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Integral K-Operator Frames for End’(H)

Hatim Labrigui'* and Samir Kabbaj?

ABSTRACT. In this work, we introduce a new concept of integral K-
operator frame for the set of all adjointable operators from a Hilbert
C*-module H to itself denoted by End’%(H). We give some prop-
erties relating to some constructions of integral K-operator frames
and to operators preserving integral K-operator frame and we es-
tablish some new results.

1. INTRODUCTION AND PRELIMINARIES

In 1952 Duffin and Schaefer [7] have introduced the concept of frames
in the study of nonharmonic Fourier series. Frames possess many nice
properties which make them very useful in wavelet analysis, irregular
sampling theory, signal processing and many other fields. The theory of
frames has been generalized rapidly and various generalizations of frames
have emerged in Hilbert spaces and Hilbert C*-module (see [8, [0, 5
).

The concept of continuous frames has been defined by Ali, Antoine
and Gazeau [l]. Gabardo and Han in [9] called these frames: frames
associated with measurable spaces.

In this paper, we introduce a new concept of integral K-operator
frame for the set of all adjointable operators from a Hilbert C*-module
H to H denoted by End’(#H). This concept is a generalization of con-
tinuous K-frames for Hilbert C*-module, and we establish some new
results.

In what follows, let ‘H be a Hilbert C*-module over a C*-algebra A,
(€2, 1) a measure space with positive measure p and End’y(H) the set
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of all adjointable operators from Hilbert C*-module H to H.
Let K,T € End%(H), if TK = I, then T is called the left inverse of K,
denoted by K l_l.

If KT = I, then T is called the right inverse of K and we write
K 1=T.

If KT =TK =1, then T and K are inverse of each other.

Let,
|t du)| < oo}

The inner product on [?(2,H) is defined for x = (2,)ueq € 1*(,H)
and y = (y)wen € *(Q,H) by,

(z,y) = /Q (Tws Yu) dpp(w).

l2(Q,H) = {33 = (xw)weﬁ e H,

The norm is defined by ||z|| = <a:,:n)%

In this section we briefly recall the definitions and basic properties
of C*-algebra, Hilbert A-module and frame in Hilbert .A-module. For
information about frames in Hilbert spaces we refer to [4]. Our references
for C*-algebras are [H, G].

For a C*-algebra A, if a € A is positive we write ¢ > 0 and AT
denotes the set of positive elements of A.

Definition 1.1 ([I0]). Let A be a unital C*-algebra and H be a left
A-module, such that the linear structures of A and H are compatible.
‘H is a pre-Hilbert A-module if H is equipped with an A-valued inner
product (.,.) : H x H — A, which is sesquilinear, positive definite and
preserves the module action. In the other words,
(i) (x,z) 4 >0 for all z € H and (x,z) 4 = 0 if and only if 2 = 0.
(i) (ax +y,2) 4 = a{z,y) 4+ (y,2) 4 for all a € A and z,y,z € H.
(iii) (@, y) 4 = (y,x)y for all z,y € H.

For x € H, we define ||z|| = || (z, z) H% If H is complete with ||.||, it
is called a Hilbert .A-module or a Hilbert C*-module over A. For every
a in the C*-algebra A, we have |a| = (a*a)% and the A-valued norm on
H is defined by |z| = (x,x}é for x € H.

Let H and K be two Hilbert A-module. A map T : H — K is
said to be adjointable if there exists a map 7" : K — H such that
(Tx,y) 4 = (x,T*y) 4 for all z € H and y € K.

We also reserve the notation End’(H, K) for the set of all adjointable
operators from H to K and End%(H,H) is abbreviated to End’(H).

Definition 1.2 ([12]). Let H be a Hilbert .A-module over a unital C*-
algebra. A family {z;};cr of elements of H is said to be a frame for H,
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if there exist two positive constants A, B such that,

(1.1) A(x,x>A§Z(m,miu(xi,@AgB(x,@A, reH.
i€l

The numbers A and B are called lower and upper bounds of the frame,
respectively. If A = B = ), the frame is called A-tight. If A = B =1,
it is called a normalized tight frame or a Parseval frame. If the sum in
the middle of (I) is convergent in norm, the frame is called standard.
If only upper inequality of () holds, then {x;};cs is called a Bessel
sequence for H.

