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Interior Schauder-Type Estimates for Higher-Order Elliptic
Operators in Grand-Sobolev Spaces

Bilal T. Bilalov'* and Sabina R. Sadigova®

ABSTRACT. In this paper an elliptic operator of the m-th order L
with continuous coefficients in the n-dimensional domain 2 C R"
in the non-standard Grand-Sobolev space W7 (€2) generated by
the norm || - [| ,, of the Grand-Lebesgue space Ly (§2) is considered.
Interior Schauder-type estimates play a very important role in solv-
ing the Dirichlet problem for the equation Lu = f. The considered
non-standard spaces are not separable, and therefore, to use clas-
sical methods for treating solvability problems in these spaces, one
needs to modify these methods. To this aim, based on the shift
operator, separable subspaces of these spaces are determined, in
which finite infinitely differentiable functions are dense. Interior
Schauder-type estimates are established with respect to these sub-
spaces. It should be noted that Lebesgue spaces Lq (G) are strict
parts of these subspaces. This work is a continuation of the authors
of the work [28], which established the solvability in the small of
higher order elliptic equations in grand-Sobolev spaces.

1. INTRODUCTION

Solvability problems of partial differential equations in one sense or
another has a long and rich history. Remarkable monographs of var-
ious well-known mathematicians such as I.G. Petrovsky [0], L.A. La-
dyzhenskaya, N.N. Uraltseva [2], L. Bers, F. John, M. Schechter [3], L.
Hormander [4], S.L. Sobolev [5], K. Moren [6], J.L. Lions, E. Magenes
(0], V.P. Mikhaylov [7], C. Miranda [2Y] and others are devoted to this
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direction. This direction was started with the study of the solvabil-
ity of the considered differential equation in the classical sense. Since,
problems of an applied nature required the definition of solutions not
only in the classical, but also in some generalized sense (for example, a
generalized solution, a weak solution, a strong solution, etc.). It should
be noted that questions of the solvability of elliptic equations play an
exceptional role in this theory. In this case, interior Schauder-type es-
timates play an important role for elliptic operators (see, for example,
[2, B]). Naturally, with the appearance of new functional spaces dictated
by applied problems, an appropriate theory should be developed. Natu-
rally, with the appearance of new functional spaces dictated by applied
problems, an appropriate theory should be developed.

In connection with concrete problems of mechanics and mathematical
physics, interest in the study of various questions of mathematics in non-
standard spaces of functions has greatly increased. Such spaces include
the Lebesgue space with variable summability exponent, the Morrey
space, the Grand Lebesgue space, etc. In this regard, various problems
of mathematics in such spaces began to be intensively studied. More
details on concerning results of recent years can be obtained from books
[§, 0104, 27]. Questions of analysis and approximation theory have
been comparatively well studied in Lebesgue and Morrey spaces with
variable summability exponents (see, for example, [8, I, T8-27]). Along
with this, questions of harmonic analysis and approximation began to be
studied in grand-Lebesgue spaces, and significant results were obtained
in this direction (see, for example, [[3]). It should be noted that the
Morrey and Grand Lebesgue spaces are not separable and, therefore,
infinitely differentiable, finite functions are not dense in them. This
circumstance makes it impossible to directly apply existing methods to
the study of solvability in these spaces. Therefore, we should choose
the appropriate subspaces of these spaces and develop an appropriate
theory for this case.

In this paper an elliptic operator of the m-th order L with con-
tinuous coeflicients in the n-dimensional domain Q C R™ in the non-

standard Grand-Sobolev space Wi (©2) generated by the norm ||| of

the Grand-Lebesgue space Ly (§2) is considered. Interior Schauder-type
estimates play a very important role in solving the Dirichlet problem for
the equation Lu = f. The considered non-standard spaces are not sep-
arable, and therefore, to use classical methods for treating solvability
problems in these spaces, one needs to modify these methods. To this
aim, based on the shift operator, separable subspaces of these spaces are
determined, in which finite infinitely differentiable functions are dense.
Interior Schauder-type estimates are established with respect to these
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subspaces. It should be noted that Lebesgue spaces L, (G) are strict
parts of these subspaces. This work is a continuation of the authors of
the work [Z8], which established the solvability in the small of higher
order elliptic equations in grand-Sobolev spaces.

