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Rational Geraghty Contractive Mappings and Fixed Point
Theorems in Ordered by-metric Spaces

Roghaye Jalal Shahkoohi' and Zohreh Bagheri®*

ABSTRACT. In 2014, Zead Mustafa introduced bs-metric spaces, as
a generalization of both 2-metric and b-metric spaces. Then new
fixed point results for the classes of rational Geraghty contractive
mappings of type LII and III in the setup of ba-metric spaces are
investigated. Then, we prove some fixed point theorems under var-
ious contractive conditions in partially ordered bz-metric spaces.
These include Geraghty-type conditions, conditions that use com-
parison functions and almost generalized weakly contractive condi-
tions. Berinde in [I7-20] initiated the concept of almost contrac-
tions and obtained many interesting fixed point theorems. Results
with similar conditions were obtained, e.g., in [Z1] and [22]. In the
last section of the paper, we define the notion of almost general-
ized (1, ¢)s,q-contractive mappings and prove some new results. In
particular, we extend Theorems 2.1, 2.2 and 2.3 of Ciri¢ et.al. in
[23] to the setting of be-metric spaces. Also, some examples are
provided to illustrate the results presented herein and several inter-
esting consequences of our theorems are also provided. The findings
of the paper are based on generalization and modification of some
recently reported theorems in the literature.

1. INTRODUCTION AND PRELIMINARIES

The concept of metric spaces has been generalized in many directions.
The notion of a b-metric space was studied by S.G. Matthews. Many
fixed point results were obtained for single and multivalued mappings
by Czerwik and many other authors in [, 2].
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On the other hand, the notion of a 2-metric was introduced by Géhler
in [3], having the area of a triangle in R? as the inspirative example.
Similarly, several fixed point results were obtained for mappings in such
spaces. Note that, unlike to many other generalizations of metric spaces
introduced recently, 2-metric spaces are not topologically equivalent to
metric spaces and there is no easy relationship between the results ob-
tained in 2-metric and metric spaces. In this paper, we introduce a new
type of generalized metric spaces, which we call by-metric spaces, as a
generalization of both 2-metric and b-metric spaces. Then, we prove
some fixed point theorems under various contractive conditions in par-
tially ordered by-metric spaces. These include Geraghty-type conditions,
conditions that use comparison functions and almost generalized weakly
contractive conditions.

We illustrate these results by appropriate examples.

2. MATHEMATICAL PRELIMINARIES

Definition 2.1 ([Il]). Let X be a (nonempty) set and s > 1 be a given
real number. A function d : X x X — R* is a b-metric on X if, for all
x,1y,z € X, the following conditions hold:

(b1) d(x,y) =0 if and only if z =y,
(b2) d(l‘,y) = d(y,SU),
(b3) d(l‘) Z) < S[d(%, y) + d(y7 Z)]
In this case, the pair (X, d) is called a b-metric space.
On the other hand, the notion of a 2-metric was introduced by Géhler
in [3].
Definition 2.2 ([3]). Let X be a non-empty set and let d : X® — R be
a map satisfying the following conditions:

(1) For every pair of distinct points x,y € X, there exists a point
z € X such that

d(z,y,z) #0.
(2) If at least two of three points z,y, z are the same, then
d(z,y,z) =0.
(3) The symmetry:
dla,y,2) = d(x, 2,y) = d{y, 2, 2) = d(y, z,2) = d(z,2,) = d(z,y, ),

for all z,y,z € X.
(4) The rectangle inequality:

d(z,y,z) < d(z,y,t) +d(y,z,t) + d(z,,t),
for all z,y,2,t € X.
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Then d is called a 2-metric on X and (X, d) is called a 2-metric space.
For some fixed point results on 2-metric spaces, the readers may refer
to [B-114].
Very recently, Mustafa et.al. [26] introduced a new structure of gen-

eralized metric spaces, called bo-metric spaces, as a generalization of
2-metric spaces.

Definition 2.3 ([26]). Let X be a non-empty set, s > 1 be a real number
and let d : X3 — R be a map satisfying the following conditions:

(1) For every pair of distinct points x,y € X, there exists a point
z € X such that

d(z,y,z) # 0.

(2) If at least two of three points z,y, z are the same, then
d(z,y,z) =0.

(3) The symmetry:

d(x,y,2) = d(x, 2,y) = d(y, z, 2) = d(y, z,2) = d(z,2,y) = d(z,y, ),
for all z,y,z € X.
(4) The rectangle inequality:
d(z,y,2) < sld(z,y,t) +d(y, 2,t) + d(z,z, )],
for all z,y,z2,t € X.
Then d is called a be-metric on X and (X, d) is called a by-metric space
with parameter s.
Definition 2.4 ([26]). Let {z,} be a sequence in a by-metric space
(X, d).
(1) {zy} is said to be by-convergent to z € X, written as lim z,, = =,
if for all @ € X, limd(zp,x,a) = 0.
n

(2) {zy} is said to be a be-Cauchy sequence in X if for all a € X,
limd(xy,, Tm,a) = 0.

(3) (X,d) is said to be ba-complete if every be-Cauchy sequence in
(X,d) is a bg-convergent sequence in it.

The following are some easy examples of byo-metric spaces.

Example 2.5 ([26]). Let X = [0, +00) and d(z,y, 2) = [vy + yz + zx]P
if x # y # z # x, and otherwise d(z,y,z) = 0, where p > 1 is a real
number. One can see that (X,d) is a by-metric space with s = 3P~
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Example 2.6 ([26]). Let a mapping d : R3 — [0, +00) be defined by
d(z,y,2) = min{|lz -y, [y — 2], |z — =[}.

Then d is a 2-metric on R and

dp($7 y7Z) = [min{|$ - y|7 |y - Z|7 |Z - x|Hp7
is a by-metric on R with s = 3P~1.
Definition 2.7 ([76]). Let (X,d) and (X', d’) be two by-metric spaces
and let f : X — X’ be a mapping. Then f is said to be by-continuous
at a point z € X if for a given € > 0, there exists § > 0 such that
z € X and d(z,z,a) < 4§ for all a € X imply that d'(fz, fx,a) <e. The
mapping f is bp-continuous on X if it is bo-continuous at all z € X.
Proposition 2.8 ([Z6]). Let (X,d) and (X', d’) be two ba-metric spaces.
Then a mapping f : X — X' is ba-continuous at a point x € X if and
only if it is by-sequentially continuous at x; that is, whenever {x,} is
ba-convergent to x, {fx,} is ba-convergent to f(x).

We will need the following simple lemma about the bs-convergent
sequences in the proof of our main results.

Lemma 2.9 ([76]). Let (X,d) be a ba-metric space and suppose that
{zn} and {yn} are ba-convergent to x and y, respectively. Then we have

1
ﬁd(xv Y, a) < lim inf d(ZEn, Yn, a) < lim sup d(ZEn, Yn, a) < Szd(xv Y, a’)7
S n—oo n—00

for all a € X. In particular, if y, = y is constant, then

1
~d(z,y,a) <liminfd(z,,y,a) < limsup d(zy,y, a) < sd(z,y,a),
S n—o0

n—o0

foralla € X.

3. MAIN RESULTS

3.1. Results Under Rational Geraghty Condition of Type I. In
1973, Geraghty [I5] proved a fixed point result, generalizing the Banach
contraction principle. Later several authors proved various results using
the Geraghty-type conditions (See, e.g., [[6]). Following [I6], for a real
number s > 1, let F, denote, the class of all functions j : [0, 00) — |0, %)
satisfying the following condition:

1
B(tn) — — as n — oo implies ¢, — 0 as n — oo.
s

Definition 3.1. Let (X, d) be a complete 2-metric space. Assume that
f: X — X be aself mapping and o : X x X x X — [0, 00) be a function.
We say that T is a 2 — - admissible mapping if for all a € X

z,y € X, a(z,y,a) >1 =  oTz,Ty,a) > 1.
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The following theorem extend Theorem 1 of [26] and also is the ex-
tension of Theorem 5 of [27].