In [10], L. Gavruta introduced K-frames to study atomic systems for
operators in Hilbert spaces.

Definition 1.3 ([13]). Let K € End*%(#). A family {z;}ics of elements
in a Hilbert A-module H over a unital C*-algebra is a K-frame for H,
if there exist two positive constants A and B, such that,

(1.2) A(K 'z, K*x) 4 < Z (w,24) 4 (i, ) 4
el
<B(x,z),, x€H.
The numbers A and B are called lower and upper bounds of the K-frame,
respectively.

The following lemmas will be used to prove our mains results

Lemma 1.4 ([T4]). Let H be a Hilbert A-module. If T € End%(H),
then
(Tz,Tx) 4 < ||T|?(x,2) 4, Vo€

Lemma 1.5 ([20]). Let H be a Hilbert A-module over a C*-algebra A
and let T, S two elements of Endy(H). If Rang(S) is closed, then the
following statements are equivalent:
(i) Rang(T) C Rang(S).
(ii) TT* < ASS* for some X\ > 0.
(iii) There exists Q € Endy(H) such that T = SQ.
Lemma 1.6 ([2]). Let H and K be two Hilbert A-module and T €
End*(H,K).
(i) If T is injective and T has closed range, then the adjointable
map T*T is invertible and
(7)Y < T*T < |7

(ii) If T is surjective, then the adjointable map TT™* is invertible
and .
|@ry Y < T < .
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Lemma 1.7 ([19]). Let (Q, ) be a measure space, X and Y two Ba-
nach spaces, A : X — Y a bounded linear operator and f : Q — X
measurable function; then,

A ( i fdu> = [ (.

Lemma 1.8 ([8]). Let H and K be two Hilbert A-module and T €
Endy(H,K). Then the following statements are equivalent:
(i) T is surjective.
(ii) T is bounded below with respect to norm, i.e., there is m > 0
such that ||T*z|| > m||x||, for all x € K.
(iii) T is bounded below with respect to the inner product, i.e., there
is m' > 0 such that (T*z,T*x) 4 > m/ (x,x) 4, for all x € K.

2. INTEGRAL K-OPERATOR FRAMES FOR End’(H)

We began this section with the following definition.

Definition 2.1. A family of adjointable operators {Ty }weq C End’(H)
on a Hilbert A-module H over a unital C*-algebra is said to be an inte-
gral operator frame for End’(H), if there exist two positive constants

A, B > 0 such that
(2.1) Az, ) 4 < / (Tox, Tox) gdp(w) < B(x,x) 4, x€H.
Q

Definition 2.2. Let K € End%(H) and T' = {T,, € End(H),w € Q}.
The family 7" is said an integral K-operator frame for End’(H), if there
exist two positive constants A, B > 0 such that

(2.2) A(K'z,K*z), < / (Tox, Tyw) gdp(w) < B(x,x) 4, x€H.
Q

The numbers A and B are called respectively lower and upper bounds
of the integral K-operator frame.

An integral K-operator frame {1},}wcq C End’(H) is said to be A-
tight if there exists a constant 0 < A such that,

A(K 'z, K*x) 4 = / (Toz, Tyyx) g dp(w), = H.
Q

If A =1, it is called a normalized tight integral K-operator frame or a
Parseval integral K-operator frame.

Example 2.3. Let H be a Hilbert space defined by:

H={<g 8 g) /a,Be(C}and.A:{<g 2) /a,be(C}.
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It’s clear that H is a Hilbert space and AH C H.
Furthermore, the A-valued inner product,

HxH— A,
(AvB) — <A7B>_A = AtBa

is sesquilinear and positive.

