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Some Fixed Point Results on Intuitionistic Fuzzy Metric

Spaces with a Graph

Mohammad Esmael Samei

Abstract. In 2006, Espinola and Kirk made a useful contribution
on combining fixed point theory and graph theory. Recently, Reich
and Zaslavski studied a new inexact iterative scheme for fixed points
of contractive and nonexpansive multifunctions. In this paper, by
using the main idea of their work and the idea of combining fixed
point theory on intuitionistic fuzzy metric spaces and graph theory,
we present some iterative scheme results for G-fuzzy contractive
and G-fuzzy nonexpansive mappings on graphs.

1. Introduction

the Banach contraction principle was proved on 1922, [6]. The fixed
point results for different kinds of contractions are of great interest for
fixed point theorists on some spaces such as quasi-metric spaces [9, 24],
cone metric spaces [4, 35], partially ordered metric spaces [1, 8, 34],
Menger spaces [29] and fuzzy metric spaces [20, 22, 28]. The concept
of fuzzy sets introduced by Zadeh in 1965 [41]. In 1975, Kramosil and
Michalek introduced the notion of fuzzy metric spaces [28] and George
and Veeramani modified this concept in 1994 [21]. They also defined the
notion of Hausdorff topology in fuzzy metric spaces [21]. This notion
has very important applications in quantum particle physics particularly
in connection with both string and E-infinity theory which introduced
by El Naschie and Sigalotte [13–16, 18, 39]. Motivated by the poten-
tial applicability of fuzzy topology to quantum particle physics, Park
introduced the notion of intuitionistic fuzzy metric spaces [31]. Actu-
ally, Park’s notion is useful in modeling of some phenomena where it is
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necessary to study the relationship between two probability functions.
Some authors have introduced and discussed several notions of intuition-
istic fuzzy metric spaces in different ways [2, 5, 10]. Grabiec obtained a
fuzzy version of the Banach contraction principle in fuzzy metric spaces
in Kramosil and Michalek’s sense [20] and since then many authors have
proved fixed point theorems in fuzzy metric spaces [11, 27, 30, 32].

It is known that combining some branches is a typical activity in
different fields of science specially in mathematics. In 2005, Echenique
gave a short and constructive proof of an extension of Tarski’s fixed
point theorem which is important in the theory of games [12]. In 2006,
Espinola and Kirk provided useful results on combining fixed pint theory
and graph theory [19]. In 2008 and 2009, Jachymski continued this
idea by using a different view [23, 25]. Then, Beg, Butt and Radojević
obtained some results in 2010 [7] in the same direction. In this paper,
we present some iterative scheme results for G-fuzzy contractive and
G-fuzzy nonexpancive maps on graphs.

2. Preliminaries

In this section, we aim to present our main results.
At the first, we recall some basic notions.

Definition 2.1 ([38]). A binary operation ∗ : [0, 1] × [0, 1] → [0, 1] is
called a continuous t-norm whenever it satisfies the following conditions:

(a) ∗ is commutative and associative,
(b) ∗ is continuous,
(c) a ∗ 1 = a for all a ∈ [0, 1],
(d) a ∗ b ≤ c ∗ d for all a, b, c, d ∈ [0, 1] with a ≤ c and c ≤ d.

For example, a ∗ b = ab, a ∗ b = min{a, b}, a ∗ b = max{a + b − 1, 0}
and

a ∗ b = ab

max{a, b, λ}
,

for 0 < λ < 1 are continuous t-norms.

Definition 2.2 ([38]). A binary operation ♢ : [0, 1] × [0, 1] → [0, 1] is
called a continuous t-conorm whenever it satisfies the following condi-
tions:

(a) ♢ is commutative and associative,
(b) ♢ is continuous,
(c) a♢0 = a for all a ∈ [0, 1],
(d) a♢b ≤ c♢d whenever a ≤ c and c ≤ d, and a, b, c, d ∈ [0, 1].