2. NEEDFUL INFORMATION

We will use the following standard notations. Z, will be the set
of non-negative integers. B, (x9) = {# € R" : |z — 20| < r} will denote
the open ball in R™ centered at xo, where |z| = /2% + -+ 22, 2 =
(1'1, cee ,I‘n). Q, ($0) = QnBr (xO) , Br = B, (0) , Qp = Q. (0) mes (M)
will stand for the Lebesgue measure of the set M; 02 will be the bound-
ary of the domain ; Q = QJ9Q; M1AM, will denote the symmetric
difference between the sets M7 and Ms; diam Q2 will stand for the diam-
eter of the set Q; p (z; M) will be the distance between x and the set M;
and ||T'|| x_,y will denote the norm of the operator T', acting boundedly
from X to Y.

2.1. Elliptic Operator of m-th Order. Let {2 C R™ be some bounded
domain with the rectifiable boundary 0€2. We will use the notations of

[B]. a = (a1,...,q,) will be the multiindex with the coordinates «y, €
Zy Nk =1,n; 0; = 8%1- will denote the differentiation operator, 9% =
071 05% ... 0. For every £ = (&1,...,&,) we assume §* = €157 ... 0.

Let L be an elliptic differential operator of m-th order:
(2.1) L= Z ap (z) 0%,
[p|<m
where p = (p1,...,0n), Pk € Z+, Yk = 1,n, a,(-) € Lo () are real
functions, i.e. the characteristic form
Q(z,8) = ap(x)e,
lp|l=m

is defined at every point x € 2. It is known that in this case m is even.
Let m = 2m/, and assume without loss of generality that

()™ Q(2,6) >0, VE#0,Yzeq.
Consider the elliptic operator Lg:
(2.2) Lo = Z Gg P,
lpl=m

with the constant coefficients ag.

In what follows, by solution of the equation Lu = f we mean a strong
solution (see [B]), i.e. u belongs to the corresponding space and satisfies
a.e. equality Lu = f.
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We will need the following classical result of [3].

Theorem 2.1 ([8]). For an arbitrary elliptic operator of m-th order Ly
of the form (E22) with the constant coefficients, the function J (x) can
be constructed which has the following properties:

i) If n is odd or if n is even and n > m, then

J(x) =

]

w (z)

n—m’

where w (x) is a positive homogeneous function of degree zero (i.e. w (tx) =
w(zx), Yt >0). If n is even and n < m, then

w ()
’x|nfm7

J(2) = g (2)log x| +

where q is a homogeneous polynomial of degree m — n.
it) The function J (x) satisfies (in a generalized sense) the equation

LoJ (x) =0 (x),
(0 is a Dirac function) so the following equality is true for every infinitely

differentiable function ¢ (-) with compact support

o(x) = / Log ()] 7 (z — y) dy

~ Lo [ ¢ )T (o~ v dy.

Let’s consider the elliptic operator (271) and assign a “tangential op-
erator”

(2.3) Loy = Y ap (z0) 0",
Ip|=m

to it at every point xg € §2. Denote by Jy, (-) the fundamental solution
of the equation L;,¢ = 0 in accordance with Theorem EZIl. The function
Jzo (+) is called a parametrics for the equation Ly = 0 with a singularity
at the point zg. Let

Szo =P (z)
:/Jxo (r—1) @ (y) dy,
and
(2.4) Tyo = Sao (Lzy — L) .

In establishing the existence of the solution to the equation Lu = f,
the significant role is played by the following lemma.
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Lemma 2.2 ([3]). If ¢ has compact support, then
¥ = TIO()O + SﬂCOLQDa

and if
o =Tyop+ Sao f,
then Ly = f.
2.2. Grand-Sobolev spaces W ¥ () and wa (©). Let’s first de-

fine the grand-Lebesgue space Ly (©2), 1 < ¢ < 400 (throughout the
paper we will assume that this assumption holds true). Grand-Lebesgue
space Lg) (§2) is a Banach space of (Lebesgue) measurable functions f
on ) with the norm

1
151, = s ( / !f\“dm)  leq< o

<e<q—1

It should be noted that, in generally, the norm of the space L) (Q) has

a form
1
€ g—c a-
= sup — d:):)
0=, 50 (s [

It is easy to see that the norms || f[|,y and [|f]; o are equivalent and
that is why for simplicity we will consider the norm || f[|
The following continuous embeddings hold

Lq (Q) - Lq) (Q) - Lq—a (Q) )

where ¢ € (0,¢g — 1) is an arbitrary number. The space Lg) () is not
separable and the following theorem is true.