_ air 0 O o by 0 O
IfA—(O 0 a2>andB—<0 0 bz)’

then,
. alb_l 0_
<A’ B>'A B ( O agbg ) ’

Let (€2 =[0,1],d\) be a measure space, where d\ is the Lebesgue mea-
sure restricted to the interval [0, 1].
For all w € [0, 1], we consider,

F:Q—H,
w 0 0
w_>F“<o 0 0>’

F' is a measurable map and for all A € H, we have,

[ am e anw = [ (47 0) (D) dvw

_ ( |a1|2f98”2dA(w) 8 )

_ L/ ai]* 0

3 0 0
L/ |a]* 0

< =

_3< 0 agf?
1

= 3 <A’A>A'

Wich show that F' is an integral Bessel sequence. But F' is not an
integral operator frame for the Hilbert .4-module. Indeed, just take

00 O .
(0 0 a2>W1thag750.

Consider now,
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K is a linear, bounded and selfadjoint operator and we have for all
AeH,
* * o ’CL1’2 0
<KA,KA>A—( R
So,

LAy, < / (A, Fu) 4 (Foy A) 4 dA(w)
4 Q

<A,

Remark 2.4. Every integral operator frame is an integral K-operator
frame, for any K € End(H), K # 0. Indeed, if {T,,},cq is an integral
operator frame for End’ (#H) with bounds A and B, then

Az, x) 4 < / (Twz, Tox) ydu(w) < B(z,x) 4, x€H.
By Lemma I, we hzilve,
A|K|| 72 (K*z, K*x) 4 < /Q (Lo, Tyx) g dp(w) < B(w,x) 4, x€H.
Therefore the family {7, }wcq is an integral K-operator frame with

bounds A||K|~? and B.

Proposition 2.5. Let K € End(H) and {T, }weq be an integral K-
operator frame for End’(H) with frame bounds A and B. If K is sur-
jective then {T,,}weq is an integral operator frame for End’(H).

Proof. Since K is surjective, by Lemma X there exists m > 0 such that
(K*z, K*x) 4 > m(x,x),, x€H.

Also, since {T,,}weq is an integral K-operator frame for End’(H), we
have for all x € H

Am (z,x) 4, < A(K2, K*x) 4

< /Q (Tox, Tx) 4 dp(w)
< B(z,x) 4.

Hence {T,,}.,cq is an integral operator frame for End*(H) with frame
bounds Am and B. O

Let {T., }weq be an integral K-operator frame for End’(H). We de-
fine the operator R by,

R:H — (L, H),
x — Rx = {T,x}ueq,
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The operator R is called the analysis operator of the integral K-operator
frame {7, }ucq-
The adjoint of the analysis operator R is defined by,

R*: I*(Q,H) — H,
T — B ({zo}oca) = / Tz dp(w).
Q

The operator R* is called the synthesis operator of the integral K-
operator frame {71, },cq-

By composing R and R*, the frame operator St : H — H for the
integral K-operator frame T is given by

S(z) = R*Rx
:/Tw*Tw:cd,u(w).
Q

Theorem 2.6. Let K € Endy(H) and {T,}u,eco C Endy(H). The
following statements are equivalent:

(1) {TL}weq is an integral K-operator frame for End’y(H).
(2) There exists A > 0 such that AKK* < S.

(3) K = S2Q, for some Q € Endy(H).

Proof. (1) = (2) Let {T,,}weq be an integral K-operator frame for
End’(H) with frame bounds A, B and frame operator S, we have

A(K'z, K*z) 4 < / (Lo, Tyx) 4 dp(w)
Q

§B<x7$>¢4’ x € H.

Then
(AKK*z,x) 4 < (Sz,2) 4
< (Bx,z),, ve€H
Hence
(2.3) AKK* < S.

(2) = (3) Suppose that there exists A > 0 such that AKK* < S.
Note that

AKK* < (S%> (S%)*.

By Lemma I3 we have: K = S%Q, for some Q € End’(H).
(3) = (1) Suppose that K = $2Q, for some Q € End’(H). Then by
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the Lemma 4, there exists A > 0 such that AKK* < (S%) (SE)*.
So,

(AKK*z,2) 4 < <(S%> (S%) a:,a:>A, xeH,
which gives,
A(K 'z, K*x) 4 < (Sx,x) 4, x€H,
moreover, by Lemma [, we have,

2

(Sz,x) 4 = <S%x,S%x>A < HS% (z,2) 4.

This shows that {T,}weq is an integral K-operator frame for End’ (H)
2
with frame bounds A and HS 2 O

3. SOME CONSTRUCTIONS OF INTEGRAL K-OPERATOR FRAME

Theorem 3.1. Let Q € End’%(H) and let {1,}wecq be an integral K-
operator frame for End%y(H). Then {T,Q}uecq is an integral (Q*K)-
operator frame for End*(H).

