 07 (1)

= 55T(t)7 (S,t S S)
Lemma 3.1. Let S be a semigroup and T : S — S be a bijective map,
then
(i) T € Muly(S) if and only if T~ € Mul;(S).
(ii) If T € Muly(S), then T(Er) = E and T~*(E) = Er.
(iii) If T € Mul(S), then soT(t) = T(s)ot and soT~*(t) = T~1(s)ot
for every s,t € S.

Proof. 1t is easy to prove and is left to the reader. O

The next examples show that, when T is not bijective or not multi-
plier, the previous lemma is not necessarily true, therefore, bijective and
multiplier conditions are neccessary for 7.

z 0
O )
a semigroup and one can verify that, its idempotent set is

(b YL Yoot

Now let T': S — S be a left multiplier L,, where a = [

()R T

Example 3.2. Let S = T,y € R}. S with matrix product is

1 0
0 0]. Indeed,
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_[g g].

Clearly T is not right multiplier and bijective. It easy to show that

ren={[5 .5 )

#+F.
Now for every s = |- J t=|" 0 € S, where y,z # 0, a simple
y - y 07 - p 0 ) ?/7 ) p
#T(s)ot.

computation shows that s o T'(t)

vy
0
is a semigroup which its idempotent set is

e R R R EE

1
1] . Indeed,

Example 3.3. Let S = MEEDZERS R}. S with matrix product

Now let T': S — S be a left multiplier L,, where a = [1

G Dk B

:[g

Y+ z
; .

We know that T is bijective but not right multiplier. It is easy to show

B O O P

and T(Ep) = E, also T! : § — S is a left multiplier T-1 = L,

where b = [é _11} and T~1(E) = Er. Now for every s = [:g Qzl] b=

[%l Z] € S, where x # z, a simple computation shows that soT'(t) #
T(s) ot. Similarly can be shown so T~1(¢) # T~ !(s) ot.

In the following, we show the relationship between S and St by giving
a simple example.

Example 3.4. The unit disk in C, that is, S = {z € C:|z| <1} is
a compact topological semigroup, under complex multiplication with
idempotent elements £ = {0,1}, Put T' = L; where L;(z) = iz, (i =
v/—1). It is clear that T € Mul;(S) and St = (S, 0) is a compact topo-
logical semigroup with idempotent elements Ep = {0, —i} so (}(E) #
N (Er).
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4. SECOND MODULE COHOMOLOGY GROUP OF INDUCED SEMIGROUP
ALGEBRAS

In this section, we will show that if T" is a multiplier and bijective,
then the second £!(E)-module cohomology group £!(S) with coefficents
in ¢>°(S) is equivalent to the second ¢! (Er)-module cohomology group
¢Y(St) with coefficents in £>°(St).

According to (E3), for ¢ € Zgl(E) (£1(S), £>°(S)) = ker §2, we have the
following relationship
(4.1) 0z % 1P(8y,02) — (02, 0y) % 0, = Y(0g % 0y, 0) — Y(dg, 0y % 05).
Similarly, since B?l(E) (€1(S),£>°(S)) = Im &, if v € B?l(E) (€1(S), £>2(9)),
then there exists ¢ € CEII(E) (£1(S), £>°(9)), such that

(4.2) G % G(8,) — B(62 * 8y) + D(82) % 6y = V(84 % 6,).

Theorem 4.1. Let S be a semigroup andT : S — S be a multiplier and
bijective map. Then

Hi (1) (€1(5), €°(8)) = His gy, (£1(ST), £2°(ST)).
Proof. Consider the map
D2 2} 5y (€1(8), 02(8)) — Hiy (€1 (ST), £(ST))
b — 9+ B () (£1(S7), £ (1),

where

W 01(St) x £1(Sr) — °(S7)
V(025 6y) = V(07 (a)s O (y))-

In the first, we show that I" is well define. For this purpose we prove in
the first step, when 1 is a 2-¢'(E)-module cocycle then ) is a 2-¢*(Er)-
module cocycle. It is easy to show that (20) is confirmed.