Theorem 2.3 ([IH, Theorem 7.34, p. 304]). The set C§° () of finite
and infinitely differentiable functions in ) is not dense in Ly (Q2). The

closure Cg° () in Ly (G) consists of the functions f which satisfy

hms/ |f]97° dz = 0.

Below in this section we will assume that every function defined on {2
is extended by zero to R™\(). Let Ts be a shift operator, i.e. (T5f) (x) =
f(0+x), Vx €Q, where 6 € R™ is an arbitrary vector. Let

Gy (Q):{feLq) () ¢ ITsf = flly = 0,6 0}

With the norm || - ||
of Ly (R2)).
In [29] the following lemma is established.

q)» Gg) (©2) becomes a Banach space (i.e. the subspace
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Lemma 2.4. Cg° (2) = G, () (the closure is taken with regard to the
norm |- ||,)-

Moreover, the following lemma is true.
Lemma 2.5. The following embeddings hold
Ly (2) TGy () C Ly (2) CL1(9),
and every inclusion is strict.

Proof. 1t is sufficient to carry out the proof for the one-dimensional
case, since the presented examples can be easily carried over to the n-
dimensional case. So, consider the case 2 = (0,1). Since the space
Lg) (0,1) is not separable, then from Lemma P4 it immediately follows
that the embedding

Gq) (0,1) C Lq) (0,1),

is strict. We have

1
2.5 < sup eae=
(2.5) If HLq)(O,l) > 0<E<Iq)_1 ”fHLq_g(O,l)

1 e
§ HfHLq(Q,l) O<Ssl<1€,1€q_g 24(q—¢)

_1
<(@=1D2 | fllg, 00 -
Considering that
Tsf—f,0 = 0in L, (0,1), VfeL4(0,1),

from inequality (23) it directly follows that L, (0,1) C Gy (0,1). Let
us show that this inclusion is strict. Let’s construct a corresponding
example. Consider the following sequence of functions

) t_%, te [e*"%,l},
1) =
" 0,te [o,e—"%).

For norms an”Lq)(oJ) and ||anLq(o,1) we have

1

1 14 I—c
anHLq)(o,l) < sup (8/ t th)
0<e<g—1 0

1 ) q
lfullayon = ([ 0r)
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Therefore, the series

i anHLq)(O,l)
n? ’

n=1

converges. This immediately implies that the series
i n (1)
n2 ’
n=1
converges in L) (0,1) and its sum is denoted by f (¢):
o
N @)
t)= Z n2 -
n=1

Since f,, € G (0,1), Vn € N, then it is clear that f € Gy (0,1). Let us
show that f gé L,(0,1). Let

m (¢
>0 ynen
n=1 n

We have
0<Sm(t) <Spmy1(t), ae. t€(0,1), VYmeN.

As Sy, = f, m — o0, in Ly (0,1), Ve € (0,q — 1), then it is clear that
1Sm ()T = |f (®)]%, m — oo, ae. t € (0,1).
Then, by Levi’s theorem, we obtain

1 1
/ |Sm(t)|th—>/ |f (£)|* dt, m — oc.
0 0

On the other hand, from the relations

1 B 1| m n(t) q
/Oysm(t)|th_/ S dt
f \fn (t)|" dt
Z e n2q

q
n
n=1

=m — 00,

it follows that )
/ |S ()7 dt — 00, m — oc.
0

Consequently, f ¢ L, (0,1). Lemma is proved. O
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Denote by W(gl (Q) the grand-Sobolev space generated by the norm

£l = ;()Hf(’“)Hq)-

Let
WGy () = {f € Wi (@) < ITsf = fllwm — 0,6 = 0}.
Consider the following singular kernel

k<x>=°‘|’;?,

where w (z) is a positive homogeneous function of degree zero, which is
infinitely differentiable and satisfies

/x|:1 w (z)do = 0,

do being a surface element on the unit sphere. Denote by K the corre-
sponding singular integral

(Kf) () =k=* [ ()
Z/f(y)k(ﬂf—y)dy'
Q

The theorem below was proved in [I3].