Proof. Let {T,,}weq be an integral K-operator frame for End’(H) with
frame bounds A and B if and only if,

A(K*z, K*x) 4 < / (Tox, Tow) 4 dp(w)
Q

This give for all x € H,

ALK Qu, K*Qu) , < /Q (TQw, TQx) 4 dplw)

S B <Ql’, Qx>A .
So,

A(Q'K)*z, (Q"K)*x) 4 < /Q (T.Qx, T,Qx) 4 dp(w)

< BJ|QI* {,z) 4,

which shows that {T,,Q}wecq is an integral (Q*K)-operator frame for
End*(H) with bounds A and B|Q|%. O

Theorem 3.2. Let K € Endy(H) and let {T,,}ueq C Endy(H) be
a tight integral K-operator frame for End’y(H) with frame bound A;.
Then {1}, }ucq is a tight integral operator frame for End’y (M) with frame
bound Az if and only if K, ' = %K*.



INTEGRAL K-OPERATOR FRAMES FOR End’ (H) 99

Proof. Let {T,,}weq C End’y(H) be a tight integral K-operator frame
for End’ (M) with frame bound A, then

/ (Lo, Tyyx) g dp(w) = Ay (K2, K*x) 4, x€H.
Q

Since {1, }wcq is a tight integral operator frame for End’(H) with frame
bound Ay, then,

/ (Tox, Tyx) gdp(w) = Az (z,2) 4, x € H.
Q
We deduce that, for each x € ‘H, we have
A (Krx, K*x) 4 = Ag (z, ) 4.
So,

(KK*z,x) 4 = <

Then KK* = 421, Hence K, 7' = 4LK*.

Conversely, suppose that K ! = %K*. Then KK* = A—?I. Thus
A

(KK*z,2) 4 = <21‘,x> , x€H.

Ay A

Since {T},}weq is a tight K-operator frame for End’(H), we have

/ (Tox, Tyr) g du(w) = As (z,x) 4, 2 €H,
Q
which completes the proof. O

Theorem 3.3. Let {1, }.cq be an integral K -operator frame for End’y(H)
with best frame bounds A and B. If Q € End’(H) be an adjointable and
invertible operator such that Q7 'K* = K*Q7, then {T,Q}ucq is an
integral K-operator frame for End’(H) with best frame bounds C' and
D satisfying the inequalities

(31) Al <c<AlQl)?, Bl <D< BlQ|*.

Proof. Let {T},}weq be an integral K-operator frame for End’ (H) with
best frame bounds A and B.
In the one hand, we have for all x € H,

/Q (TQr. TuQz) 4 du(w) < B (Q, Qx) 4

< B|QI {x,2) 4 -
On the other hand, we have for all x € H,
A(K*z, K*z) , = A(K*Q™'Qu, K*Q™'Qx) ,
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= A(QT'K*Qz, Q' K*Qx) ,
<IQE [ (1,05, 1.Q0) ydue).
So, we conclude,
AQI2 (K e, Ka) , < /Q (ToQu, TQa) 4 dyi(w)

< BIIQI? (z,z) 4,

which shows that {T,Q}.ecq is an integral K-operator frame for End’(H)
with bounds A||Q~!|~2 and B||Q|/?>. Now, let C and D be the best
bounds of the integral K-operator frame {7T,,Q},cq. Then

(3.2) Al <¢,  D<B|QI?

Since {T,,Q}weq is an integral K-operator frame for End%(H) with
frame bounds C' and D and

(K*z, K*z) 4 = <QQ71K*33,QQ71K*$>A
< QIP(K*Q~'e, K*Q7'x) 4,
hence

ClQI™(K*z, K*z) 4 < C{K*Q ™ 2, K*Q ') ,

< /Q (T.QQ "2, T.QQ ')  dp(w)

:/ <Tw$,Tw$>Adﬂ(w)
Q

< DJQ 7| ()4

Since A and B are the best bounds of integral K-operator frame {7}, }.cq,
we have

(3.3) cleI? <A, B<DIQ™|?%
which completes the proof. O

4. OPERATORS PRESERVING INTEGRAL K-OPERATOR FRAMES

Proposition 4.1. Let K,L € End(H) such that R(L) C R(K) and
R(K) is closed. Let {T.,}weq be an integral K -operator frame for End’y(H).
Then {T.,}weq is an integral L-operator frame for End’y(H).