Theorem 3.2. Let (X, d) be a by complete ba-metric space (with param-
eter s> 1), f: X — X be a self mapping and o : X x X x X — [0, 00)
be a function such that f is an 2 — a- admissible mapping. Suppose that
(3.1)

for all elements x,y,a € X, where

M(z,y,a) = max {d(a:, y,a), d(z, fz,a)d(y, fy,a) d(z, [z,a)d(y, [y, a) }

1+d(z,y,a) "o 1+4d(fx, fy,a)

and

N(z,y,a) = min {d(z, fz,a),d(z, fy,a),d(y, fz,a),d(y, [y,a)} -

Assume that [ is ba-continues and if there exist 9 € X such that
a(zg, fre,a) > 1, then f has a fized point.

Proof. Let xy € X such that a(xg, fzg,a) > 1. Define a sequence {z,}
in X by

Tn = fnxO = fxn—la

for all n € N. Since f is a 2 — a-admissible mapping and «(zg, fzg,a) >
1, we deduce that a(zy, fri,a) = « (fxo, f2:c0,a) > 1. By continuing
this process, we get that « (z,, fx,,a) > 1 for all n € NU{0}. Then,

oy, frn,a)a(xn_1, frn_1,a) > 1,

for all n € NU {0}.
Step I: We will show that lim,, d(x,,, 2p4+1,a) = 0. By (B1), we have

(3.2)
sd(xp, Tpy1,a) = sd(frn_1, frn,a)
< S(X(Zﬂn_l, fxn—h (Z)Oé(l?n, fxna a)d(fxn—h fxTM a)
< /B(d(xn—h Tn, a))M(.’L’n_l, Tn, a) + LN('rn—lv Tn, a)
< 7d n—1L,<4n,
<3 (Tn-1,7n,a)

S Cl(fl?n_l, Tn, a)?
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because
d(xp-1, fn_1,a)d(Ty, fTn,a)
1+d(frpn_1, frn,a) ’
d(xp—1, ftn_1,a)d(zn, fr,,a)
1+ d(zp—1,2Tn,a) }

M(zp—1,%n,a) = max {d(xnhxn,a),

dﬁC—ax77adx’z @
:HlaX{d(xn—hxn)a)’ ( n11+ dL(x)x( il ;L;_l )

d(xn—la fxn—la a)d(xna fxnv a')
1+d(xp—1,zn,a)
S max {d(l’n,l, Tn, a)> d((En, Tn+1, a)} )

)

and
N(zp—1,2pn,a) = min{d(zp—_1, fzn,a),d(z,, fz,,a),
d(xp-1, frn-1,a),d(xn, fron—1,a)}
= min{d(zp—1,Tnt1,a),d(Tpn, Tpi1,a),
d(xp—1,2n,a),d(Tn,xn),a)}
=0.
If

max {d(xn—la Tn, CL), d(xn7 Tn+1, CL)} = d(xTM Tn+1, a)7
then, from(B™), we have

(33) d(l’n, Tn+1, a) < ,B(M(ilfn, Ln+1, a))d(xn, Tn+1, CL)

1
< gd(xn,:vnﬂ,a)

< d(zp, Tnt1,a),
which is a contradiction. Hence,
max {d(zn—1,%n), d(Tn, Tni1,a)} = d(Tpn_1,2n,a),
and so from (B2),
(3.4) d(zpn, Tpt1,a) < B(M(zp—1,Tn,a))d(Tn—1,Tn,a).

Therefore, the sequence {d(zy, xn+1,a)} is decreasing. Then there exists
r > 0 such that lim, d(z,,zn+1,a) = r. Suppose that r > 0. Then,
letting n — oo, from (B=2) we have

1
—r < sr <lim B(d(zp—1,Tn,a))r <.
S n

So, we have lim,, f(d(xy—1,Tp,a)) > é and since 8 € Fs we deduce that
lim,, d(xy—1, Zpn,a) = 0 which is a contradiction. Hence, r = 0, that is,

(3.5) lim d(zy, pi1,a) = 0.
n
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Step II: Now, we prove that the sequence {x,} is a by-Cauchy sequence.
Using the rectangle inequality and by (B), we have

d(Tp, Tm,a) < $d(Tp, Ty, Tnt1) + SA(Tm, a, Tpt1) + sd(a, Tn, Tpi1)

< 5d(Tp, Trsts Tm) + 82 [d( T, Tmg1, @) + d(Tyits Tt @)
+ d(Tpm, Tm+1, Tnt1)] + sd(Ty, Tni1, a)

< sd(xp, Tnt1, Tm) + st(wm, Tint1, @)
+ 8204(1‘", fxn, a)o(Tm, frm,a)d(Tpi1, Tmit,a)
+ §%d(Trmy T 1, Tng1) + 5d(Tn, Tyt a)

< sd(xp, Tnt1, Tm) + s2d(xm, Timt1, @)
+ sB(d(xn, Tm,a)) M (2, T, a) + LN (29, Ty, @)

+ st(xm, Tt Tnt1) + 8d(Tp, Ty, a).

Letting m,n — oo in the above inequality and applying (B3), we have

(3.6)
lim d(zp, xm,a) <s lim B(d(xp, xm,a)) lm M(x,, zm,,a)
m,n—00 m,n—o0 m,n—00
+ lim LN(zp,xm,a).
m,n—00
Here,

d(a:n,xm,a) < M(mn,xm,a)
d(xn,fxn,a)d(xm,fxm,a)
= d nyLm, ), ’
ma"{ R W 2y

d(zp, frn, a)d(Tm, frm,a)
1+ d(zp, xm,a) }

d(xn, Tnt1, a)d(Tm, Timt1, @)
1 + d($n+1, Tm+1, a)
d(Tp, Tpa1,a)d(Tm, Tmt1, @) }
1+ d(xn, 2m,a) '

= max {d(:nn, T,y @),

Letting m,n — oo in the above inequality, we get

(3.7) lim M(zp,zm,a) = lm d(x,,Tm,a),

m,n—00 m,n—00
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lim N(zy,Zm,a) = min{d(z,, fz,,a),d(xn, fTm,,a),

m,n—00
(xn’w fx’m a)7 d(l’m, fxma CL)}

= lim min{d(zp,Tnt1,0a),d(Tn, Tmi1,a),

m,n—00
d(xm, Tn+1, CL), d(l’m, Tm+1, CL)}
=0.
Hence, from(88) and(B™), we obtain
(3.8)
. < . .
m,lq%gloo d(Tp, Tm,a) < s m’l%r_rioo B(d(zy, Tm,a)) m,lq%gloo d(zp, T, a).

Now we claim that, limy, n—o0 d(Tn,Zm,a) = 0. On the contrary, if
limyy, p—oo d(Zp, Tm, a) # 0, then we get

1 < lim B(d(xnpxmva))

S m,n— 00
Since § € Fs we deduce that

(3.9) lim d(zp,xm,a) =0,
m,n— 00
Which is a contradiction. Consequently, {z,} is a ba-Cauchy sequence
in X. Since (X,d) is by-complete, the sequence {x,} be-converges to
some z € X, that is, lim, d(x,, z,a) = 0.
Step III: Now, we show that z is a fixed point of f.
Using the rectangle inequality, we get

d(fz,z,a) < sd(fz, fen,z)+ sd(z,a, fry,) + sd(a, fz, frg).

Letting n — oo and using the continuity of f, we have fz = z. Thus, 2
is a fixed point of f. U

Note that the continuity of f in Theorem B™ is not necessary and can
be dropped.