Let e € Er and x,y € St, since T' € Mul;(S) and T'(e) € E, by (B2)
and Lemma B, we have
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= V(077 (2)) O7(y)) (Or)
= J(éeT(m)a 5y)(5t)
= (0e ® 65,0,)(81),

which shows

(4.3) V(3e ® 0y, 0,) = G ® $(0, 8y).
For the other equation, since 7' € Mul,(5), we have

D(6; ® e, y)

this shows

= J(de(e)a 0 )

(44) 'J((Sx ® 667 5y) = {[;(5:& 56 ® 5y)

Similarly, we can show that

(45) J(éa:a 5y ® 56) = {/;(5387 5y) ® 66'

79

Now let z,y,2,t € S and A = [@@{E(éy,az)—$(5x,5y)®5z], by
(82),(20) and Lemma B, we have

AB) = [0 ® 0(6,,62)] (6) -

[9(62,6,) ® 6] (3

= J(‘Sya 5Z)(5t ® 596) - {/;(5737 6y)(5z ® 5t)

= Y(07(y), O1(2)) Ovr(a))

— Y(07(z), O1(y)) (07 ()1

)

= (07(y)> 67(2)) (Ot * 67(2)) — VY (O7(2), Or(y)) (07 (=) * Ot)

= [67() * ¥(0r() 57‘@)](55

K (5T(x)75T(y) % 07(2)] (0¢)

)
= z/J(5T (@) *5T 07(2))(0t) — V(07 (2)5 Or(y) * O7(2)) (0t)

V(Or(2)T(y )(5t)
= Y(0r(r (2)) () —
P (

V(07(2), 5T (=)
V(07 (), O yT(z)))(5t

5acT(y )( ) wd’raayT )(6t)
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- 1;(5300347 5z)(5t) - w(dw 5yoz)(5t)
= (0x ® 0y, 0.)(8¢) — (3, 0y ® 6-)(0)
- [J(am ®0,,0,) — 0(82,0, ®6.) | (51).

Therefore, 6, ®1(8y,08.) — (8, 6,) ® 0. = (8, ®6,,0.) — b0z, 6, ®3.),
and so ¢ € Z?l(ET)(El(ST),EOO(ST)) and I' is well define. Clearly I is
linear.
For the surjectivity of I, let P € Zgl(ET)(fl(ST),EOO(ST)). Define
Y 0(S) x £1(S) — £°°(9),
1/)((53;7 5y) = P((;T—l(l,), (ST—l(y)).

It is easy to show that ¢ is two admissible. Let e € F and z,y, z,t € S,
since T' € Mul;(S), by (B2), (E3) and lemma B, we have

[Ge * 1 (0uy Gy)] () = (I, Oy) (O * Oe)

= Y(6x, 0y) (Ote)

= P(0p-1(2), 07-1(y)) (Oor1(c))

= P(0p-1(z), 07-1()) (6t ® dp-1(c))

= (0p-1(e) ® P(d7-1(2), 67-1(4)) (0t)
O71(e) ® 071z, O7—1(y)) (¢)
071 (e)z» O7-1(y)) (Ot)

(Or(r-1(e)a),5,) (Ot)
(Oeas 0y ) (0t)
= 1h(de * 0z, 6y) (0r),
which shows
DB # 62,0,) = 8o % 1(62,5,).

For the other equation, since 7~ € Mul;(S), by (£3)
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= Y(0z, 0c * 5y)a

so obtained

(0 * be, 0y) = (0, b by).
Similarly, by (£3) we can show that
1/}(5357 5y ® 5@) = 1/’(5937 5@/) ® e.
Let e € E and z,y,2,t € S and © = [0, * ¢ (dy,0.) — V¥ (0,0y) * 0],
since T~! € Mul;(S), by (82), (1) and Lemma B we have
©(0:) = [0x * 1(0y,62)] (6:) — [¥/(dz, 0y) * 62] (J¢)
= Y(0y, 02) (61 * 6z) — ¥(dx, 6y) (02 * 6t)
= ¢(5y7 5z)(5t:c) - ¢(5x’ 5y)(5zt)
= P(6p-1(y), 07-1(2)) (6t ® op-1(3))
— P(67-1(2), 67-1()) (O7-1(z) ® ¢)
= (0p-1(2) ® P(d7-1(y), 07-1(2))) (0¢)
— (P(Or-1(2), 07-1(y)) ® O7-1(2))(0¢)
= P(07-1(z) ® 0p-1(y), 07-1(2)) (0t)
= P(op-1(, ) , 0p—1(y) ® dp-1())(0t)
= P(67-1(2)y> 07-1(2)) (0t) — P(0r-1(2), O7-1(y)2) (0¢)
= Y (0ay, 02) (6, ) (5x,5yz)(5t)
= [(0g * by, 02) — (0, by * 02)](0).
This shows that
O ¥ P (0y,02) — (02, 0y) * 65 = (0p * 8y, 02) — 1 (0z, 0y * 92),
50 9 € Z gy (11(S), £°(5)) and L() = P + By g, (€' (S1), £2(ST)).
Finally, we prove that kerI' = B} (B) (£1(S9),£>(9)), or equivalently
¥ € B (€1(5),£(S)) if and only if w € B} s, (1(Sr), £2(S7)).
To prove thls we first assume that ¢ € B él(E) (€1(S),£°°(S9)) then there
exists ¢ € Zl(E)(Kl(S),E‘X’(S)) such that §'(¢) = 1, and by (£22),