Proof. Suppose that {7, },cq is an integral K-operator frame for End’ (H).
Then there exist two positive constants A and B such that

(4.1) A(K'z,K'z) 4 < / (Tox, Tyx) g dp(w) < B(x,x) 4, =€ H.
Q
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From Lemma 3, there exists 0 < A such that
LL* < MKK*,
which gives for all x € H,

A
3 (L'z,L*x) 4 < A(K"x, K*x) 4

< [ @) 4 d)
)
< B(z,x) 4.
Hence {T,}.eq is an integral L-operator frame for End’ (H). O

Theorem 4.2. Let K € End’y(H) with a dense range. Let {1, },ecq be
an integral K-operator frame for End%(H) and L € End(H) have a
closed range and commutes with T, for each w € Q. If {LT,}weq is an
integral K-operator frame for End’y(H) then L is surjective.

Proof. Assume that the family {LT,},cq is an integral K-operator
frame for End* () with bounds A and B, then

(4.2) A(K 'z, K*x) 4 < /Q (LTyx, LT, x) 4 dp(w)

< B(x,x),, xcH.
Since K has a dense range, then K™ is injective.

By (E2), L* is injective since, N(L*) C N(K*). Moreover, R(L) =
N(L*)* = H, which shows that L is surjective. O
Theorem 4.3. Let K, L € End(H) and let {T,,},cq be an integral K -
operator frame for End’y(H). If L has a closed range and commutes with

K* and T, for each w € Q, then {LTy}weq is an integral K-operator
frame for Endy(R(L)).

Proof. let {T,},ecq be an integral K-operator frame with bounds A,B.
If L has closed range, it has the pseudo-inverse L' such that LTL = I.
So, we have for all x € R(L),

(K*z, K*z) , = <LTLK*x,LTLK*x>A

< | LY (LK*z, LK*z) 4.
So,
LY 2 (K*z, K*z) , < (LK*z, LK*z) .
In the one hand, for each x € R(T'), we have,
/ (LTyx, LT x) 4 dp(w) = / (I,Lx, T, Lx) 4 du(w)
Q Q

> A(K*Lx, K*Lz) ,
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= A(LK"z, LK) 4
> A||LTH_2 (K*z, K*x) 4.
On the other hand, we have,

/Q(LTwa:,LTwa:)A du(w) = /Q (T, Lz, T, Lx) 4 dpu(w)
< B(Lxz,Lx) 4
= B||L|* (z,2) 4

which shows that the family {LT,},cq is an integral K-operator frame
for End’(R(L)) with bounds A||LT||=2 and B||L|>. O

5. PERTURBATION OF INTEGRAL K-OPERATOR FRAMES

In this section we consider perturbation of an integral K-operator
frame by non-zero operators.

Theorem 5.1. Let K € Endy(H) and {T,}weq be an integral K-
operator frame for End'y(H) with frame bounds A and B. Let L €
Endy(H), (L #0), and {ay }weq be any family of scalars. Then the per-
turbed family of operators {T,, + a,LK*},cq is an integral K-operator
frame for End(H) if [ ]aw]?dp(w) < ﬁ.

Proof. Let I'y, = T, + a,LK*, where w € . Then for all z € H, we
have,

/Q (Tor —Tyz, T,x — Tyx) 4 dp(w) = /Q (a, LK™z, a, LK"x) 4 du(w),

< /Q lauPILIIE |2 (o, 2) 4 dplw)

- /Q law PILIRIE"|? (2, ) 4 dja(w),
< RIK* | (z,2) 4

where R = [, |au|?|| L||*dp(w).
In the one hand, for all x € H,we have,

N

(/Q (To, + awLK*)x, (T, + a,LK™)x) 4 d,u(w))

= |[(Tw + awLK*)xul?(Qﬂ)
< [ Twzlliz,m) + llawlL K |20, m)

= ([ g + ([ (LK e (LK o) gdu))

2
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< VB (z,2)% + VRIE"|| (z,2)}
< (VB + VR (r,2) .