For example, a♢b = min{a+b, 1} and a♢b = max{a, b} are continuous
t-conorms.
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Definition 2.3 ([31]). A 5-tuple (X,M,N, ∗,♢) is said to be an intu-
itionistic fuzzy metric space whenever X is a set, ∗ is a continuous t-
norm, ♢ is a continuous t-conorm andM , N are fuzzy sets onX2×[0,∞)
satisfying the following conditions:

(i) M(x, y, t) +N(x, y, t) ≤ 1,
(ii) M(x, y, 0) = 0,
(iii) M(x, y, t) = 1 for all t > 0 if and only if x = y,
(iv) M(x, y, t) =M(y, x, t),
(v) M(x, y, t)∗M(y, z, s) ≤M(x, z, t+s) for all x, y, z ∈ X, s, t > 0,
(vi) M(x, y, .) : [0,∞) → [0, 1] is continuous,
(vii) limt→∞M(x, y, t) = 1 for all x, y ∈ X,
(viii) N(x, y, 0) = 1,
(ix) N(x, y, t) = 0 for all t > 0 if and only if x = y,
(x) N(x, y, t) = N(y, x, t),
(xi) N(x, y, t)♢N(y, z, s) ≥ N(x, z, t+ s) for all x, y, z ∈ X, s, t > 0,
(xii) N(x, y, .) : [0,∞) → [0, 1] is continuous,
(xiii) limt→∞N(x, y, t) = 0 for all x, y ∈ X.

Then (M,N) is called an intuitionistic fuzzy metric on X. For an
intuitionistic fuzzy metric space (X,M,N, ∗,♢), define

B(x, r, t) = {y ∈ X : M(x, y, t) > 1− r,N(x, y, t) < r},
for all t > 0 and 0 < r < 1. Denote the generated topology by the
sets B(x, r, t) by τ(M,N). A sequence {xn} in (X,M,N, ∗,♢) is said to
be Cauchy whenever for each ε > 0 and t > 0, there exists a natural
number n0 such that M(xn, xm, t) > 1 − ε and N(xn, xm, t) < ε for
all n,m ≥ n0. Also, (X,M,N, ∗,♢) is called complete whenever every
Cauchy sequence is convergent with respect τ(M,N).

Definition 2.4 ([40]). Let A be a nonempty subset of an intuitionistic
fuzzy metric space (X,M,N, ∗,♢). For x ∈ X and t > 0, we define
M(x,A, t) = sup{M(x, a, t) : a ∈ A}.

Definition 2.5 ([11]). Let (X,M,N, ∗,♢) be an intuitionistic fuzzy met-
ric space. The fuzzy metric (M,N) is triangular whenever

1

M(x, y, t)
− 1 ≤ 1

M(x, z, t)
− 1 +

1

M(z, y, t)
− 1,

and N(x, y, t) ≤ N(x, z, t) +N(z, y, t) for all x, y, z ∈ X and t > 0.

Definition 2.6 ([22]). A sequence {xn} in an intuitionistic fuzzy met-
ric space (X,M,N, ∗,♢) is called an intuitionistic fuzzy contractive se-
quence if there exists 0 < k < 1 such that

1

M(xn+1, xn+2, t)
− 1 ≤ k

(
1

M(xn, xn+1, t)
− 1

)
,
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and N(xn+1, xn+2, t) ≤ kN(xn, xn+1, t) for all n and t > 0.

Lemma 2.7 ([27]). Let (X,M,N, ∗,♢) be a triangular intuitionistic
fuzzy metric space and {xn} an intuitionistic fuzzy contractive sequence
in X. Then {xn} is a Cauchy sequence.

Definition 2.8 ([33]). Let (X,M,N, ∗,♢) be an intuitionistic fuzzy met-
ric space. A selfmap f on X is said to be intuitionistic fuzzy contractive
whenever there exists k ∈ (0, 1) such that N(f(x), f(y), t) ≤ kN(x, y, t)
and

1

M(f(x), f(y), t)
− 1 ≤ k

(
1

M(x, y, t)
− 1

)
,

for all x, y ∈ X and t > 0.

3. Main Results

Let (X,M,N, ∗,♢) be an intuitionistic fuzzy metric space and ∆ =
X×X. Consider a directed graphG such that the set V (G) of its vertices
coincides with X and the set E(G) of its edges contains all loops, that
is, ∆ ⊂ E(G). We assume that G has no parallel edges. By G−1

we denote the conversion of the graph G, that is, the graph obtained
from G by reversing the direction of the edges. Also, G̃ denotes the
undirected graph obtained from G by ignoring the direction of the edges.
We say that a mapping f : X → X preserves the edges of G whenever
(x, y) ∈ E(G) implies (fx, fy) ∈ E(G) for all x, y ∈ X. Also, a mapping
f : X → X is called a G-fuzzy contraction whenever f preserves the
edges of G and there exists an α ∈ (0, 1) such that

1

M(fx, fy, t)
− 1 ≤ α

[
1

M(x, y, t)
− 1

]
,

and f is called a G-fuzzy nonexpansive whenever in the above equation
α = 1 for all (x, y) ∈ E(G). If f is a G-fuzzy contraction (resp. G-

fuzzy nonexpansive), then f is a G̃-fuzzy contraction (resp. G̃-fuzzy
nonexpansive) [25].