Theorem 3.3. Under the hypotheses of Theorem B3, without the ba-
continuity assumption on f, assume that if a sequence {x,} is such that
Tp — X as n — 00, one has x, X x for alln € N, and a(zy, fr,,a) >
1 for all n, then oz, fr,a) > 1. If there exists 9 € X such that
a(zg, fre,a) > 1, then f has a fized point

Proof. Repeating the proof of Theorem B2, we construct an increasing
sequence {x,} in X such that z,, — z € X. Using the assumptions on
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X we have x,, < z. Now, we show that z = fz. By (BJ) and Lemma
iz

1
& |:Sd(za fzv Cl):| < Shmsup d(anrl’fzaa’)

n—o0

< lim Supa(xn7 fxna CL)O[(Z, fZ’ a)d(xn+17 fzv CL)
n—00

< limsup S(d(xy, z,a)) limsup M (z,, z, a)

n—o0 n—o0

+ limsup LN (zy, 2, a),

n—oo

where,

d(xp, frn,a)d(z, fz,a)
1+d(fan, fz,a)
d(Tp, frn,a)d(z, fz,a)
1+ d(zp, z,a) }

lim M (z,,z, a) = limmax {d(m‘n, z,a),
n—oo n

d(zp, Tnt1,0)d(z, fz,a)
1+d(fzy, fz,a)
d(Tp, Tni1,a)d(z, fz,a)
1+d(zy, z,a) }

= lim max {d(a:n, z,a),

=0

(see(BH)) and

lim N(zp,z,a) = li_>m min {d(z,, fz,a),d(z, fz,,a),

T d($n7f$n7a)ad(zvfz7a)}

= lim min{d(zy, fz,a),d(z, xni1,a),
n—oo

d(xn, Tn+1, CL), d(Z, fzv CL)}
=0.

Therefore, we deduce that d(z, fz,a) < 0. Since a is arbitrary, we have
z= fz. O

Definition 3.4. Let (X, d) be a by-metric space. A mapping f: X — X
is called a rational Geraghty contraction of type I[ if, there exists § € F
such that,

(3.10)

SO((:L‘, f:L’, a’)a(y7 fy7 a)d(fx, fy’ CL) < /B(M(‘T’ Y, CL))M(.T, Y, a)+LN($, Y, CL),
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for all elements x,y € X, where

_ d(z, fx,a)d(z, fy,a) + d(y, fy,a)d(y, fz,a)
Mzy,a) = max {d(””’ V) T s, ) + Ay, Fy, @) + A, F9)]
d(z, fr,a)d(z, fy,a) + d(y, fy,a)d(y, fr,a) }
1+d(z, fy,a) +d(y, fz,a) ’

and

N(x7 y? a) = min {d(x7 fﬂ?, a)’ d(x7 fy7 a)7 d(y7 fx7 a’)’ d(y7 fy7 a)} °

Theorem 3.5. Let (X, d) be a by complete ba-metric space (with param-
eter s> 1), f: X — X be a self mapping and o : X x X x X — [0, 00)
be a function such that f is a 2-a-admissible mapping. Suppose that f
be a rational Geraghty contractive mapping of type I1. If

(1) f is continuous, or,

(1I) assume that if a sequence {x,} is such that x, — x asn — oo and
oy, frn,a) > 1 for all n, then oz, fr,a) > 1. If there exist xg € X
such that a(xg, frg,a) > 1, then f has a fized point,

Proof. Let xg € X such that a(xg, fzo,a) > 1. Define a sequence {z,}
in X by
Tp = fnxO = fxn—lv

for all n € N. Since f is a 2-a-admissible mapping and «(zg, fzo,a) > 1,
we deduce that a(z1, fo1,a) = afro, f220,a) > 1. By continuing this
process, we get that a(xy,, fz,,a) > 1 for all n € NU{0}. Then,

oy, frn,a)a(xn_1, ftn_1,a) > 1,

for all n € NU{0}. We will do the proof in the following steps.
Step I. We will show that li_>m d(p, Tpi1,a) = 0. Since x, <X Tpt1,

then for each n € N, by (810), we have
(3.11)

sd(xp, Tpy1,a) = sd(frn_1, frn,a)
S S(X(Zﬂn_l, fxn—h Q)Oé(lﬁn, fxna a)d(fxn—h fxTM a)
< /B(d(xn—h Tn, a))M(.’L’n_l, Tn, a) + LN('rn—lv Tn, a)

IN
—

*d(l’n_l, Tn, G,)

V)

S Cl(fl?n_l, Tn, a)?
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because

M(zp—1,2n,a) = max {d(xn—h T, a),

d(xn-1, fTn-1,a)d(Tn-1, fTn,a) + d(@n, fTn,a)d(Tn, fTn-1,a)
1+ s[d(n-1, fTn-1,a) + d(Tn, fTn,a) + d(Tn-1,Tn,Tn+1)]
d(Tn_1, fTn_1,a)d(Trn-1, [Tn,a) + d(Tn, fTn,a)d(xn, fxnfl,a)}
1+ d(zn-1, frn,a) + d(Tn, fxn—1,a)

= max {d(mn—l, Tn,a),

A(Tn—1,Tn,a)d(Tn-1,Tnt1,a) + d(Tn, Tniy1, a)d(Tn, Tn,a)
1+ s[ld(zn-1,Tn,a) + d(Tn, Tnt1,a) + d(Tn-1,Tn, Tnt1)]
d(Tn—1,Tn,a)d(Tn—1,Tnt1,a) + d(Tn, Tnt1)d(Tn, Tn,a)
1+ d(xn-1,Tn+1,0a) + d(Tn, Tn,a) }
=d(n-1,Zn,a).

Since
(3.12)
d(xn—la Tn+1, CL) < S[d(ﬂ?n_]_, Tn+1, t) + d(l‘n_t,_l, a, t) + d(aa Tn—1, t)]u

and

N(xp—1,2n,a) = min{d(xn-1, f2n,a),d(xn, f2,,a),
d(xp—1, frn_1,a),d(xn, frn_1,a)}
= min{d(xn_1, Tnt1,a), d(Tn, Tnt1,a),
d(xp—1,Tpn,a),d(xn, ), a}
= 0’
from (BT2) and taking ¢ = x,, we have:

(3.13)
d(xn—ly xn—i—l) (I) < S[d(ZUn_l, xn-i—].) xn) + d($n+17 a, xn) + d((l, Tn—1, x’n)])

Therefore, {d(xy, Tnt+1,a)} is decreasing. Then there exists r > 0 such

that li_>m d(Zp, Tpy1,a) = r. We will prove that » = 0. Suppose on
n o

contrary that r > 0. Then, letting n — oo, from (B2), we have

1 .
g?” < nh—>rgo ﬁ (d(l'nflv In, (I))T,

which implies that d(x,—1,2,,a) — 0. Hence, r = 0 which is a contra-
diction. So,
(3.14) lim d(xn—1,2pn,a) =0,

n—oo
holds true.

Step II: Now, we prove that the sequence {x,} is a by-Cauchy sequence.
Suppose the contrary, i.e., that {x,} is not a by-Cauchy sequence. Then
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there exists € > 0 for which we can find two subsequences {z,,} and
{zp,} of {x,,} such that n; is the smallest index for which

(3.15) ng >m; > i, d(Tm,, Tn,;,a) > €.

This means that

(3.16) d(XTm,;, Tn,—1,0) < €.

As in the proof of Theorem (B2), we have,

(3.17) = < limsup A(Tm;41, Tny, Q).
S

1—+00
From the definition of M (x,y,a) and the above limits, we obtain

lim sup M (@, , Tn,—1,a)
1—00

= lim sup max {d(mmi Tny—1,0),
1—00
d(xmia fxml ) a)d(l‘ml 5 fxnifh (l) + d(xnifh fx’ni717 a)d(l’ni,l, fxml ) a)
1+ S[d(zmu fxmm CL) + d(xm—lv fxn,-—la (1) + d(*Tmi y Lny—1, fxn,-—l)]
d(l‘mi, f'rnu ) a)d(x’mi ’ fxni—h a’) + d(xni—lv fxni—la a)d(xni—la f'rnu ) a) }
1+ d(xmm fl'nifla a) + d(xnifla fxmiVQ)

)

= lim sup max {d(azmi Ty —1,0),
1— 00
d(xmia Lm;+1s a)d(xmi y Ly a) + d(:’vni*17 T s a)d(xni*h Tmi+1, a)
1+ S[d(qu > Tmi+1, a) + d(xm—lﬁ Tns a)? d(xmz' y Tng—1, mnz)]
d(xmi’ Tmi+1s a)d('rmi » Ly a’) + d(xni—lv Tnis a)d(mm—lﬁ LTmi+1, a) }
1+ d(zm,;, Tn,;,a) +d(Tn,—1,Tm,;+1,0)

Y

<e.