Theorem 2.6 ([I3]). The singular operator K is acting boundedly in
Ly () ,1<q< +o00, d.e. Jc>0:

K fllgy <clifllgy, VfeLy().

Here ¢ is a constant independent of f (in what follows, ¢ or C' will
denote constants, may be different in different places) . The following
lemma from [2§] is true.

Lemma 2.7 ([28]). G, () , 1 < g < +o0, is an invariant subspace of
the singular operator K in Ly () .

To obtain our main results, we also need the following Minkowski
inequality for convolution in R™.

Theorem 2.8 ([I'7]). Let f € L1 (R") and g € Ly (R") ,1 < ¢ < 4o0.
Then f g€ Ly (R™) and

1 %l < 1Ny 19 -
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Concerning this result see, for example, [, pp. 19].

In the sequel, when §2 = B, the spaces Lg) (2), Gg) (), Wy (©2) and
WG, (Q2) will be redenoted by L (1), Gg (), Wy (r) and way (r),
respectively. Along with WGZ; (Q), consider the following space of func-

tions N7 (Q) equipped with the norm

IPl=3 11 ap
[y = 3 do " 10" Fllz,

[p|<m

where do = diam €. Also accept

gy = 3 da 107 fll, 0

[p|<m

Il £, (y where is an ordinary norm in Lg (£2).

It is not difficult to see that the norms of the spaces WGy (©2) and
Ny (Q) are equivalent to each other, and therefore their stocks of func-
tions coincide. Consequently, it suffices to prove the existence in the

m

small of the solution to the equation Lu = f in WGq) (Q) for the space
Ny (€2). But first let’s introduce the following definition.

Definition 2.9. We will say that the operator L has the property P,,)
if its coeflicients satisfy the conditions: i) a, € Lo (B (20)), ¥V |p| < m,
for some r > 0; ii) 3r > 0 : for |p| = m the coefficient a, (-) coincides
a.e. in B, (o) with some function bounded and continuous at the point
Zo-

It is absolutely clear that if a, € C (), V|p| < m, then L has the
property Py,) for Vzy € Q.

Let’s consider the m-th order elliptic operator L with the coefficients
ap (x) defined by (), and the corresponding operator T, defined by
(234). Denote the operators Sy, Ly, and Ty, corresponding to the point
xg = 0, by Sp, Lo and Tp, respectively.

The following lemma from the monograph [3, p. 225] has a crucial
role in subsequent studies.

Lemma A. Let L be m-th order elliptic differential operator, L., be
the corresponding tangential operator at the point zg € Q, Jy, (-) be
the fundamental solution of the equation L,,¢ = 0; Sy ¢ = Jz, * ¢ and
Ty = Szo (Lz, — L). Then, if ¢ has a compact support, then

Y = Txo(P + SxOLQO,

and if ¢ = Ty, + Sy f, then ¢ is a solution of the equation Ly = f.
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In obtaining the main results, we will essentially use the following
Main Lemma, proved in [28].

Main Lemma. Let the m-th order elliptic operator L have the prop-
erty Py,) at the point xo. Let ¢ € Ny (Br (z0)) and ¢ vanish in a
neighborhood of |x — xg| = r. Then for ¢ > 1 it holds

HTzMPHNg(BT(xO)) <o(r) HSOHN;';(BT(xO)) )

where the function o (r) — 0, r — 0, depends only on the ellipticity
constant Ly, on the coefficients of L and their moduli of continuity.

We will also need a space C" (€2) consisting of m-times continuously
differentiable functions in €2 with the norm

fllem@ = > dd 107l -

Ip|<m

And also assume C™ (R) = C™ (BR).

3. MAIN RESULTS

Before formulating the main results in accordance with the mono-
graph [3], we prove the following lemmas, which we will make essential
use of.

Let w (-) be an infinitely differentiable function on [0, 1] such that for
0<t<i w()=1landfor2<t<1, w(t)=0. For0< Ry <Ry we
put

1, R
(3.1) f(a:):{ w(m) ]‘%xl’<§|x!1’<R2-

Ro— Ry

Lemma 3.1. There is a constant C > 0 depending only on Ry and w (+),
such that for VRy : 0 < Ry < R, there is

R\
32 e

Proof. It should be noted that for |z| < 3Ry + 2Ry it holds & (z) = 1
and consequently, for |z| < £Ry 4+ 2Ry the relation 9P¢ (z) = 0 is true.