Example 3.1 ([25]). Each Banach contraction is a G0-contraction,
where the graph G0 is defined by E(G0) = X ×X.

Definition 3.2. Let x and y be two vertices in a graph G. A path in
G from x to y of length n is a sequence {xi}ni=0 of n+1 distinct vertices
such that x0 = x, xn = y and (xi, xi+1) ∈ E(G) for all i = 0, 1, . . . , n−1.

We denote by r(x, y), the sum of the edges distances between x and
y, that is,

r(x, y) = t
n∑

i=1

[
1

M(xi−1, xi, t)
− 1

]
,
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for all t ≥ 0. A graph G is connected if there exists a path between any
two vertices, and G is weakly connected if G̃ is connected. We denote
by [x]G the set of all vertices in G so that there exists a path between x
and those.

Now, we are ready to state and prove our main results. We say
that G is a (C)-graph whenever for each sequence {xn}n≥0 in X with
xn → x and (xn, xn+1) ∈ E(G) for all n ≥ 0, there exists a subsequence
{xnk

}k≥0 such that (xnk
, x) ∈ E(G) for all k ≥ 0 [25]. We say that G

is a (P )-graph whenever {xn}n≥0 is a convergent sequence to a point x
and xn ∈ [x]G for all n ≥ 0, we have r(xn, x) → 0. Now by providing the
following examples, we show that the notions are independent on infinite
graphs. Of course, it is normal that we deal infinite graphs because we
have the notion of the limit here.

Example 3.3 ([3]). Let X =
{

1
n : n ≥ 1

}
∪ N ∪ {0} via the Euclidean

metric. Define the undirected graph G2 by V (G2) = X and E(G2) ={(
1
n

)
: n ≥ 1

}
∪{(n, 0) : n ≥ 1}. Let xn = 1

n for all n ≥ 1. Then xn → 0,

xn ∈ [0]G2 while r(xn, 0) = 2n − 1
n ↛ 0. Hence G2 is not a (P )-graph,

but it G2 is a (C)-graph.

Example 3.4 ([3]). Let X =
{

1
n : n ≥ 1

}
∪
{

1√
2+n

: n ≥ 1
}
∪ {0} via

the Euclidean metric. Define the undirected graph G3 by V (G3) = X
and

E(G3) =

{(
1

n
,

1

n+ 1

)
: n ≥ 1

}
∪
{(

1

n
,

1√
2 + n

)
: n ≥ 1

}
∪
{(

1√
2 + n

, 0

)
: n ≥ 1

}
.

Let xn = 1
n for all n ≥ 1. Then xn → 0 and (xn, xn+1) ∈ E(G3) for all

n ≥ 1 while there is no subsequence {xnk
}k≥1 such that (xnk

, x) ∈ E(G3)
for all k ≥ 1. Thus, G3 is not a (C)-graph, but it G3 is a (P )-graph.

Theorem 3.5. Let G be a weakly connected (C)-graph of a (P )-graph.
Suppose that T is a G-fuzzy contraction selfmap on X with constant α
and {εi}i≥0 is a sequence in (0,∞) satisfying

∞∑
i=0

εi <∞.

Assume that {Ti}i≥0 is a sequence of selfmaps on X such that Ti pre-
serves the edges of G, i.e.,

1

M(Tix, Tx, t)
− 1 <

εi
t
,
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and (Tix, Ti+1y) ∈ E(G) for all x ∈ G, i ≥ 0, t ≥ 0 and (x, y) ∈ E(G).
Let x0 ∈ X and xi+1 = Tixi for all i ≥ 0. Then {xi}i≥0 converges to a
fixed point of T .