Now, from (BT0)and the above inequalities, we have

e .
— < limsup d(Tm;+1, Tn;.a)
S i—00

S § hm Sup O‘('Tmiv fxmp a‘)a(xni’ f‘T’I’Lia a)d($mi+17 xm,a)

i—00
< limsup (M (Zm,;, Tn,—1,a)) imsup M (zp,, Tn,—1,a)
1—00 1—00

—+ LN(.I'mi,-Tm—h a)
< ghm sup 6(M(5Um17 Tn;—1, a)):

1— 0
which implies that % < limsup B(M(m,;, Tn,—1,a)). Now, as f € F we
1—>00
conclude that {z,} is a b-Cauchy sequence. The by-Completeness of X
yields that {z,} be-converges to a point u € X.
Step 111 : v is a fixed point of f.
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First, let f be continuous. So, we have
u= lim 41 = lim fz, = fu.
n—oo n—oo

Now, let (II) holds. Using the assumptions on X we have z, < u.
Now, we show that v = fu. By Lemma (279)

1
7d(u7 fua CL) < lim sup d(anrla fuv a‘)
S

n—oo

< slimsupd(zn+1, fu,a)

n—oo

< limsup sa(xy, fon, a)a(u, fu,a)d(Tpt1, fu,a)
n—00

< limsup (M (xp,u,a))limsup M (x,, u, a)

n—oo n—oo

= O7
because,

lim M(zy,u,a)
n—oo

d(xn, frn,a)d(zn, fu,a) + d(u, fu,a)d(u, fr,,a)
1+ s[d(zn, frn,a) + d(u, fu,a) + d(xp, u, fu)]
d(xn, frn,a)d(zn, fu,a) + d(u, fu,a)d(u, fr,,a)
1+ d(xn, fu,a) + d(zy, fu,a) }
= max {0,0,0}
= 0.

Therefore, d(u, fu) = 0, so, u = fu. O

= lim max{d(xn,u, a),

Definition 3.6. Let (X, d) be a by-metric space. A mapping f: X — X
is called a rational Geraghty contraction of type 111 if there exists 5 € F
such that,

(3.18)

sa(z, fr,a)oly, fy,a)d(fz, fy,a) < B(M(z,y,a))M(z,y,a)+LN(z,y,a),
for all elements z,y,a € X, where
d(z, fz,a)d(y, fy,a)
"1+ sld(z,y,a) + d(z, fy,a) + d(y, fr,a) +d(z,y, fy)]
d(:v,fm,a)d(a:,y,a) }
1+ sd(z, fz,a) + 3[d(y, fz,a) + d(y, fy,a) +d(z,y, fy)] |

9

M (x,y,a) = max {d(lny,a)

and

N(z,y,a) = min{d(z, fz,a),d(z, fy,a),d(y, fz,a),d(y, [y,a)} .
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Theorem 3.7. Let (X, d) be a by complete ba-metric space (with param-
eter s > 1), f: X — X be a self mapping and o : X x X x X — [0, 00)
be a function such that f is a 2-a- admissible mapping. Suppose that
f be a rational Geraghty contractive mapping of type II1I. Assume that
either

(I) f is continuous, or,
(I1) if a sequence {xy} is such that x,, — x asn — 0o and oy, frp,a) >
1 for all n, then o(x, fz,a) > 1.

If there exist xg € X such that o(xg, fro,a) > 1, then f has a fized

point.

Proof. Let xg € X such that a(xg, frg,a) > 1. Define a sequence {z,}
in X by

Tp = fnw() = fxnflv

for all n € N. Since f is a 2 — a-admissible mapping and
(X(Iﬂ(), fx()? a’) Z 17

we deduce that a(z1, fr1,a) = afro, f220,a) > 1. By continuing this
process, we get that a(xy,, fz,,a) > 1 for all n € NU{0}. Then,

O[(.fl]'n, fxnv a)a(:cn_l, fx’n—la a/) Z 17

for all n € NU {0}.

Step I: We will show that lim d(x,,zp4+1,a) = 0. By (BIR) we have

n—oo

(319) d(l’n, Tn+1, CL) - d(fmn—17 fx'm a)
< B(M(wn—la Tn,s a))M(xn—la Tn,y a)
< B(d(xn—la Tn, a))d(l’n_l, Tn, CL)

1
< gd(l'n—la Tn, a),

< d(wnfb T, a),
with suppose

d(Tpn—1,Tn, a) + d(l'nfla fxy, a) + d({L‘n, frn_1, a) + d(l‘nfla LTy f$n)7
T, [Tn-1, a) + d({L‘n, ffpna) + d(fll'nfla Ly fxn)a

(
(
(:En,b Tn,s CL) + d(:l?nfl, Tn+41, a) + d(.’l)n, Tn, CL) + d(l‘nfl) Tn, $n+1)7
(

QU

Ay =
Ay =
Az =
Ay =

d Lny Ly (I) + d($n7xn+la (I) + d(l’nfl,l'n, $n+1)>
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because

d(xp—1, frn_1,0)d(zn, fTn,a)
14 s4; ’

d(xn—1, frn—1,0)d(Tpn-1,Tn,a)

1+ sd(zp—1, frn-1,a) + s3A4s }

M(zp—1,%n,a) = max {d(xn_l,xn,a),

d(xnflv T, a)d(xn, Tn41, (L)
1+ SA3 ’

= max {d(:cn_l, T, @),

d(xn—lv Tn, a)d(xn—h Ln, a)
1+ sd(xp—1,Tn,a) + 8344 |’

Therefore, {d(xy, Tp+1,a)} is decreasing. By similar arguments as done
in Theorems B2 and B3, we have,

(3.20) lim d(zy—1,zn,a) =0.

n—oo

Step II: Now, we prove that the sequence {z,} is a ba-Cauchy se-
quence. Suppose the contrary, i.e., that {z,} is not a be-Cauchy se-
quence. Then there exists € > 0 for which we can find two subsequences
{zm,} and {zp,} of {z,} such that n; is the smallest index for which

(3.21) n; > m; > i and d(zy,, Tn,,a) > €.
This means that

(3.22) (T, Tn;—1,0) < €.

As in the proof of Theorem B2, we have

(3.23)

®» | M

< limsup d(@m,+1, Tn,, @)
1—00

From the definition of M (x,y,a) and the above limits,we have

Bi =d(zm;, Tn;—1,0) + d(Tm;, fTn;—1,0) + d(Tn,—1, fTm,;,a),

+ d(Tm,;, Tn—1, fTn;—1),
By = d(zp;—1, fXm,;,a) + d(xn,—1, frn,—1,0) + d(Tm,, Tn;—1, fTn,—1),
Bs = d(zpm;, Tn;—1,0) + d(Tm,;, Tn,, a) + d(Tn,—1, Tm,+1,a),

+ d(Tm,;, Tnj—1, Tn, ),

B4 - d(xnifla Tm;+1, Cl) + d(xnifla Tn;s CL) + d(l’mz, Tn;—1, mni)a
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we have

limsup M (zm,;, Tn;,—1, a) = lim sup max {d(xmi,xm_l, a),
1—00 1—00
AT,y fTm;, a)d(Tn,—1, fTn,—1,a)
1+ SBl
(T, [Tm;, )Ty, Tny—1, a)}
1+ sd(@m;, fTm,;,a) + s3Bs

= limsup M (2, , Tn,—1, Q)
i—00

)

= lim sup max {d(xmz y Tp,—1,0),
1—00
d(xmz » Tmi+1, a)d(xni—b Ly a)
1+ SBg
d(xmz » Tmi+1, a)d(xmi’ Lni—1, CL) }
1+ sd(xm;, Tm;+1,0) + $3By

9

Now, from (BT10) and the above inequalities, we have

€
- S lim sup d(xmi-‘rl) xni,a)
S i—00
< slimsup (T, fTm,, a)(Tn;, fEn,, @)d(Tm,41, Tn,a)
71— 00
< limsup (M (zm,;, Tn,—1,a)) limsup M (zy,,, Tn,—1,a)
i—00 1—00