We have
1 ]ac\ — R1
Ox = ! Ox

C
<7’
~ Ry — Ry
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as |Og, |z|| = % < 1. Similarly
1 \x| — R
02 &)= w”( )(9,,3 x| 0. |
k]g() <R2_R1)2 RQ—RI k" ]‘|
1 / |$’_R1 2
0
+ R _le <R2_R1> T ’37‘
then
C C 1
/ (R2 — Rl) Ry — Ry |ZL"
1 C
S 7277
(Ry — Ry)” ||

for sufficiently small Ry > 0 (e.g., Ry < 1). Continuing this process, we
establish

1 C

or¢ (z)| < , Yp:pl <m.
| ()] (Rg—Rl)m ’x‘lpl—l Pl
Putting Mg, = BRQ\B%RQ, we have
CR'p‘ 1
R‘Qpl Hapf”C(Rg) < R ; Il lp|—1
( 2~ 1) |33‘| C(MRQ)
—Ipl
=C <1 - Rl) es
o/ el o,

As a result

R\
HfHCm(RQ) < C (1 - R2> s VRl 0 < R1 < RQ,
where C' > 0—dependent only on R and w (-) — constant.

Lemma is proved. O
We also need the following

Lemma 3.2. Let L be an m-th order elliptic differential operator whose
coefficients satisfy the conditions: ap(-) € C(BRQ) ,Vp ot |p| = m;
ap () € Loo (Br,), Vp : |p| < m. Then there exists C > 0 depending

only on Ry and on the coefficients L, such that for Yu € N;')Z (Rg) the

following inequality holds (1 < g < +00)

R\
(33) HUHN;SL(Rl) < C <1 - 1_22> (HLuHLq)(RQ) + ||U|N$_1(R2)> ’

forall R : 0 < Ry < Rs.
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Proof. Let u € Ny (R2) and consider the function £ (-), defined by ex-

pression (BIl). Assume ¢ = u. It is obvious that suppy C Bg,.
Therefore, by Lemma A we have

(3.4) w =Top + SoLe.
By the Main Lemma, 3R > 0— is so small that the relation

1
1Toellnm(ra) < 5 1l ro)

holds true for VRy < R. Rs is selected based on this relation. Then
from (B3) we obtain

H‘P”NS(RQ) <2 HSOL@HNESL(RQ) :
So
Sl = [ Jo@—y) Lo (y) dy.
B,
As shown in the monograph [3, p. 235], for |p| = m we have the formula
(3.5) P SoLyp = %o (x —y) Lo (y)dy + CLp (2),
B,

where C' # 0— is a constant. The kernel 0P.Jy (z) is singular for |p| = m
and applying Theorem P8 to (B33) we obtain

(3.6) 17SoLelly, ayy < C Il (-

Consider the case [p| < m. We have
FSoLp= | 0oz —y) Ly (y) dy.
B,

In this case a kernel has a weak singularity and it was shown in [28] that
the inequality

(3.7) RY 0P SoLe |1, (ryy < ORY IL¢llz, )

holds. Taking into account inequalities (BH) and (B=) for the norm
||SOL@||N$(R2), we obtain

(3-8) 150 Lol nm (r) < CRY LNl (o) -

On the other hand, it is easy to see that Ly can be represented in the
form

(3.9) Lo =€ Lu+ M (u;€),

where M (u;¢) is a linear combination of derivatives dPu, the order |p|
of which does not exceed m — 1, multiplied by the derivatives of £ of
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order at most m, and the derivatives 0Pu of the order |p| are multiplied
by the derivatives of & of order (m — |p|), i.e

= Y Cp(x)0PLory,
p|<m

holds, where |p| = m — |p| and C), (-) — is some linear combination of the
coefficients of the operator L. Consequently

RPM (u;6) = Y Cp(x) RY'0%¢ RY oPu

Ip|<m
then
RY'M (u;€) = RY 3G ) RPape R gpy,

Ip|<m

Hence we immediately get

2 [|1M (w; )z, (ryy < CllEllom(ry) HUHN;';*(RQ) :
As a result, it follows from (B) that
Ry [|Lell L, (o)

< B (1€ o 1l () + 1M (8581, ()

< O elengry (10l + Ity

Ry
<c (1 - R) (nLunLq)(RQ) ¥ |u\|N$-1(R2)) . (by Lemma &)

where C' is the constant depending only on Ry and coefficients a,, (-).
Lemma is proved. O

Before formulating the next lemma, we accept the following property
with respect to the domain €.