Proof. Since [x0]G̃ = X, T0x0 ∈ [x0]G̃, so there exists a path {γi}Ni=0
from x0 to x1. Now, we show that there exists a path from xi to xi+1 for
all i. Put x = x0 and y = γ1 and take i = 0. By using the assumption,
we get (T1T0x0, T2T1γ1) ∈ E(G). By continuing this process and using
induction, we conclude that

(Ti−1 · · ·T1T0x0, Ti · · ·T2T1γ1) ∈ E(G),

for all i ≥ 1. Thus, (xi, Ti · · ·T2T1γ1) ∈ E(G) for all i. Now, it is easy
to see that

xi, TiTi−1 · · ·T1γ1, TiTi−1 · · ·T1γ2, · · · , TiTi−1 · · ·T1γN−1, xi+1,

is a path from xi to xi+1 for all i. Since T is a G̃-fuzzy contraction, for
each i ≥ 1 we have

r(xi, xi+1) = t

[(
1

M(xi, Ti−1Ti−2 · · ·T0γ1, t)
− 1

)
+

(
1

M(Ti−1Ti−2 · · ·T0γ1, TiTi−1 · · ·T0γ1, t)
− 1

)
+

(
1

M(TiTi−1 · · ·T1γ1, TiTi−1 · · ·T1γ2, t)
− 1

)
+ · · ·+

(
1

M(TiTi−1 · · ·T1γn−1, xi+1, t)
− 1

)]
≤ t

[
2εi−1 + α

(
1

M(xi−1, Ti−2 · · ·T0γ1, t)
− 1

)
+ εi−1

+ εi + α

(
1

M(Ti−2 · · ·T0γ1, Ti−1 · · ·T0γ1, t)
− 1

)
+ 2εi

+ α

(
1

M(Ti−1 · · ·T1γ1, Ti−1 · · ·T1γ2, t)
− 1

)
+ 2εi(

1

M(Ti−1 · · ·T1γn−1, xi, t)
− 1

)]
= 3εi−1 + (2N − 1)εi + αr(xi−1, xi).

Thus, r(x1, x2) ≤ αr(x0, x1) + 3ε0 + (2N − 1)ε1 and so

r(x2, x3) ≤ 3ε1 + (2N − 1)ε2 + αr(x1, x2)

≤ α2r(x0, x1) + α(3ε0 + (2N − 1)ε1) + 3ε1 + (2N − 1)ε2.



SOME FIXED POINT RESULTS ON INTUITIONISTIC FUZZY METRIC ... 147

Also, by induction for each n ≥ 1 we have

r(xn, xn+1) ≤ αnr(x0, x1) +

n−1∑
i=0

αi(3εn−i−1 + (2N − 1)εn−i).

Hence,

1

M(xn+1, xn+2, t)
− 1 ≤ εn

t
+
εn+1

t
+ α

(
1

M(xn, xn+1, t
− 1

)
≤ εn

t
+
εn+1

t
+ αr(xn, xn+1)

≤ εn
t

+
εn+1

t
+ αn+1r(x0, x1)

+
n−1∑
i=0

αi+1(3εn−i−1 + (2N − 1)εn−i).

Therefore we obtain
∞∑

n=0

(
1

M(xn+1, xn+2, t)
− 1

)
≤

∞∑
n=0

(
εn
t

+
εn+1

t
+ αn+1r(x0, x1))

+
n−1∑
i=0

αi+1(3εn−i−1 + (2N − 1)εn−i)

=
∞∑

n=0

(
εn
t

+
εn+1

t
+ αn+1r(x0, x1))

+

n∑
i=1

αn−i+1(3εi−1 + (2N − 1)εi)

≤
∞∑

n=0

εn
t

+
∞∑

n=0

εn+1

t
+

∞∑
n=0

αn+1r(x0, x1)

+
∞∑
i=1

 ∞∑
j=1

αj(3εi−1 + (2N − 1)εi)


≤

∞∑
n=0

εn
t

+
∞∑

n=0

εn+1

t

+
∞∑

n=0

αn+1

[
r(x0, x1) +

∞∑
n=1

(3εn−1 + (2N − 1)εn)

]
<∞.

Thus, {xn} is a Cauchy sequence and so there exists x∗ ∈ X such that
xn → x∗. If G is a (P )-graph, then we have

1

M(x∗, Tx∗, t)
− 1 ≤

(
1

M(x∗, xn+1, t)
− 1

)
+

(
1

M(xn+1, Tx∗, t)
− 1

)
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≤
(

1

M(x∗, xn+1, t)
− 1

)
+

(
1

M(xn+1, Txn, t)
− 1

)
+

(
1

M(Txn, Tx∗, t)
− 1

)
≤

(
1

M(x∗, xn+1, t)
− 1

)
+
εn
t

+ α

(
1

M(xn, x∗, t)
− 1

)
.