¢(5x,5 ) = 0y * d)(éy) - (b(é:r * 5y) - ¢(5w) * 5y'
Now let A = w(éT ), 07-1(y)), by by using the relation between 1 and

1/1, we have

A(6) = W((Sx»‘sy)] (6t)
= [590 * ¢(5y) - ¢(5z * 5y) - ¢(5z) * 5y] (5t)
= (02 % (0y))(61) = (¢(dz * 8y)) (01) + (¢(0) * 0y)(0:)
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= ¢(0y) (6t * 62) — (H(0z * 6y))(6¢) + ¢(32)(Oy * 0¢)

= ¢(0y) (61a) — (¢(0z * 0y)) (0¢) + H(32) (Oye),

= ¢(0p () (0t ® Op—1(4)) — ¢(5T—1(x) ® Op-1(y)) (0¢)
+ (z)((ST* 1(2)) (O7-1(y)) ® 0¢)

= (0p-1(2) ® ¢(5T ) (0) — (b(dT*l(z) ® p-1(y))(0t)
+ (¢(5T—1(z)) ® dp-1(y))(0t)

= [(0r-1(2) ® 6(0p-1()) — D(Op-1() ® 7-1(y))
+ (D(0r-1(2) ® O7-1,))](8),

that shows 1 = 61(¢) and so ¥ € B?l(ET)(El(ST),E"O(ST)). Similarly,

we can show that 1 is a 2-¢!(E)-module coboundary if ¢ is a 2-01(Er)-
module coboundary. O

5. SECOND MODULE COHOMOLOGY GROUP OF INDUCED INVERSE
SEMIGROUP ALGEBRAS

A discrete semigroup S is call an inverse semigroup if for each a € S
there is a unique element a* € S such that a = a-a*-a and a* = a*-a-a*.
In this section, we show that if S is a commutative inverse semigroup,
then H?l(ET)(Kl(ST),EI(ST)(")) is a Banach space for every odd n € N.

Lemma 5.1. Let S be a semigroup and T € Mul;(S) be bijective, then
S is a commutative semigroup if and only if St is a commutative semi-
group.

Proof. 1t is easy to prove and is left to the reader. O

Lemma 5.2. Let S be a semigroup and T € Mul;(S) be bijective, then
S is an inverse semigroup if and only if St is an inverse semigroup.

Proof. Let (S, -) be an inverse semigroup and a € S. Suppose that a* € S
is the unique element of S such that a = a-a*-a and a* = a* - a - a*.
We define a* := T~1(b*), where b = T'(a), we have
aoa*oca=a-T(a") T(a)

=T b)-b* b

=T -b*-b)

—T1(b)

=a
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Similarly we can show that a*oaoca* = a*. Therefore, (S, ) is an inverse
semigroup. Similarly, we can show that S is an inverse semigroup when
St is an inverse semigroup. O

Theorem 5.3 ([R, Thorem 2.3]). Let S be a semigroup and T € Mul;(S)
be bijective. Then for everyn € N, Ht%l(E) (€X(S), X*) is a Banach space,

where X = (£1(S))3.

Theorem 5.4. Let S be a commutative inverse semigroup. Then for
every odd n € N, Hgl(ET) (¢X(Sr), £1(S7)™) s a Banach space.

Proof. Let S be a commutative inverse semigroup, by Lemmas b1l and
b2, St is a commutative inverse semigroup, now by Theorem b3

M (Br) (51(59F)7€1(f?r)(")),

is a Banach space for every odd n € N. O
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