—}-LN(JJm“.Tm_La)
< elimsup B(M(-Tmi)$ni—la a))7

—00

which implies that % < limsup B(M(m,, Tn,—1,a)). Now, as § € F we
i—00
conclude that {z,} is a b-Cauchy sequence. The by-Completeness of X
yields that {z,} be-converges to a point u € X.
Step 111 : v is a fixed point of f.
First, let f is continuous. So, we have

u= lim xp+1 = lim fz, = fu.
n—oo n—oo
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Now, let (II) holds. We show that v = fu. By Lemma EZ9, we have

1
—d(u, fu,a) <limsup d(zp+1, fu,a) < slimsup d(zp+1, fu,a)
s

n—oo n—oo

< limsup sa (2, fon, a)o(u, fu,a)d(zni1, fu,a)
n—00

< limsup (M (zy, u, a)) limsup M(z,,u,a)

n—00 n—00
=0,
and
nhﬁnolo M(xp,u,a)
= lim max{d(ajn,u, a),
n—oo
d(@n, frn, a)d(u, fu,a)
1+ s[d(xp,u,a) + d(zn, fu,a) + d(u, fr,,a) + d(zn, u, fu)]’
d(xn, frn,a)d(Ty,u, a)
T+ sd(n, firn, @) + 2d(u, [, @) + d(u, fu, @) + dn, 0, fu)
=max{0,0,0}
=0.
Therefore, d(u, fu) = 0, so, u = fu. O

3.2. Results Using Comparison Functions. Let ¥ denotes the fam-
ily of all nondecreasing and continuous functions ¢ : [0,00) — [0, 00)
such that lim,, ¢"(t) = 0 for all ¢ > 0, where ¥™ denotes the n-th iterate
of ©. It is easy to show that, for each ¢ € W, the followings are satisfied:
(a) ¥(t) <t for all t > 0;
(b) ¥(0) = 0.

Theorem 3.8. Let (X, d) be a by-complete by-metric space, f: X — X
be a self mapping and o : X x X x X — [0,00) be a function such that
f is 2-a- admissible and suppose that

(3.24) sa(z,y, a)d(fz, fy,a) < Y(M(z,y,a)),
for all elements x,y,a € X and

1+d(z,y,a) " 1+d(fz, fy,a) '

M(x7 y7 a‘) = max {d(x’ y? a)?

Assume that either

(i) f is continuous, or
(ii) if a sequence {xy,} is such that x, — x as n — oo and
a(Tp, Tnt1,a) > 1, then a(x,, z,a) > 1.
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If there exists xg € X such that o(xg, fro,a) > 1, then f has a fized
point.

Proof. Let zy € X be such that a(zg, fzg,a) > 1. Define a sequence
{zp} by ,, = f"z for all n € N. Since f is a 2 — a-admissible mapping
and

a(zg, x1,a) = a(xg, fre,a) > 1,
we deduce that

a(z1,22,a) = a(fzo, fr1,a) > 1.

Continuing this process, we get that a(z,,rn+1,a) > 1 for all n €
N U {0}. Now, we do the proof in three steps.
Step 1. We will prove that

nh—>Holo d(p, Tpi1,a) = 0.

Using condition (B24) and since a(xy,, Tn+1,a) > 1 for all n € NU {0},
we obtain

d(anrl’ T, CL) S SOZ(IL'nfl, T, a)d(xn+1, Tny (I)
Sa(xnfla Ly a)d(f:vn, frn_1, a)
V(M (25, Tn-1,a)).

IN

Here,
d(xp—1, frn_1,0)d(zn, fn,a)
1+d(frn-1, fTn,a) ’
d(xp-1, frn-1,0)d(xn, fr,,a)
1+ d(xp-1,2n,a) }

M(xp—1,%n,a) = max {d(xnl,:nn,a),

= max {d(azn_l, T, a), (@1, 2, )d(Tn; Tni1,0)
1+d(zp, xnt1,a)
d(xp—1, frn_1,0)d(Tn, f2n,a)
1+ d(xp—1,2n,a) }
< max {d(zp_1,Tn,a),d(zyn, Tni1,a)} .

)

Hence,

d(Tp, Tpi1,a) < sa(Tp—1, Tn,a)d(Tni1, Tn,a) < Y(d(Tp—1, T, a)).
If max {d(zp—_1,%n,a),d(zn, Tni1,a)} = d(zpn, Tni1,a), then from (BI)
we have,

d(Tp, Tnt1,a) < sd(Tp, Tnt1,0) < Yd(Tn, Tpi1,a) < (d(Tn, Ty, a).

and this is a contraction. If max {d(zp—1,%n,a),d(Tn, Tni1,a)} = d(Tp-1,2n,a),
then we have:

d(xn’ Tn+1, CL) < Sd(%n, Tn+1, CL) < 1/}d(35n—17 Tn, CL).



RATIONAL GERAGHTY CONTRACTIVE MAPPINGS AND FIXED POINT ...197

By induction, we get that
d(a, Tni1,Tn) < P(d(a, T, Tp-1))
S wQ(d(aa Tn—1, l’n_Q))

< ¢"(d(a, x1,20))-
As ¢ € U, we conclude that
(3.25) lim d(zy, pi1,a) = 0.
n

Step II. We will prove that {z,} is a be-Cauchy sequence. Suppose the
contrary. Then there exists a € X and € > 0 for which we can find two
subsequences {x,, } and {z,,} of {z,} such that n; is the smallest index
for which

(3.26) ng >m; > i, d(Tp,, Tn,;,a) > €.
This means that
(3.27) d(Tm,, Tn,—1,0) < €.
From (BZ8) and using the rectangle inequality, we get
€ < d(Tmy, Tn,;, @) < SA( Ty, Tnyy Trngp1) STy 415 Ty s @)+ ATy 415 Timy, @)
Taking the upper limit as ¢ — oo, we get
(3.28) < lim sup d(zpm,; 41, n,, a).
S i—00
From the definition of M (z,y,a) we have:
A Xy [y, @)d(Xn,—1, fTr,—1,a)
1+ d(fom;, fTn,—1,0) ’

d(xmi ) fxmiv a)d(xnifla fxnifla a)
1+ d(®m,;, Tn;—1,0)

M(xmial'nifla a) = max {d(xmivxnih a)7

d(xmia a’xmr‘rl)d(xm—la avxni)
1+ d<xmi+1>wnwa)
d(xmi7$mi+1’a)d(zni_17xni7a)
1+ d(Tm,, Tn,—1,0) ’

= max{d(xmmxm‘,—laa)7 ;

limsup M (2, Tn;—1,0) < €.
1—00

Now, from (B=24) we have
Sd(mmhLla Tn,;, a) = Sd(fxml , fmnifh a)
S SO[(CZ(.’I}mi ) mni—la CL))d(f.’IImL ) fxni—lv G)T/)(M(fm, ) xni—la a))
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Again, if i — oo, by (B228), we obtain

(3.29) e=s (f)

S

< slimsup d(2p, ,, Tn;, Q)
1—00

<s hm sup a(aﬁ’mi s Ty 1s G/)d(fmmza f-%'ni_l ) a/)
1—00

< 1(e)
<e,
which is a contradiction. Consequently, {x,} is a by-Cauchy sequence in
X. Therefore, the sequence {z,} ba-converges to some z € X, that is,
lim,, d(xy, 2,a) =0 for all a € X.
Step III. Now we show that z is a fixed point of f.
Using the rectangle inequality, we get

d(z, fz,a) < sd(z, fz, frn) + sd(fzn, fz,a) + sd(fan, z,a).
Letting n — oo and using the continuity of f, we get
d(z, fz,a) <O0.
Hence, we have fz = z. Thus, z is a fixed point of f. O

Theorem 3.9. Under the hypotheses of Theorem B8, without the bs-
continuity assumption on f. Assume for any sequence {x,} in X with
(T, Tny1,a) > 1 for alln € NU{0} and z,, = x as n — 400, we have
a(Tp,x,a) > 1 for alln € NU{0}. Then f has a fized point.