In this case, we get Tx∗ = x∗ because xn ∈ [x∗]G̃ for all n. Now, suppose
that G is a (C)-graph. Since (xn, xn+1) ∈ E(G) for all n, there exists a
subsequence {xnk

}k≥0 such that (xnk
, x∗) ∈ E(G) for all k ≥ 0. Thus,

1

M(x∗, Tx∗, t)
− 1 ≤

(
1

M(x∗, xnk+1, t)
− 1

)
+

(
1

M(xnk+1, Tx∗, t)
− 1

)
=

(
1

M(x∗, xnk+1, t)
− 1

)
+

(
1

M(Tnk
xnk

, Tx∗, t)
− 1

)
≤

(
1

M(x∗, xnk+1, t)
− 1

)
+

(
1

M(Tnk
xnk

, Txnk
, t)

− 1

)
+

(
1

M(Txnk
, Tx∗, t)

− 1

)
≤

(
1

M(x∗, xnk+1, t)
− 1

)
+
εnk

t

+ α

(
1

M(xnk
, x∗, t)

− 1

)
.

In this case, we conclude that Tx∗ = x∗. □

Theorem 3.6. Let G be a weakly connected graph such that for each x,
y ∈ X we have

1

M(x, y, t)
− 1 =

r(x, y)

t
.

Let T : X → X be a G-fuzzy nonexpansive mapping such that T pre-
serves the edges of G, {εi}∞i=0 is a sequence in (0,∞) with

∞∑
i=0

εi <∞,

and F is a nonempty subset of X. Assume that {Ti}i≥0 is a sequence of
selfmaps on X such that

1

M(Tix, Tx, t)
− 1 <

εi
t
,
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and (Tix, Ty) ∈ E(G) for all x ∈ G, i ≥ 0 and (x, y) ∈ E(G). Let x0,
t0 ∈ X. If the sequence {xi+1 = Txi}∞i=0 satisfies

lim
i→∞

[
1

M(xi, F, t)
− 1

]
= 0,

then
1

M(ti, F, t)
− 1 → 0,

where {ti+1 = Titi}∞i=0.

Proof. Let δ > 0 be given. Choose a natural number p such that

∞∑
i=p

εi <
δ

2
.

Since [tp+1]G̃ = X, xp+1 = Txp ∈ [tp+1]G̃. Thus, there exists a path

between tp+1 and xp+1. Let k ≥ p. If {γi}Ni=0 be a path from tp+1 to

xp+1, then it is easy to see that for each k ≥ p + 1, tk, T
k−(p+1)γ1,

T k−(p+1)γ2, . . . , T
k−(p+1)γN−1, xk is a path between tk and xk. But

1

M(Tkλj , T k−(p+1)λj+1, t)
− 1 ≤ εk

t
+

(
1

M(λj , T k−(p+1)λj+1, t)
− 1

)
,

for all (λj , λj+1) ∈ E(G) and k ≥ p+ 1. Thus,

r(tk, xk) = t

[(
1

M(tk, T k−(p+1)γ1, t)
− 1

)
+

(
1

M(T k−(p+1)γ1, T k−(p+1)γ2, t)
− 1

)
+ · · ·+

(
1

M(T k−(p+1)γN−1, xk, t)
− 1

)]
≤ t

[
εk−1

t
+

(
1

M(tk−1, T k−(p+1)−1γ1, t)
− 1

)
+

(
1

M(T k−(p+1)−1γ1, T k−(p+1)−1γ2, t)
− 1

)
+ · · ·+

(
1

M(T k−(p+1)−1γN−1, xk−1, t)
− 1

)]
= εk−1 + r(tk−1, xk−1).

Now by using induction, we can show that

r(tk, xk) ≤
k∑

i=p

εi − εk.
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Choose q > p such that

1

M(xk, F, t)
− 1 <

δ

2
,

for all k ≥ q. Then, for each k ≥ q we have

1

M(tk, F, t)
− 1 ≤

(
1

M(tk, xk, t)
− 1

)
+

(
1

M(xk, F, t)
− 1

)
≤

∞∑
i=k

εi +
δ

2
<
δ

2
+
δ

2
= δ.

This shows that
1

M(ti, F, t)
− 1 → 0.

□
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