Property 3.3. We say that the domain ) admits the continuation of

functions of the space N 5) (2) if there exists a domain ' O Q and a linear

mapping 0 of the space N(f) (Q) into N:) (Q') such that fu = u € Q,
(3.10) ||9UHN§)(Q/) < const, ||U||N§>(Q) )
holds.

So, let us prove the following
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Lemma 3.4. Let the domain Q0 have the Property «) with respect to

space Né“) (Q). Then 3C > 0 depending only on n, q and on a constant

from (B1M), which holds

—k
(3.11) ||@||N5>(Q) <e ||<pHN§)+1(Q) + Ce ||<P||Lq>(ﬂ) )
forVk =1,m — 1 and Ve > 0.

Proof. First, without loss of generality we can assume that dg = diam ) =
1. Indeed, making the change of variables y = délx we have

‘y/ _ y//| _ dg—)l |x/ g
<1, Vo' 2" eq.
It is clear that
dx = dgdy, 0Pu
_ g—Ipl
=dq" O}v,

where v (y) = u (dgy). Consequently

1/r
18Pl iy = ( [ 10z de)

ppl 2 v
—a" % ([ ool ay)

ppl+ 2
= dg, 1ol 2, ) >

=d?!
where @ 1 Q27 (0 is the image of © under the mapping y = dg_)lm.
Putting here r = ¢ — € by definition of the norm of Né’)l we have

_1
HUHN;';(Q) = 0<§‘i€_15"’5 HUHN;TLE(Q)

_n_ 1
= sup dé_EEqTE ||UHN"”(Q’) .
0<e<g—-1 q)

It directly fOHOWS tha.t
m ~ d . m(QO’ s
HuHNq)(Q) [[u (do )HNq)(Q)

i.e. the norms | - [| ymq) and || - HNT,;(Q,) are equivalent. As a result, it is
q q
clear that we can assume dg = 1.
Let 0 : 0 < 0 < ¢ — 1—be an arbitrary number. As established in
monograph [B] (see p. 261; inequality (3.2)), Yh > 0:
”apr%;U(oo) < 24140 Hapr”%:U(oo) + 92(¢0=1) =40 o7 £ %

g0 (00) ’
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is true, where p; : |pxr —p| = 1, k = 1;2; po > p > pj—are arbitrary
multindexes (we assume that the multindex p; is less than or equal to
the multindex po if each component of p; is less than or equal to the
corresponding component of ps). Paying attention to the inequality

(a+b)"<a" +1",
for Va; b > 0 and 0 < r < 1, we have
107715,y < 27007 oy + 20T Bt 0P L
Consequently

P =T h Il oP2 (1*%) —1 191
107 f1I L., (c0) Th |07 fll L, (o) T2 h= 110" iz, (o0) -
Multiplying both parts by 55 and taking sup we get
O<e<qg—1
P <o'uh|or 2(1-3) 1 om
107 £1l1, o 107 11, ooy + 107 £, oo

Summing over all py : |p2| = k+ 1, for Vh > 0 we have

n >N F N o <20 D 107 F o)

lpl=k p|=k-+1
2(1-1),
+ n?2 ( q>h Y 10 FIl ) (o0)
lpl=k—1
_1 1

Denoting 29 p — ¢ and Chyq = n23(175>, we obtain

Z ||apf||Lq)(oo) <e Z HaprLq)(oo) + Crgge ™" Z HaprLq)(oo) :
Ip|=k Ip|=k+1 Ip|l=k—1

As a result for Vk = 1,m — 1 and Ve > 0 we have
-1
(3.12) 1715 ey < 1Lk oy + Crige ™ 1 it oy
where C),,,— is a constant depending only on n and gq.
Assume Ay = HfHNk)(OO). Then from (BI2) we obtain
q

Ay < e1As + Cpyg 7 Ao,

Ay < egAz + Cpy 51 A1,
where €1;e9 > 0—are arbitrary numbers. Consequently

Ay < e2A3 4 Cpyg €165 Ao + Cfl;qal_legle.