Then
(5.1)

/Q (T + awLK*)z, (T, + a, LK*)z) , dpu(w) < (\/E + \/EHK*Hf (@, 2) 4

On other hand, for all x € H, we have,

N

( /Q (T + awLK*)x, (T, + au LK*)z) 4 d,u(w))

= [[(T + awLK™)x 201
> [ Tozllizm) — llawl K |20 mn)

> ( /Q (T, o) Adu(w)f _ ( /Q (0o LK* 2, au LK*2) Adu(w)>2
2ﬂ<K*x,K*x> f<K*x,K*x>i

1
> (VA - VR)(K*z, K*z)?
So, if R < A, we have,
(5.2)

2
/ (T + awLK*)x, (Ty + aw LK*)x) 4, du(w) > (\/Z - JE) (K*z, K*z)
Q
From (B) and (622) we conclude that {7}, + a, LK™* },cq is an integral
K-operator frame for End’(H) if R < A, that is , if :

|awPdp(w)
/ HLH2
O

Theorem 5.2. Let K € Endy(H) and {T,}weq be an integral K-
operator frame for Endy(H). Let {T'u}weq be any family in Endy(H),
and {ay }weq, {bwlwea C R be two positively confined sequences. If there
exist constants a, f with 0 < a, B < % such that,

(5.3)
/Q (a,Tox — bol'yux, a,Tx — bul'yx) 4 dp(w)

< Oé/ (au T, awwa>Adﬂ(w> + 6/ (boT'w, waw$>Adﬂ(w)a
Q Q

then {T'w }weq s an integral K-operator frame for End’y(H).
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Proof. Suppose (633) holds for the assumptions given in Theorem B2.
Then for all x € H we have,

/ (boTwz, bol'ywx) 4 dp(w)
0
< 2(/ (auTpx, a,Tyx) 4 dp(w)
Q
+ / (awTor — boTwr, auTyx — byTux) 4 du(w))
0
0

< 2(/ (auTyx, a,Tyx) 4 dp(w) + 04/ (auTowx, a,Tyx) 4 dp(w)
Q

+ B/Q (boTw, bwrwx>A du(w)) .

Therefore,
(5.4) (1—2ﬁ)/ﬁmewamexXAdu@A)
Q
<2(1+ ) /Q (au Tz, a,Tyx) 4 dp(w).
This gives,
2
(1-20) | int(0)] [ (Cur L) due)
2
<2(1+ ) [Zlelg(aw)} /Q (Tox, Tox) 4 du(w).
Thus,
(5.5)

‘ 2
2(1+a) {ZEB(GW)L /Q<wa,Tw37>A dp(w).

/ Loz, Tyx) 4 du(w) <
Q

weN

u—zm[mumﬂ

Also, for all x € H, we have,

/Q (auTox, a,Ty,x) 4 dp(w)

S 2 (/ <awwa - bwrwxa awwa - bwrwx>A d/,L((,U)
Q
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+ /Q (boTwz, b L'yx) 4 d“(w)>

<2 (a/ (auTox, a,Tux) 4 dp(w) + ﬁ/ (boTwz, boL'yux) 4 dp(w)
Q Q

+ /Q (bwTw, bulw) 4 du(w)) :

Therefore,

(1 - 20) [inf (aw)r /Q (T, To) 4 dulw)

weN

<201+ ) [Sup( )r /Q (T, Tu) 4 du(w).

weN

This gives:
(5.6)

2
(1 -2a) [mf Qs ]

214 8) [228 F/Q (Toa, Tux) 4 d“(w)§/9<rw$arw$>Adu(w)

From (53) and (60) we conclude,

/ (Lo, Ty,x) 4 dp(w)
2(1+ B)

)
(1~ 20) | inf ]
|

sup (b }
weN

< /Q Loz, Tpx) 4 dp(w)

21+ [pto]

(1-28) [lnf( )]2/Q<wa7wa>Adu(w)'

weN

Hence, {I', }oeq is an integral K-operator frame for End%(H). O
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