Proof. Following the proof of Theorem B8, we construct an increasing
sequence {z,} in X such that z,, — z € X. Now, we show that z = fz.
By (8224), we have

(3.30) sd(fz,xn,a) =sd(fz, frn_1,a)
< SOé(Z, Tn-1, a)d(fz, fxn—la a)a,/;(M(z, Tn—-1, CL)),
where
d(z, fz,a)d(xp—1, fTpn-1,a)
1+d(fz, frn_1,a) ’

d(Z, fza a)d(xnfla fxnflv a)
1+d(z,2p_1,a) } '

M(z,xp—1,a) = max {d(z, Tp—1,a),

Letting n — oo in the above relation, we get

(3.31) limsup M (z, xp—1,a) = 0.

n—o0
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Again, taking the upper limit as n — oo in (B330) and using Lemma 279
and (B33T) we get

1
s [d(z,fz,a)] < slimsupd(z,, fz,a)
s

n—oo

< slim sup O[(xn—lv Zy a)d(l‘nv fZ7 (L)
n—00

< limsup (M (z,xp_1,0a))

n—oo
=0.
So we get d(z, fz,a) =0, i.e., fz=z. O

Corollary 3.10. Let (X,d) be a ba-complete ba-metric space, f: X —
X be a self mapping and a : X x X x X — [0,00) be a function such
that f is 2-a- admissible and suppose that

where 0 <r <1 and

1+d(z,y,a) " 1+d(fz, fy,a) '

Assume that for all elements x,y,a € X. either

M(z,y,a) = max {d(x, y,a),

(i) f is continuous, or
(i) if a sequence {x,} is such that x,, — x as n — oo and
Ty, Tni1,a) > 1, then a(x,, ,a) > 1.
If there exists xy € X such that o(xg, fxo,a) > 1, then f has a fized
point.

Remark 3.11. In Theorems B and B, we can replace M (z,y,a) by
the following;:

M(z,y, 0) =max {‘“‘T’ U0 d(e, faa) + dly, Fy,a) + d(e,y, Fu)]
L+ d(, fy,a) + dly, fr.a) ’

or,

M(z,y,a) = max {d(x, Y, a),

d(z, fz,a)d(y, fy,a)
1+ sld(x,y,a) + d(z, fy,a) + d(y, fr,a) + d(z,y, fy)’
d(x7 fy7 G/)d(x’ y? a’) }
1+ sd(z, fz,a) + $3[d(y, fz,a) + d(y, fy,a) + d(z,y, fy)] |
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Corollary 3.12 ([28]). Let (X, X) be a partially ordered set and suppose
that there exists a bo-metric d on X such that (X,d) is a complete by-
metric space. Let f : X — X be an increasing mapping with respect to
=< such that there exists an element xo € X with xy < f(zg). Suppose
that

(3.32) sd(fx, fy,a) < Bd(z,y,a))M(z,y,a),

where

M(z,y, a) = max{d(:c,y,a), d(z, fz,a)d(y, fy,a) d(z, fz,a)d(y, fy,a) }

1+d(z,y,a) ° 1+d(fz, fy,a)
Assume that either
(i) f is continuous, or
(ii) if a sequence {x,} is a nondecreasing sequence such that x, — x
as n — oo, then x <X fx.

Then f has a fized point.
Proof. Define the mapping o : X x X x X — [0,00) as follows

(1 ifzx =y or y=<z
a(zr,y,a) = { 0 if otherwise.

So, we have

(3.33)  sa(x, fx,a)aly, fy,a)d(fz, [y,a) < Bd(z,y,a))M(z,y, a),

for all z,y € X. Since xg =X f(xg), by the definition of «, we have
a(xg, frg,a) > 1. Now, we show that f is 2-a-admissible. If a(x,y,a) >
1, then we conclude that x < y or y < x. Since f is nondecreasing,
so we deduce fxr < fy or fy =< fx. By the definition of «, we get
a(fzx, fy,a) > 1. So, f is 2-a admissible. Now, if condition (ii) hold,
since {x,} is a nondecreasing sequence, we have a(x,, fr,,a) > 1 as
n — oo, then = X fx, so a(z, fx,a) > 1. So, all conditions of Theorem
B2 are hold and f has a fixed point. O

Now, we take 5(t) = r, Where 0 < r < % , then we have the following
corollary.

Corollary 3.13 ([28]). Let (X, <) be a partially ordered set and suppose
that there exists a ba-metric d on X such that (X,d) is a ba-complete by-
metric space. Let f: X — X be an increasing mapping with respect to
= such that there exists an element xo € X with xy < f(zp). Suppose
that

where

M(z,y,a) = max {d(x, yya),

d(z, fx,a)d(y, fy,a) d(m,fx,a)d(y,f%a)}
1+d(z,y,a) " 1+4d(fx, fy,a) '
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Assume that either
(i) f is continuous, or
(ii) if a sequence {x,} is a nondecreasing sequence such that x, — x
as n — oo, then x <X fx.

Then f has a fized point.

Corollary 3.14 ([28]). Let (X, <) be a partially ordered set and suppose
that there exists a by-metric d on X such that (X, d) is a ba-complete by-
metric space. Let f : X — X be an increasing mapping with respect to
= such that there exists an element xo € X with xy < f(zp). Suppose
that
d(z, fr,a)d(y, fy,a) = _d(z, fr,a)d(y, fy,a)
<

for all z,y,a € X, where a, 8,7 >0 and 0 < a++7 < % Assume
that either

(i) f is continuous, or

(ii) if a sequence {x,} is a nondecreasing sequence such that x, — x

as n — oo, then x <X fx.

Then f has a fixed point.

Corollary 3.15 ([?8]). Let (X, <) be a partially ordered set and suppose
that there exists a b-metric d on X such that (X,d) is a by-complete by-
metric space. Let f : X — X be an increasing mapping with respect to
= such that there exists an element xg € X with xy < f(xg). Suppose
that

(3.35) sd(fz, fy,a) < P(M(z,y,a)),

where

M(.T, v, CL) — max {d([L‘, v, a)’ d(l', f{E, a)d(y, fy, CL) d(l’, f;E, (]J)d(y7 fy’ CL)

1+d(z,y,a) "o 1+d(fz, fy,a)

Assume that either

(i) f is continuous, or
(ii) if a sequence {x,} is a nondecreasing sequence such that x, — x
as n — 0o, then x =X fx.

Then f has a fixed point.

3.3. Results for Almost Generalized Weakly Contractive Map-
pings. Berinde in [[7-20] initiated the concept of almost contractions
and obtained many interesting fixed point theorems. Results with sim-
ilar conditions were obtained, e.g., in [Z1] and [22]. In this section, we
define the notion of almost generalized (v, ), o-contractive mappings
and prove some new results. In particular, we extend Theorems 2.1, 2.2
and 2.3 of Ciri¢ et.al. in [23] to the setting of by-metric spaces.

b
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The concept of an altering distance function which is introduced in
[24] by Khan et.al.

Definition 3.16 ([Z4]). A function ¢ : [0,400) — [0, +00) is called an
altering distance function, if the following properties hold:

(i) ¢ is continuous and non-decreasing.

(ii) o(t) =0 if and only if ¢t = 0.

Let (X, d) be a be-metric space and let f : X — X be a mapping. For
x,y,a € X, set

M(z,y,a) = max {d($’ Y, a), d(z, fr,a)d(y, fy,a) d(z, fr,a)d(y, fy,a) } |

L+d(fx, fy,a) = 1+4+d(v,y,a)

and
Na(x’y) = min {d(l‘a fx,a),d(:c, fya a)’ d(yv fSC, a’)v d(y7 fy7 CL)} :

Definition 3.17. Let (X, d) be a by-metric space. We say that a map-
ping f : X — X is an almost generalized (1, ¢)s 4-contractive mapping
if there exist L > 0 and two altering distance functions ¢ and ¢ such
that

(3.36) (sd(fx, fy,a)) < P(Ma(z,y)) — p(Ma(z,y)) + Lp(Na(z,y)),
for all z,y,a € X.