Taking e = 252(1 and €2 = § we obtain

Ay < eAz + Coze % A,
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where C3.3—is a constant depending only on n and ¢, ¢ > 0—is an
arbitrary number. Continuing this process, we obtain the validity of the
estimate

Ay < eAji1 + Crpre " Ao,

for Vk =1,m — 1; Ve > 0, where (.41 is a constant depending only on
n and ¢q. Taking mkaka;kH as the final result we obtain

”fHN(;(oo) <e HfHN;“)H(OO) + Ok ||f||Lq>(OO) ’

for € > 0, where C'—is a constant depending only on n and ¢. Further,
paying attention to the Property (B3) from the same considerations
given in the monograph [B], we obtain the validity of the estimate (BI).

Lemma is proved. g

The main result of this work is the following

Theorem 3.5. Let the coefficients of m-th order elliptic operator L
satisfy the following conditions: i) ap(-) € C(Q), Vp i |p| = m; ii)
ap () € Lo (), Vp : |p| < m; where Q C R"— bounded domain with
rectifiable boundary 0. Let Qg C Q be an arbitrary compact. Then for
Yu € WGZ’)‘ (Q), 1 < g < 400, the following a priori estimate holds

lell sy < € (WLl oy + el e )

where the constant C' depends only on the ellipticity constant m, €2, g
of L, on the coefficients of the operator L.

Proof. Let us carry out the proof according to the scheme of the mono-
graph [B, p. 243]. Let a domain €2 and a compact 2y C Q be given. It is
clear that )y can cover a finite number of open balls whose closures are
contained in 2. Therefore, it suffices to prove the theorem for the case
when 2 and €2y are concentric balls of small radius centered at a point
xg € ) and without loss of generality we assume that xzg = 0.

So, let R > 0— be sufficiently small number. Let us prove that the
following estimate holds for Vr : 0 < r < R:

r

—m2
ey <€ (1= %) (1Eullpy i + el )
where C' > 0—is a constant depending on R ( independent of r and ) .

Assume
2

4 (1-%)" Jlul
= Ssu - = u m
OSTER R NCI)(T)

< ||u||N$(R)‘
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Suppose that |Jul| NT(R) # 0. Otherwise, there is nothing to prove. Then
q
it is easy to see dR; : 0 < R; < R, such that

2
R\
a<2(1-) fullygen-

Then, for Ry : Ry < Ry < R, by Lemma B3, inequality (833) holds.
Taking this inequality into account, we have
2

Rl m Rl -
A<2 <1 - R) Ch <1 - R2) <||LU”LQ>(R2) + ’uHN;’)ll(R2)>

2
R\™ R\ ™
Taking into account inequality (B) for £ = m — 1, we obtain
2
Ri\™ R\
A<2C7 (|1 —-— 1——
= ( R > < Rz)

% (IEull g ry + & ull s oy + o™ il ) -

Paying attention to the fact that

2
Ro\™
(1) Molygn < 4

we have

2
R1 m Rl o
asea (1-2)" (1= 2 "zl e
2 2
Ri\"™ R\ ™™ Ry\ ™™
2:C; (1 1-— 1-—] 4
M 1( R) ( R2> ( R)

2
“m Ri\"™ Ry
+ 201057 <1 - R> (1 - RQ> (LPRUSE

where € > 0—is an arbitrary number. Let 6 = 1— % and choose Rs and

e from the relations

R2 (5 2 m— 25m
1-2== — g 2mmm*
R, 2 Oy
We have 5 R
0<d<, 1Ly
2 Ry
Consequently

Ri\™ R\ ™™ R\™™ 1
2 1-= 11— 1-== -
cafi-%) (&) 0-%) <5
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and as a result

2
1 Ri\™ R\
§A <2Ch (1 — R) (1 - Rg) HLuHLq)(R)

2
m Ri\"™ R\
+ 201028 +1 (]. - R> <1 - R2> ||u||Lq)(R2)

< O (ILullg, ) + Il ) -

Taking into account the expression for A we have

r\—m
ey <€ (1= %) (1Eullpymy + el )

for Vr : 0 < r < R, where C' > 0—is a constant independent of 7.
Theorem is proved.

O
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