Now, let us to prove our new results.

Theorem 3.18. Let (X, <) be a partially ordered set and suppose that
there exists a ba-metric d on X such that (X, d) is a by-complete by-
metric space. Let f : X — X be a continuous mapping, non-decreasing
with respect to <. Suppose that f satisfies condition (BZ38), for all el-
ements x,y,a € X, where x,y are comparable. If there exists xog € X
such that xo = fxq, then f has a fized point.

Proof. Starting with the given xg, define a sequence {z,,} in X such that
Tnt1 = fan, for all n > 0. Since zg < fxrg = 21 and f is non-decreasing,
we have 1 = fzg < 22 = fx1, and by induction

To 2T X DT D Tpgr D00

If z,, = xp41, for some n € N, then z, = fx,, and hence z,, is a fixed
point of f. So, we may assume that x,, # x,,41, for all n € N. By (B=30),
we have

(3.37)

'l/}(d(xm Tn+1, a)) < (Sd(l'm Tn+1, a))

(0
Y(sd(frn_1, fzn,a))
P(Ma(zn-1,2n)) = ¢(Ma(2n-1,2n)) + L) (Na(n-1, 7)),

IN
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where
d Tn—1, fxn—lya d Tn,s f‘rna a
M(zp—_1,2n,a) —max{d(xn_l,xn,a), ( T+ d(fz _1) ng ) ),
d(l‘n_l, fwn—h a)d(xna fxnv CL)
1+ d(xp—1,2n,a)

= max {d(xn_l, T, a), A(Tn-1,2n, 0)d(@n, Tn11, 0)
1+ d(zp, Tnt1,a)
d(xp—1, frn—1,a)d(n, fTn,a)
1+d(zp—1,2n,a) }
< max {d(zp—1,Zn,a),d(Tn, Tni1,a)}.
If max {d(zp—1,xn,a),d(xn, Tpi1,a)} = d(zp, Tni1,a), and

(3.38)
Na(xn—lv xn) = min {d(xn—lv fxn—la a)7 d(xn—la fxm a)'}

d(xn, frn_1,a),d(xy, fTn,a)}
= min {d(xn—lv Tn, CL), d(xn—h Tn+1, a)a 07 d(x'rla Tn+1, a’)}
=0,
then from (B231)-(B238) and the properties of ¢ and ¢, we get
(3.39)

B 011,) < 0 (o {1, 0), ATV S )

d.Iw—a Ly — 7adx77 Tn, @
—gp(Iﬂ&X{d(l‘n—laxnva)’ ( Lll—‘rfd(}xl 71) ]EI.CL ilc)n )7

d(xn—lv f$n—1a a)d(xna fxna a)
14+ d(xn_1,Zn,a) ’

since

d(Tn-1, fTn-1,0)d(Tn, fTn,a) d(@Tn-1, [Tn-1,a)d(XTn, [Tn,a)
S M € e

< max {d(@n_1,Tn, @), d(@n, Tns1,a)} -
Then by (B339) we have if
max {d(zn—1,%n, a),d(Tn, Tnt1,a)} = d(Tn, Tnyi1,a),
then
P(d(Tn, Tnt1,a)) < P(d(zn, Tni1, a)),

and this is a contradiction.
if max {d(zp—_1,2n,a),d(zn,Tnt1,a)} = d(zp—1,2n,a), then

@b(d(ﬂﬁna Tn+1, a)) < 1/J(d(56n_1, Tn, a))v
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Thus, {d(xn,znt1,a) : n € NU{0}} is a non-increasing sequence of
positive numbers. Hence, there exists 7 > 0 such that

limd(zy, Tpi1,a) =7
n

Letting n — oo in (B339), we get

rroorr rr.oonr
P(r) <o (max <7“, s 14—?‘)) - <max {73 11 m}) < (r).

Therefore,
rr TT 0
max{r, —, —— =
v 1471 147 ’

and hence r = 0. Thus, we have
(3.40) lim d(zy,, pi1,a) =0,

for each a € X.
Next, we show that {z,} is a be-Cauchy sequence in X. For this
purpose, we use the relation (2.12), page 5 of [6] which is as follows:

(3.41) d(w, zj, 21) = 0,

for all 4,j,k € N (note that this can be obtained as {d(xy, Tp+1,a)

:n € NU{0}} be a non-increasing sequence of positive numbers).
Suppose the contrary, that is, {z,} is not a be-Cauchy sequence. Then

there exist ¢ € X and ¢ > 0 for which we can find two subsequences

{zm,} and {zp,} of {xy} such that n; is the smallest index for which

(3.42) n; >m; > 1, d(Tm,,Tn,,a) > €.
This means that
(3.43) d(Tm,, Tn,—1,0) < €.
Using (823) and taking the upper limit as ¢ — oo, we get
(3.44) limsup d(zp,;, Tn,—1,a) < €.
n—00

On the other hand, we have
d(Tm,;, Tn,, )
< $d(Tmys Ty Tmy+1) + SA(Tn, s @y Ty41) + Sd(ay T,y Tonyt1)-
Using (B820), (B22) and taking the upper limit as i — oo, we get

(3.45) = < limsup d(@m,;+1, Tn;, @).
S n—00

Again, using the rectangular inequality, we have
d(xmi-i-la Tn;—1, a)

< Sd(xmi-‘rlv Tn,;—1, .’Eml) + Sd(xni—la a, xm,) + Sd<a7 Tm;+1, xmi)v
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and

(T, Ty, @) < SA(XTim,;, Tnyy Trg—1) + ATy, Gy Ty—1) +5d (A, Ty, Tyy—1)-
Taking the upper limit as ¢ — oo in the first inequality in the above,
and using (820) and (B24), we get

(3.46) lim sup d(Zm;+1, Tn,—1,a) < €s.

n—o0

Similarly, taking the upper limit as ¢ — oo in the second inequality in
the above, and using (820) and (B23), we get

(3.47) lim sup d(zy,, Tn,,a) < €s.

n—o0

From (B=33d), we have

(3'48) w(Sd(xmi“‘l) Ty a)) = w(Sd(fxmm fxm—lv a))
< P(Ma(Tm;, Tni—1)) — ¢(Ma(Tm,;s Tni—1))
+ LY(Na(Tm; s Tni—1)),
where
(3.49)
d(xmi ) fxmia a)d(an‘,—l, f‘rni—la a)
1 + d(xmlaxnlfl)
d('l:ml ) fl"mqb ) a)d(zni—lv fxni—la CL) }
1+ d(f‘rmia fxnifl)
d(xmivxmi+l7a)d(xni—17xnma')
1+ d(xm,;, Tn,—1)
d(xmiaxmi+l7 a)d(x’ni717 xniaa) }
1+ d(xqu-ﬁ-l?zm) ’

Mo(Tm; s Tny—1) max{d(xmi,:cm_l,a), ,

9

— max {d(mm”xnilaa)7

and
No(Tm;, Tn,—1) = min{d(xm,, fTm,,a),d(Tm;, fTn,—1,0a) ,
d(xn,—1, fTm,;,a), d(Xn,—1, fTn,—1,a)}
= min {d(Tm,, Tm,;+1,a), A(Tm,, Tn,, a),
d(XTn,—1, Tm;+1,0), A(Tp,—1,Tpn,;,a)}
=0.
(3.50)

Taking the upper limit as ¢ — oo in (829) and (B30) and using (8Z0),
(B2a), (B20) and (B2Q), we get

(3.51)

lim sup My (@m,;—1, Tn,—1) = max {lim sup d(Tm,, Tn,—1, a),0,0} <e.

n—0o0 n—oo
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So, we have So, we have

(3.52) lim sup My (%, —1, Tn,—1) < &,
n—oo
and
(3.53) lim sup N (Zm,;, Tn,—1) = 0.
n—oo

Now, taking the upper limit as ¢ — oo in (BZ8) and using (BHZ3),
(B52) and (B23) we have

¢<8 ) i) < <5 lim sup d(xmﬂrla:fma a))

n—o0

< (lim sup Mo (Tm,, mnll)) —liminf p(My(@m,, Tn,—1))

n—00 n—0o0
< (e) —  (Hmind) My (2, 0, 1) )
which further implies that
@ (llrlnl}gf Ma(xmia xnifl)) =0,

SO hH_l) inf My (Zm,, Tn,—1) = 0, which is a contradiction to (822). Thus,
n o
{Zn4+1 = fxn} is a ba-Cauchy sequence in X.
As X is a by-complete space, there exists u € X such that x,, — u as
n — oo, that is,

limxy,y = lim fx, = u.
n n

Now, suppose that f is continuous. Using the rectangle inequality, we
get

Letting n — oo, we get
d(u, fu,a) < slimd(u, fu, fr,)+slimd(fu,a, fr,)+s ILm d(a,u, fx,) =0.

So, we have fu = wu. Thus, u is a fixed point of f. Note that the
continuity of f in Theorem BTTH is not necessary and can be dropped. [J

Theorem 3.19. Under the hypotheses of Theorem BFI8, without the
continuity assumption on f. Assume that whenever {x,} is a non-
decreasing sequence in X such that x, — = € X, one has ©, =X =z,
for alln € N. Then f has a fixed point in X.

Proof. Following similar arguments to those given in the proof of The-
orem B8, we construct an increasing sequence {z,} in X such that
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Tn — u, for some v € X. Using the assumptions on X, we have that
xn, < u, for all n € N. Now, we show that fu = u. By (B338), we have

(3.54)
¢(Sd(xn+17 Ju, a’)) = ¢(Sd(f$n, Ju, a))
< YP(Ma(n,u)) — (Mo Ty, u)) + Lp(No(2n, u)),

where

_ (@, frn, a)d(u, fu,a) d(@n, fTn,a)d(u, fu,a)
Ma(mnyu) = max {d(azn,u,a), 1—|—d(xmu,a) ’ 1+d(fx”7fu7a) }

— d(x'ru Tn+1, a‘)? d(u7 fu? CL) d(iﬂn, Tn+l, a)d(u’ fU7 a)

= max {d(xruu»a)’ 14 d(zn,u, (l) ’ 1+ d(xnt1, fu, (1) } 7
and
(3.55)

Na(xna U) = min {d(mm JTn, a)a d(xna fu, a)? d(u, Jn, a)a d(u, Ju, a)}
= min {d(l’n, Tn+1, CL), d(l’n, fu7 CL), d(u, Tn+1, a)> d(’LL, fU, CL)} )
and
Ny(xp,u) — 0, My(xn,u) — 0.
Again, taking the upper limit as ¢ — oo in (B34) and using Lemma P79
and (BBHH), we get

W fu,a) = (s - ~d(u, fu,a))
< 1/1(5 limsup d(zp41, fu, a))
< ¢(limsup M (zp, u)) — liminf (Mg (2, w)).

n—o00 n—00

Therefore, ¥(d(u, fu,a) = 0 then (d(u, fu,a) = 0. Thus, letting n — oo,
we get

d(u, fu,a) < slimd(u, fu, fz,) + simd(fu,a, fx,) + s li_}m d(a,u, fx,)
=0.
So, we have fu = u. Thus, u is a fixed point of f. O

Corollary 3.20. Let (X, =) be a partially ordered set and suppose that
there exists a bo-metric d on X such that (X,d) is a by-complete by-
metric space. Let f : X — X be a non-decreasing continuous mapping
with respect to <. Suppose that there exist k € [0,1) and L > 0 such
that

s f0) < S max e, p.0),

1+d(z,y,a) T 14d(fx, fy,a)

+ émin{d(m, fx,a),d(y, fz,a)},
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for all elements x,y,a € X where x,y are comparable. If there exists
xo € X such that xo = fxg, then f has a fized point.

Proof. The result follows from Theorem B8 by taking 1 (t) = ¢ and
o(t) = (1 —k)t, for all ¢ € [0, +00). O

Corollary 3.21. Under the hypotheses of Corollary B20, without the
continuity assumption of f. Assume that for any non-decreasing se-
quence {xy,} in X such that x, — v € X we have x, < x, for alln € N.
Then, f has a fized point in X.

4. EXAMPLE

Example 4.1. Let X = [0,+00) and d(z,y,2) = [zy + yz + zx]? if
r # vy # z # x, and otherwise d(x,y,z) = 0. Where s > 3. d is
a bo-metric on X . Consider the mapping f : X — X defined by
f(z) = $In(z + 1) and the function ¢ € ¥ given by 1(t) = 1t, ¢ > 0. It
is easy to see that f is increasing and 0 < f(0) = 0. For all comparable
elements x,y € X, using the mean value theorem, we have,
1 1 1 1 2
d(fz, fy,a) = Eln(x + 1)Zln(y +1)+ zln(y + 1)a+ Zln(az + 1)a
< —[zy + ya + az]?

IN

d(z,y,a)

(d(z,y,a))

(M(z,y,a)),

so, using Theorem BR, f has a fixed point.

S SR

IN

Example 4.2. Let X = [0,+00) and d(z,y,2) = [zy + yz + zx]? if
x # y # z # x, and otherwise d(x,y,z) = 0. Where s > 3. d is
a bo-metric on X . Consider the mapping f : X — X defined by
flz) = %63:6*‘”2 and the function 8 given by B(t) = 1. Define the
mapping o : X X X x X — [0,00) as follow

1 fx=2yory =2z,
a(r,y,a) = { 0 if otherwise.

Since xg < f(x0), by the definition of «, we have a(zg, fzo,a) > 1 for all
a € X. Now, we show that f is 2 — a-admissible. If a(x,y,a) > 1, then
we conclude that x < y or y <X x. Since f is non-decreasing, so we deduce
fxr =X fyor fy < fx. By the definition of a, we get a(fz, fy,a) > 1. So,
f is 2 — a admissible. Now, since f is continues therefore, all conditions
of Corollary hold and f has a fixed point, it is easy to see that f
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is increasing and 0 < f(0) = 0. For all comparable elements x,y € X,
using the mean value theorem, we have,

dfo fra) = | Lo Lye v | Lot Ly 2
X —Xe — — e a —Xe a
9= 16 167°¢ 6V 16

1
< 16[93y+ya+a93]

~d(z,y,a)

d(z,y,a)

(d(z,y,a))d(z,y,a)
(d(z,y,a))M(z,y,a).

IN

IN

IN

Il
= Q»&\»—\oo —_

So, from Theorem B2, f has a fixed point.
Example 4.3. Let X = {(«,0) : a € [0,+00)} U {(0,2)} C R? and

let d(x,y, z) denotes the square of the area of the triangle with vertices
x,y,z € X. E.g.,

d((a,O), (/67 0)7 (0’ 2)) = (a - 5)2

It is easy to check that d is a be-metric with parameter s = 2. Introduce
an order < in X by

(@,0) 2(8,0) & a=p,

with all other pairs of distinct points in X which are incomparable.
Consider the mapping f : X — X given by

f(a,0) = (%,0) for a € [0, +00) and f(0,2) = (0, 2),
and the function § € F» given as

B(t) = for t € [0,400).

Then f is an increasing mapping with (a,0) < f(«,0) for each a > 0.
Finally, in order to check the contractive condition, only the case when
r = (a,0), y = (8,0), a = (0,2) is nontrivial. Let d(z,y,a) = (a — 3)*
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sd(fzx, fy,a) = 2d ((%a,O) , (%570) , (0, 2))

(d(z,y,a))d(z,y,a)
< B(d(z,y,a))M(z,y,a).

All the conditions of above Theorem are satisfied and f has two fixed
points, (0,0) and (0,2). But if we define: d;i(z,y) = \/d(z,y,a), then
(X,d1) is a bap-metric space and f is not satisfied in contractive condi-
tions. Only the case when z = (o, 0), y = (5,0), a = (0, 2) is nontrivial,
since di(fz, fy) = (b)la — ] and dy(z,y) = |a— .
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